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Abstract 

For each manifold or effective orbifold Y and commutative ring R, we 
define a new homology theory MH^iY ; R), M-homology, and a new coho¬ 
mology theory MH*{Y; R), M-cohomology. For MHt,{Y; R) the chain 
complex [MC*{Y; R),d) is generated by quadruples [V, n, s, t] satisfy¬ 
ing relations, where V is an oriented manifold with corners, n £ N, and 
s : y —>■ M", t : V ^ Y are smooth with s proper near 0 in K". 

We show that Mff* {Y; R), MH* (Y ; R) satisfy the Eilenberg-Steenrod 
axioms, and so are canonically isomorphic to conventional (co)homology. 
The usual operations on (co)homology — pushforwards /,, pullbacks /*, 
fundamental classes [T] for compact oriented Y, cup, cap and cross prod¬ 
ucts U, n, X — are all defined and well-behaved at the (co)chain level. 
Chains MCtiY ; R) form flabby cosheaves on Y, and cochains MC*{Y ; R) 
form soft sheaves on Y, so they have good gluing properties. 

We also define compactly-suppoHed M-cohomology MH*s{Y-, R), lo¬ 
cally finite M-homology MH]^{Y\R) (a kind of Borel-Moore homology), 
and two variations on the entire theory, rational M-(co)homology and de 
Rham M-(co)homology. All of these are canonically isomorphic to the 
corresponding type of conventional (co)homology. 

The reason for doing this is that our M-(co)homology theories are 
very well behaved at the (co)chain level, and will be better than other 
(co)homology theories for some purposes, particularly in problems involv¬ 
ing transversality. In a sequel [l^ we will construct virtual classes and 
virtual chains for Kuranishi spaces in M-(co)homology, with a view to ap¬ 
plications of M-(co)homology in areas of Symplectic Geometry involving 
moduli spaces of J-holomorphic curves. 
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1 Introduction 

This book defines some new homology and cohomology theories of manifolds P, 
or more generally effective orbifolds Y. There are three families of theories: 

• (Integral) M-homology and M-cohomology MH^,{Y ; R), MH*(Y■, R),, 
which are defined over an arbitrary commutative ring i?, such as i? = Z. 

• Rational M-homology and M-cohomology MH^{Y ; R), MHq(Y; R), ..., 
which are defined over a Q-algebra R, such as i? = Q, R or C. 

Rational M-(co)homology has better symmetry properties than integral 
M-(co)homology, for example, the cup product U is supercommutative on 
rational M-cochains MC'^(Y; R), but not on M-cochains MC^(Y-, R). 

• De Rham M-homology and M-cohomology MH^^(Y ; R),... over i? = R, 
which is a hybrid of rational M-(co)homology and de Rham cohomology. 

The ‘M-’ stands for ‘Manifold’. For each we define four kinds of (co)homology: 

• Homology MR*(r;i?),MR?(r;R) and MHf^{Y-,R). 

• Cohomology MH*(Y; R), MH^iY] R) and MH^i^{Y;R). 

• Compactly-supported cohomology MH*^{Y ; R), MH*^ iq{Y;R) and 
MH:^^^^{Y;R). 

• Locally finite homology MH^J(Y; R), MH]^’'^{Y-, R) and MH]^’'^^{Y-,R), 
also called homology with closed supports, or Borel-Moore homology. 

Each of our (co)homology theories MH^,{Y; R), MH*{Y ; R),... is defined as 
the (co)homology of a (co)chain complex (^MCt,{Y; R), d), [MC*(Y; R),d ),..., 
where the (co)chain spaces MCkiY; R), MC^(Y; R),... are i?-modules defined 
by generators and relations. For integral or rational M-homology, the genera¬ 
tors of MCkiY; R), MC2{Y-, R) are isomorphism classes [V,n,s,t] of quadru¬ 
ples (V,n, .s,t), where V is an oriented manifold with corners, n € N with 
dimP = n + k, and s : P —>• R”, t : V ^ Y are smooth maps with s proper 
near 0 in R". The boundary operator d : MC^iY ; R) MCk-i{Y ; R) acts by 


3 


































d : [V,n,s,t] [dV,n, s\dv ,t\dv]- For de Rham M-homology, the generators 
[V, n, s, t, uj] include a de Rham form uj on V, with dim V = n + k + deg w. 

All of these (co)homology theories satisfy the Eilenberg-Steenrod axioms, 
and so are canonically isomorphic to conventional (co)homology theories such 
as singular homology, Cech cohomology, or de Rham cohomology of manifolds. 
So, the interest in these theories is not in the (co)homology groups themselves, 
which are already well understood, but in special properties of the theories at the 
cochain level, which make them especially well suited for certain applications. 

Section o will discuss applications of our (co)homology theories in Sym- 
plectic Geometry, which were the author’s motivation for developing them. Our 
theories should also have interesting applications in other areas. They are par¬ 
ticularly suitable for questions involving transversality. The author is also plan¬ 
ning projects applying M-(co)homology to build chain-level models for String 
Topology m, in Singularity Theory, and to perverse sheaves of vanishing cycles 
on complex manifolds. Readers are invited to find their own applications. 

In the rest of the introduction, gm explains M-homology MHst(Y]R) for 
manifolds, gT^l discusses applications in Symplectic Geometry, and gT3] summa¬ 
rizes related work. Ghapter [2] gives background on homology and cohomology. 

Ghapter [3] discusses manifolds with corners, which are vital to our project as 
our (co)chains [V, n, s, t] or [V, n, s, t, ui] include a manifold with corners V with 
smooth maps s '.V ^ R", t :V -^Y. There are many ways to define categories 
of manifolds with corners, and our constructions are insensitive to the details. 

For future applications, it may be useful for instance to allow E to be a 
‘pseudomanifold’ or ‘stratified manifold’ with singularities in codimension 2, 
or to allow s,t to be only piecewise smooth. So, after explaining the ‘usual’ 
category of manifolds with corners Man'’ in 113.11 we give a list of minimal 
assumptions in 113.31 on a category Man” of ‘manifolds with corners’, such that 
our M-(co)homology theories work with (co)chains [l/,n,s,t], [V,n, s,t,a;] with 
V an object in Man”, and s : E —>■ R”, t : V ^ Y morphisms in Man”. 

Ghapter 0] defines and studies M-(co)homology MH^{Y\R), MH*{Y',R), 
MH*^{Y ; i?), MH^{Y ; R) for manifolds Y, the most basic version of our theory. 
We show that they are canonically isomorphic to conventional (co)homology, 
and have functorial pushforwards /,, pullbacks /*, and products U, fl, x defined 
at the (co)chain level, and have good (co)sheaf-theoretic properties. 

Ghapter [5] explains variations on M-(co)homology of manifolds: rational M- 
(co)homology, de Rham M-(co)homology, M-(co)homology for effective orbifolds 
Y, and extending M-(co)homology to a bivariant theory in the sense of Fulton 
and MacPherson [25] . Ghapters |BH5| give longer proofs of results deferred from 
Ghapters [2l |4| and [5] respectively. 
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1.1 The definition of M-homology 

We will eventually define 24 different (co)liomology theories, parametrized by 
the product of sets 

{integral, rational, de Rham} x {homology, cohomology, compactly-supported 
cohomology, locally finite homology} x {manifolds, effective orbifolds}. 

The number of options largely explains the length of this book. Any one of 
the (co)homology theories can be defined quite succinctly, and for any given 
application, you probably need only one. 

We now explain the easiest theory, integral M-homology MiJ* (T; R) of mani¬ 
folds Y from il4.1l but all the theories have the same flavour. We simplify slightly 
by working in the ‘usual’ category of manifolds with corners Man'’ from il3.1l 
rather than a category Man” satisfying the assumptions in 113.31 

Definition 1.1. Let F be a manifold, and R a commutative ring. Con¬ 
sider quadruples (V^n, s,t)^ where V is an oriented manifold with corners, and 
n = 0,1,..., and s : V ^ M" is a smooth map which is proper over an open 
neighbourhood of 0 in R", and t : V ^ Y is a smooth map. 

Define an equivalence relation ~ on such quadruples by (y,n,s,t) ~ (F', 
if n = n', and there exists an orientation-preserving diffeomorphism 
f : V ^ V with s = s' o f and t = t' o f. Write [V,n,s,t] for the ^-equivalence 
class of {V,n,s,t). We call [V,n,s,t] a generator. 

For each k € h, define the M-chains MCk{Y\R) to be the i?-module gener¬ 
ated by such [F, n, s, tj with dim V = n + k, subject to the relations: 

(i) For each generator [V,n,s,t] and each i = 0,... ,n we have 

[F, n, s, t] = (-1)”-*[F X R, n + 1, s', t o tt^] in MCk{Y] R), 

where writing s = (si,..., s„) : V —> R." with Sj : F —^ R for j = 1,..., n 
and TTv ■ V xR—^-F, ttriF xR—)-R for the projections, then 

s' = (si o Try,..., Si o 7 rv,7 rR, Si+i o Try,..., s„ o Try) : F x R —)■ R^^^ 

(ii) Let / be a finite indexing set, ai G R for i G I, and [Vi,n, Si,ti], i G I he 
generators for MCk{Y; R), all with the same n. Suppose there exists an 
open neighbourhood A of 0 in R", such that Si : F —^ R" is proper over 
X for a\\ i G I, and the following condition holds: 

(*) Suppose {x,y) G X xY, such that for a\\ i G I and v G Vi with 
{si,ti){v) = (x, y), we have that v G V° and 

r„(si, U) : r„Fi —> T^X © TyY 
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is injective. We require that for all oriented {n + fc)-planes P C 
T^X © TyY = © TyY, we have 


vGV°:{siM){v) = {x,y), T^{si ,ti)[T^Vi]^P 
Tv{si,ti) : TvVi P is orientation-preserving 


H a, 

iGl, v^V°:{siM){v) = {x,y), T^{si,ti)[T^Vi]=P 
T'v{si,ti) : T^Vi P is orientation-reversing 


in R, 


( 1 . 1 ) 


where the injectivity and properness assumptions imply that there 
are only finitely many nonzero terms in (HU. 

Then 

'^ai[Vi,n,Si,ti] = 0 inMCk{Y]R). 

iei 

Define d : MCkiY ; R) —>■ MCk-i{Y ; R) to be the unique i?-hnear map with 


d[V,n,s,t] = [dV,n,s o iY,t o iy], (1.2) 

Then dod = 0 : MCk(Y]R) —>■ MCk- 2 {Y ; R) for all k. Define the M-homology 
groups (or integral M-homology groups) MH^(Y; R) to be the homology of the 
chain complex (^MC^,{Y-,R),d). That is, for /c G Z we define i?-modules 

MR (V- Rl - Ker(a : MCk{Y-R) MCk-i{Y-R)) 

^ lm{d:MCk+i{Y-R) ^MCk{Y-R)) ' 

If Y is compact and oriented with dimT = m, define the fundamental cycle 
[y] = [y, OjOjidr] G MCm{Y', R)- We have d\Y\ = 0 as dY = 0, so passing to 
homology gives the fundamental class [[y]] G MHmfY-, R). 

Now let / : yi —>■ y 2 be a smooth map of manifolds. Define the pushforward 
/* : MCkiYyR) MCk{Y 2 ] R) for fc G Z to be the unique i?-linear map defined 
on generators [V, n, s, t\ of MCkiYyR) by 


/4y,n,s,t] = [y,n,s,/ot]. (1.3) 

Equations (11.21) and (11.31) give f^, o d = d o f^ : MCkiYyR) —>• MCk-i(Y 2 ; R). 
So the /* induce pushforwards /* : MHkfYyR) —>• MHk{Y 2 \R) on homology. 

Remark 1.2. (a) This is a complete definition of M-homology MH^,{Y; R), 
though we have omitted the proofs that d, /* are well defined. In M.ll we 
also define relative M-homology MH^(Y, Z; R) for open Z C y. The most 
subtle part of the definition is relation (ii). It turns out that (ii) implies that 
MCkfY ; i?) = 0 for fc > dimT, but in general MCk(Y ■R)<0 for all k < 0. 

(b) The definitions of M-cohomology MH*{Y; R) in 114.21 compactly-supported 
M-cohomology MHf:^{Y\R) in 114.31 and locally finite M-homology MH^J(Y;R) 
in 114.41 are similar to Definition o The main differences are: 
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(i) For MH*{Y-,R), in generators [V, n, s,t] in MC^{Y]R) we take V to be 
unoriented with dim V + k = dim Y + n, and t :V to he a cooriented 
submersion, and require (s,t) : V —>• K" xY to be proper near {0} x Y 
in R" X Y. 

The M-cochains MC^{Y\R) are a kind of sheaf-theoretic completion of 
i?-modules of ‘M-precochains’ VMC^{Y ; R). 

For / : Fi —>■ F 2 smooth, the pullback f* : MC^{Y 2 ]R) MC^{Yi]R) is 
f*[V,n,s,t]= [V Xt^Y 2 jYi,n,so'Kv,TTYi], (1-4) 

where the fibre product V Xty^J Yi in Man'^ exists as t is a submersion. 

(ii) For MH*^(Y ; R), in generators [V, n, s, t] in MC’^^iY ; R) we take V to be 
unoriented with diml/ + k = dimT + n, t : V Y to be a cooriented 
submersion, and require s : F —>■ R." to be proper near 0 in R". Pullbacks 
f* : MC^^{Y 2 ]R) MC^^{Yi-R) are as in (H^, but only for / proper. 

We may identify MC^^{Y ; R) with the submodule of compactly-supported 
cochains in MC^(Y; R). 

(hi) For MH'J{Y-,R), in generators [V,n,s,t] in MC]^{Y-,R) we take V to be 
oriented with dim V = n + k, and require (s, t) :V ^ R" xY to be proper 
near {0} x Y in R" x Y. 

The locally finite M-chains MC]^{Y ; R) are sheaf-theoretic completions of 
i?-modules of ‘locally finite M-prechains’ VMC]!(Y; R). 

We may identify MCkiY] R) with the submodule of compactly-supported 
chains in MC]^{Y ; R). 

(c) In M-cohomology there is a well behaved cup product, on M-cochains 

U : MC'^{Y]R) X MC\Y;R) —^ MC^+\Y-,R), 

defined on generators [V, n, s, t] G MC^iY ; R), \V', n!, s', t'] G MC^(Y; R) by 

[y, n, (si,..., s„), t] U [y', n', (s'l,..., s'^,), t'] = (-1)'" [l^ Xt,Y,t' V, 
n + n', (si OTTy,... ,s„ 0 7ry,si ° Trv'),to Try]. 

It is associative but not supercommutative on cochains, although for ratio¬ 
nal and de Rham M-cohomology the cup products are supercommutative on 
cochains. Passing to cohomology, U is identified with the usual cup product by 
the canonical isomorphism MH*{Y-,R) = H*{Y-,R). Similarly, there is a cap 
product n relating M-cohomology and M-homology, defined at the (co)chain 
level, and identified with the usual cap product on (co)homology. 

We will relate M-homology to (smooth) singular homology. 

Definition 1.3. For all fc ^ 0, define the k-simplex to be 

Afe = {(a;o,... ,Xfc) e R''+^ : Xi ^ 0, Xq + ■ ■ ■ + Xk = 1}■ 
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Define maps : Afc_i —5> for /c > 0 and j = 0,..., fc by 

Ff : {xo,. ■ .,Xk-i) I—(cco, • ■ ■,Xj-i,0,Xj,.. .,Xk-i). 

Let 1" be a topological space, and R a commutative ring. Write Cf{Y ; R) for 
the free i?-module spanned by singular k-simplices a in y, which are continuous 
maps cr : Afe —>• y. The boundary operator d : C^iY ; R) —>• C^_i{Y ; R) is 

9 o'i '—^ EiG/ Ei=o(-iVp* ° Pj)- (1-5) 

Then singular homology Hl'{Y-,R) is the homology of [Cf {Y; R), d). 

Let / : Ti —)• y 2 be a continuous map of topological spaces. Define the 
pushforward /* : Cl' (Ti; R) C|' (y 2 ; R) by 

/* : ^ EiG/^* (/°^*)- (1-6) 

Then /* o 9 = 9 o so /* induces morphisms /* : iL|'(yi; i?) —!> H^{Y 2 \R)- 
Now let y be a manifold. Write C|®' (y; R) for the free i?-module spanned 
by smooth singular k-simplices a in y, which are smooth maps a : A^ —>■ y, 
regarding A^ as a manifold with corners. Since smooth maps are continuous we 
have Cf{Y-R) C C|‘(y;i?). Define d : Cf{Y-R) ^ C|!ii(y;i?) as in (fTKll . 
Smooth singular homology Hl^'{Y;R) is the homology of (C|®'(y; i?), 9). 

If / : Ai —^ y 2 is a smooth map of manifolds, we define the pushforward 
f, : Cf(Yi-R) ^ Cf (y 2 ;i?) as in dH]). 

The inclusion Ff^- : {Cf {Y;R),d) ^ {Cf{Y-,R),d) induces morphisms on 
homology Fft : Hf iY;R) Hf{Y;R). Bredon [i §V.5 & §V.9] shows that 
these are isomorphisms, so smooth singular homology is canonically isomorphic 
to singular homology of manifolds. 

Now define F^^ : C|'"(y ; R) MCkiY\R) to be the unique i?-linear mor¬ 
phism acting on generators a by 

F^^-.a^[Ak,0,0,a], (1.7) 

so that V = Afc, n = 0, s = 0 : V —and t = a : V ^ Y. We have 
90 ^^** = F^Yod : ; R) —>■ MCk-iiY ; R). Thus F^^ induces morphisms 

F^^ : iJ|'"(y;i?) —>■ MF[k(Y; R) on homology. From ()1.3p . (11.61) and (11.71) we 
see that F^^ commutes with pushforwards /* : Cl^^(Yi;R) —>■ C|®'(y2;i7) and 
/* : MCk{Yi]R) —>■ MCkiY 2 ] R) for / : Ti —)• y 2 a smooth map. 

The next theorem summarizes the main results of M.ll 

Theorem 1.4. (a) M-homology is a homology theory of manifolds. There 
are canonical isomorphisms MF[k(Y] R) = F[k{Y\R) for all Y,k, preserving 
the data /* and isomorphisms MF[q{*;R) = R = iJo(*;7?), where H^:(—;R) 
is any other homology theory of manifolds over R, sueh as singular homology 
F[f^{—]R). For smooth singular homology F[l^^{—] R), these canonical isomor¬ 
phisms are the morphisms F^^ : Ftl'^fY ; R) —5> MFLkiY ; R) from Definition 1 1.31 
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(b) Let Y be a manifold and k G Z, write MC hiY : R)(U) = MCk{U; R) for 
open U Q Y, and define aru '■ MC hiY : R)(T) —5> MC hiY : R)(U) for open 
T C U C Y by uxu = for i : T ^ U the inclusion. Then MC hiY ; R) is a 
flabby cosheaf of R-modules on Y, in the sense of ij2.5l 

Remark 1.5. (i) We prove Theorem \1.4\ a.) by verifying that M-homology 
satisfies the Eilenberg-Steenrod axioms for homology. This is far from obvi¬ 
ous, in particular, the proof of the Dimension Axiom in il7.4l which says that 
R) — R and MHk{*; i?) = 0 for fc 7 ^ 0 , is long and difficult. 

(ii) Cosheaves are dual to sheaves, which are more well known. Cosheaves are 
to homology as sheaves are to cohomology, so the analogue of Theorem ll.df bl 
for M-cohomology in 114.21 says that M-cochains form a soft sheaf of i?-modules 
MC^{Y-R) on r, with MC'^(Y; R)(U) = MC^(U; R) for open U <ZY. 

For comparison, singular chains ; R) do not form a cosheaf on Y, but 

de Rham cochains ;M) do form a soft sheaf on Y. 

For M-(CO)chains to be (co)sheaves on Y means that M-(co)chains are local 
objects on Y, which can (roughly) be glued together from their values on the 
sets of an open cover {Ui : i G 1} oi Y. It allows us to use powerful techniques 
from algebraic geometry and homological algebra, on stalks of sheaves, derived 
categories of sheaves, sheaf cohomology, and so on. 

It also means that M-(co)chains a have a support supp a, a closed subset of F 
(compact for M-homology), which can for instance be a (singular) submanifold 
of Y. For a generator [V, n, s, t] of MCk{Y ; R) we have 

supp[y, n, s, t] C t[s“^(0)] C Y. 

In applications it may be useful to consider i?-submodules MCh{Y\ R)s C 
MCk{Y-, R) of a G MChiY\R) with supp a C S CY, for subsets S CY. 

1.2 Future applications in Symplectic Geometry 

The applications of M-(co)homology the author is most interested in are to ar¬ 
eas of Symplectic Geometry involving ‘counting’ moduli spaces of J-holomorphic 
curves, including Gromov-Witten invariants |251I33] . quantum cohomology [61] . 
Lagrangian Floer cohomology [22] , Fukaya categories na, Symplectic Field The¬ 
ory [18], and contact homology m- 

In each of these fields, one studies moduli spaces M of J-holomorphic curves 
u : E —^ M in a symplectic manifold (S', w), where J is an almost complex struc¬ 
ture on S compatible with w, and the Riemann surface E may have boundary, or 
nodal singularities, or marked points. The moduli spaces come with ‘evaluation 
maps’ ev : M ^ Y to a manifold Y. 

Given ev : M ^ Y, we choose a homology theory (or cohomology theory) 

{Y;R), defined by a chain complex (or cochain complex) (C* (F; i?), 9). Then 
the aim is to construct a ‘virtual class’ [[A4]]virt in Hk{Y',R) if M is ‘without 
boundary’, or a ‘virtual chain’ [Aljvirt in Ck{Y;R) otherwise, where k G Z is 
the ‘virtual dimension’ of M. Geometric relationships between moduli spaces 
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should map to algebraic relationships between virtual classes or chains. One 
then does homological algebra with the virtual chains to build the theory. 

For example, in the Lagrangian Floer cohomology of Fukaya, Oh, Ohta and 
Ono [35], one studies moduli spaces A4k{P) of J-holomorphic discs u : D ^ S in 
S with boundary u{dD) in a Lagrangian L C S, with homology class w*([L?]) = 
(3 e H 2 {M, L;X), and with fc > 0 boundary marked points. Then MkiP) has 
evaluation maps ev^ : MkiP) —>• L for i = 1,.. ., fc. We have a geometrical 
boundary equation of the form 

dMkiP) = n u •^^'i+l(T) ^ evi^-i ,L,eVj + i (^*^) 

/3—7+5 fc—z+j 

We want virtual chains [A^fe(/3)]virt for evi x • • • x evk ■ MkiP) —S' in 
R) such that (11.81) translates into an algebraic equation of the form 

d[Mk{P)Ut = E E [Mi+lin)] virt * [W(j+i((5)]virt, (1-9) 

/3=7+5 

where • : C'*(L*+^; i?) x i?) —)• C^,{L^;R) should be the composition 

of an external product K i?) x i?) —>■ R) and con¬ 
traction [A+j- : i?) —>• R) with the diagonal A+ C L x L. 

To define the virtual chain [Afjvirt, one must first put a suitable geometric 
structure on the moduli space A4. In the general case, there are two main 
candidates for this geometric structure in the literature: the Kuranishi spaces 
of Fukaya, Oh, Ohta and Ono [22l|24||25], and the polyfolds of Hofer, Wysocki 
and Zehnder [53115^ . Polyfolds contain more information than Kuranishi spaces, 
and there should be a forgetful functor from polyfolds to Kuranishi spaces, |5B] . 

Kuranishi spaces are connected to the author’s theory of derived differential 
geometry |42H45j . The author claims that Kuranishi spaces are really derived 
orbifolds, and has given a new definition of Kuranishi spaces |45j which form a 
2-category Kur equivalent to the 2-category dOrb of d-orbifolds from |3^-|33]. 

In current approaches to Lagrangian Floer cohomology, the (co)homology 
theory used for virtual chains is either (smooth) singular homology 
[331133], or de Rham cohomology [33]. (Pardon [70] also gives an 

interesting topological virtual chain construction using the dual H*{L;Q)* of 
Cech cohomology.) Singular homology has severe technical disadvantages: one 
cannot define the product • in (II. 9p . for example. De Rham cohomology also 
has disadvantages, for instance it works only over R = M.. 

Our new (co)homology theories have been designed specially for defining 
virtual chains of moduli spaces of J-holomorphic curves, and doing homological 
algebra with them. These virtual chains will be constructed in the sequel m- 
Here, we explain why M-(co)homology is well adapted for this task. 

Kuranishi spaces are built out of Kuranishi neighbourhoods, [33] Def. 4.1]. 

Definition 1.6. Let A be a topological space. A Kuranishi neighbourhood on 
A is a quintuple (K^, Ai, P^, Si,'0i) such that: 

(a) Vi is a smooth manifold, which may have boundary or corners. 
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(b) Ei is a finite-dimensional real vector space. 

(c) Fi is a finite group with a smooth, effective action on Vi, and a linear 
representation on Ei. 

(d) Si : Vi ^ Ei IS & Fi-equivariant smooth map. 

(e) 'i/'i is a homeomorphism from s“^(0)/Fi to an open subset lm'0i in X. 

A Kuranishi space X = (A, /C) in the sense of Fukaya et al. p2l - l24] is a 
topological space X with a family {(Vi, Fj, Si, ■0^) : i € /} of Kuranishi 
neighbourhoods on X with dim Vi — rank Ei = vdim A G Z for i G I, and a 
family of ‘coordinate changes’ from {Vi, Ei,Ti, Si,ipi) to {Vj,Ej,Tj,Sj,'4’j) 
over Imipi n Im^j C X for i,j G I. They define smooth maps f : X ^ Y 
from a Kuranishi space A to a manifold Y [531 Def. 4.6], giving a smooth map 
fi'.Vi^Y for i G I compatible with the . They call f weakly submersive if 
the fi'.Vi^Y are submersions. 

Let A be a compact, oriented Kuranishi space with vdim A = k, Y he 
an oriented manifold with dimK = m, and / : A —>■ K be smooth. Ignoring 
properness conditions on s,t in generators [V,n,s,t], we will sketch the con¬ 
struction in [47] of a virtual chain [A]virt for / : A —5> K in M-(co)homology: 

(i) For i G I, first suppose Fj = {!}. Choose an isomorphism Ei = R"’, either 
as real vector spaces, or more generally an isomorphism of vector bundles 
Vi X Ei = Vi X over Vi. Then Si maps V —>■ R"F so [Vi,ni, Si, fi] is a 
chain in MCkiY^lj). 

If / is weakly submersive, we can instead regard [Ki, rii, Si, fi] as a cochain 
in MC'™-''(y;Z). 

(ii) If Fi ^ {!}, suppose we can choose an isomorphism Ei = R"’ as above 

such that the action of F^ on Ei is identified with an action of F^ on R"’ 
by permutation of the coordinates {xi, ■. ■, Xn ,) in R"’. Then the chain 
\yi,ni. Si, fi] in MCf^iY ; Q) is Fi-equivariant, and it is natural to associate 
the chain rii, Si,/i] in MC2{Y;Q) to (V, Ei,ri, Si,'ipi). 

If / is weakly submersive , we can instead regard j^^[Vi,ni, Si, fi] as a 
cochain in M; Q). 

(hi) Let be a coordinate change in the Kuranishi structure on A. If the 
isomorphisms Ei = R"*, Ej = R"^ in (i),(ii) are compatible under in 
a certain (strong) sense, then Definition I l.ll il implies that the (co)chains 
■^^[Vi,ni,Si,fi], j^i[Vj,nj,Sj, fj] are equal over iToifi (Mmifj. 

(iv) Suppose we choose equivariant isomorphisms Ei = R”‘ as in (i),(ii) for all 
i G I, compatible with coordinate changes ^ij as in (iii) for all i,j G /. 
Then the (co)sheaf property of M-(co)chains in Theorem ll.4l bl implies 
that we can glue the (co)chains -ijJ-j [Vi, ni,Si, fi] ior i G I to build a global 
virtual chain [Ajvirt for f : X ^ Y. 
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This [X]virt may be defined in MCkiY ; X) if Tj = {1} for all i € /, and in 
MC2{Y ; Q) otherwise. If / is weakly submersive, we may define [X]virt in 
MC^~^{Y-,Z) if Tj = {1} for all i € I, and in MC'™q^(F;Q) otherwise. 

So, to define a virtual chain for f : ^ —>• F, we must choose compatible 
trivializations for the obstruction bundles Ei ^ Vi in the Kuranishi structure 
on Jt. It is not difficult to do this using known techniques for constructing 
‘good coordinate systems’. It is also easy to choose virtual chains [X]virt with 
boundary compatibilities, such as in (HH). Note that unlike current techniques 
[52H21]j we do not perturb X or Si Vi ^ Ei, and supp[X]virt C fiX) C F. 

1.3 Related work 

In 2007 I wrote two preprints mM on ‘Kuranishi homology and cohomology’. 
These defined (co)homology theories KE[^,{Y ; i?), KH*{Y ; R) of manifolds F in 
which the (co)chains were generated by triples [X, /, G] of a Kuranishi space 
X (roughly in the sense of [22ll25) l. a smooth map f : X ^ Y, and some extra 
data G. As in ill.21 the idea was to make defining virtual chains in Symplectic 
Geometry easier, by using KHt,{Y ; R) instead of singular homology. 

I did not publish PlHO]. as I was unhappy with the definition of Kuranishi 
space I was using, but at the time I could not solve the problems, so I shelved 
the project. In 2014 I finally found a theory of Kuranishi spaces I was satisfied 
with [45], so I decided to revise |39l|40] with the new definition. The result was 
this book and the sequel [47]. I chose to split the project into two parts, with 
(co)homology theories based on manifolds with corners, and then virtual chains 
for Kuranishi spaces in these (co)homology theories, as I hoped the first part 
(this book) might also appeal to people not interested in Kuranishi spaces. 

Several authors have defined bordism theories or homology theories H^, (F; R) 
of manifolds F (or other topological spaces) in which the chains involve smooth 
maps t : V ^ Y from a manifold V (plus extra data), as for our chains [F, n, s, t]. 
Oversimplifying a bit, Jakob |5H] defines ‘geometric homology groups’ H^^{Y ; R) 
as the set of bordism classes [V, a, t] of triples {V, a, t) for V a compact, oriented 
manifold, a S H*{V\Z) with dimF = k + deg a, and t : V ^ Y continuous, 
and shows that Hl^iY ; R) = Hk(Y;R). 

McDuff and Salamon EH §7.1] define pseudocycles, which are smooth maps 
of manifolds t : V ^ Y, with V generally non-compact, such that the ‘boundary’ 
of t{V) in F has ‘dimension’ ^ dimF — 2, and use them to define virtual chains 
for some J-holomorphic curve moduli spaces. Kahn [48] and Zinger [88] both 
define homology groups H^^{Y ; R), Hf^iY ; R) of manifolds F as sets of bordism 
classes [V, t] of pseudocycles t : V ^Y with dim V = k, with F compact in [i5] . 
and show that H^’^(Y ; R) = Hk(Y-, R) ; R). 

Kreck EH defines homology groups H^'^{Y-,R) of a manifold F as sets of 
bordism classes [V, t] of smooth maps t : V ^Y where F is a compact, oriented 
‘stratifold’, a singular space with a stratification into smooth manifolds, and 
shows that H^'^(Y-R) = E[k(Y;R). 
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Motivated by the problem of defining virtual chains in Floer theories as in 
1I1.21 Lipyanskiy [55] defines homology groups of a manifold Y, in 

which the chains \y, t] are a compact, oriented manifold with corners V with 
diml^ = k and a smooth map t : V ^ Y, and shows that H]f^{Y\R) = 
Hk{Y]R). He also defines cohomology groups H^-^{Y-,R) with cochains \V,t\ 
a manifold with corners V with dimH = dimH — k and a proper, cooriented 
smooth map t : V ^ Y, and shows that H^^{Y;R) = H^{Y;R). These are 
similar to our MH^:{Y; R), MH*{Y; R) but restricting to n = 0 in (co)chains 
[y, n, s, t], and are the closest to our project the author knows in the literature. 

Irie [35] studies homology theories of ‘differentiable spaces’ Y, which include 
smooth manifolds, and also some classes of infinite-dimensional spaces such as 
loop spaces CM. He defines smooth singular homology Hl^'^(Y; R), which is as 
in Definition 11.31 in the manifold case, and de Rham homology H^^(Y ;R), with 
a morphism ^ H^^{Y;M.), and shows this is an isomorphism for Y 

a manifold. His de Rham chains [H, t, w] are an oriented manifold V, a smooth 
map t : V ^ Y, and a compactly-supported exterior form uj on V. These are 
similar to our generators [V,n, s,t,uj] in in tl5.2l when n = 0. 

Irie was motivated by an earlier attempt by Fukaya ED §6] to define a 
homology theory of loop spaces CM using a complex d) of ‘ap¬ 

proximate de Rham chains’ [y, t, w] of an oriented manifold with boundary y, 
a smooth map t : V CM, and a compactly-supported exterior form w on V, 
although unfortunately the homology of R),9) is not 

invalidating the results of ED- The author also hopes in future to extend M- 
homology to loop spaces, and so complete the programme of ED- 

Acknowledgements. I would like to thank Lino Amorim, Kenji Fukaya, Helmut 
Hofer, Dusa McDuff, and Jack Waldron for helpful conversations. This research 
was supported by EPSRC grants EP/H035303/1 and EP/J016950/1. 

2 Background on homology and cohomology 

Homology and cohomology were developed in the 19*^ century, and are now a 
mature subject, with a huge literature, and many excellent textbooks, including 
Bott and Tu [7] , Bredon [^ , Eilenberg and Steenrod m, Hatcher ED, MacLane 
[56] , Massey [58] , Maunder [60] , Munkres [69] , Spanier [78] , and tom Dieck [85] . 

We present the material in a non-standard way designed for our applications 
in §4]-^ Sections 12 . 1112.21 characterize homology and cohomology of manifolds, 
just as i?-modules, using the Eilenberg-Steenrod axioms. Sections I2.3H2.4I ex¬ 
plain compactly-supported cohomology, and locally finite homology, and H2.5I 
expresses all of these in terms of sheaf cohomology. Sections I2.6H2.10I discuss 
other topics, including products U, n, x on (co)homology, and Poincare duality. 

We postpone proofs of five theorems until SjU Theorems l2.3l and l2.8l are very 
similar to known results, in particular Eilenberg and Steenrod [151 Th. 10.1] and 
Kreck and Singhof [52] Prop. 10], but we give proofs in 116.li as these theorems 
are crucial for establishing the isomorphisms between our new (co)homology 
theories and conventional (co)homology. The material on strong presheaves at 
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the end of ij2.5l is new, and Theorem 12.391 on their properties will be proved in 
1I6.2I Sections [6.31 and l6^ prove Theorems 12.501 and 12.531 on orbifolds. 

2.1 Homology 

A homology theory over a commutative ring R associates to any topologi¬ 
cal space Y (possibly satisfying some conditions) a sequence of i?-modules 
Ho{Y; R), Hi{Y] R), H 2 {Y; R),..., with R) = R ior Y = * the point, 

and to any continuous map / : Ti —1 12 (possibly satisfying some conditions) a 
sequence of i?-module morphisms /* : Hk{Yi;R) Hk{Y 2 ; R) for fc = 0,1,..., 
satisfying a package of properties we explain below. Actually we define Hk (Y ; R) 
for all fc G Z, but it turns out that Hk{Y ; i?) = 0 for fc < 0. 

There are several different homology theories, the most popular being sin¬ 
gular homology [HHHISnilMlITH]- There are theorems which say that over nice 
topological spaces (e.g. finite CW-complexes, or compact manifolds), these the¬ 
ories are all canonically isomorphic, so often one does not distinguish them. 

Often it is better to work with the relative homology groups Hs^(Y^ Z; R) of a 
pair {Y,Z) of a topological space Y and a subspace Z CY. Writing i : Z ^ Y 
for the inclusion, these lie in the long exact sequence 

- ^Hk{Z-R)Zl^ Hk{Y- R) Hk{Y, Z-R) ^ Hk-i{Z; R) ^ . 

We will be concerned only with homology H^{Y ; R) of smooth manifolds Y, 
and pushforwards /, : i?,(Yi \R)^H^{Y 2 ; R) for smooth maps / : Yi —>• > 2 • 
So we begin by stating axioms for homology theories of smooth manifolds. 

Axiom 2.1. (Eilenberg-Steenrod axioms for homology of manifolds.) Write C 
for the category whose objects are pairs (Y, Z) with Y a smooth manifold (with¬ 
out boundary) and Y C Y an open set, and whose morphisms / : (Yi, Yi) —>■ 
(Y 2 , Y 2 ) are smooth maps / : Yi —>• Y 2 with /(Yi) C Y 2 . 

Fix a commutative ring R. A homology theory over R assigns the data: 

(a) For each object (Y, Y) in C and each /c G Z, an i?-module Hk{Y, Z\ R). 
For brevity we write Hk{Y ; R) = Hk(Y, 0; R). 

(b) For each object (Y, Y) in C and each A: G Z, an ii-module morphism 
d : Hk{Y, Z; R) Hk-i{Z; R), called the connecting morphism. 

(c) For each morphism / : (Yi,Yi) —)> (Y 2 ,Y 2 ) in C and each A: G Z, an 
i?-module morphism /, : Hk{Yi,Zi\R) ilfe(Y 2 , Y 2 ; R). 

All this data must satisfy the axioms: 

(i) (Functoriality.) For each A: G Z, mapping {Y,Z) to Hk{Y,Z\R) and / : 
(Yi, Yi) -)> (Y 2 , Y 2 ) to /* : Hk{Yi,Zi;R) -)> FAfe(Y 2 , Y 2 ; i?) gives a functor 
C —>■ i?-mod, where ii-mod is the abelian category of i?-modules. 

(ii) (Exactness.) For each (Y, Y) G C, write i : (Y, 0) (Y, 0) and j : (Y, 0) —>• 

(Y, Y) for the morphisms in C induced by the inclusion Z ^ Y and the 
identity idy : Y Y. Then the following is exact in i?-mod: 
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- ^Hk{Z;R)^Hk{Y;R)^HkiY,Z;R)^Hk-i{Z;R)^-- - . (2.1) 

(iii) (Functoriality of d.) For each / : (Yi, Zi) (Y 2 , Z 2 ) in C and fc S Z, the 
following commutes: 

Hk(Yi,Zi-R) -^- ^Hk-i{Zi;R) 

j,/* 

Hk{Y2,Z2; R) -^-- H,_,{Z2;R). 

(iv) (Homotopy.) Suppose (Yi, Zi), (Y 2 , Z 2 ) € C, and g : Yi x [0,11 —>■ Y 2 

is smooth with g{Zi x [0,1]) C Z2. Define fj' : Yi ^ Y 2 by f{y) = 
giy,0) and f'{y) = giy,l) for y e Yi. Then : Hk(Yi,Zi]R) 

Hk{Y 2 ,Z 2 -,R) for all keZ. 

(v) (Excision.) Suppose {Y, Z) e C, and S' C Z is closed in Y, so the inclusion 
j : Y \ S ^ Y is a morphism j : (Y \ S, Z \ S) (Y, Z) in C. Then 
j* : Hk(Y \ S, Z \ S; R) ^ Hk{Y, Z; R) is an isomorphism for all fc € Z. 

(vi) (Additivity Axiom.) Suppose (Y, Z) S C with Y = for A a 

countable indexing set and each Y^ open and closed in Y, and set Zq = 
Z n Yq . Then for all k € h we have canonical isomorphisms 

iSfe(Y,Z;i?)-©„g^i/fc(Y„,Z,;i?), (2.2) 

compatible with the morphisms {ia)* ■ Hk{Ya, Za] R) -A Hk{Y, Z; R) for 
a & A induced by the inclusion ia : (Yq, Za) ^ (Y, Z). 

(vii) (Dimension Axiom.) When Y = * is the point we have Hq{*; R) = R and 
Hk{*; R) = 0 for all fc ^ 0. 

Remark 2.2. (a) Parts (i)-(v) and (vii) of Axiom o were introduced by 
Eilenberg and Steenrod |16l §1.3], and are known as the Eilenherg-Steenrod 
Axioms. They are usually applied to pairs (Y, Z) with Y a topological space 
and Z C Y a subspace, and morphisms / : (Yi,Zi) —>• (Y2,Z2) with / : Yi —>• 
Y2 continuous with f{Zi) C Z2, but Eilenberg and Steenrod start with an 
admissible category for homology theory [161 p. 5], which include our category C. 

The Additivity Axiom (vi) was added by Milnor [^, and says that the ho¬ 
mology functors must commute with certain infinite colimits. We have included 
the assumption that A is countable as our definition of manifolds Y requires Y 
to be a second countable topological space, so Y can be the disjoint union of at 
most countably many nonempty open subsets Y^. 

(b) If {Ma '■ a G A} is a family of i?-modules, we dehne the direct sum 
used in (12.21) . and direct product i?-modules by 

0 Ma = {{ra)aeA ■ Ta S Ra, Ca ^ 0 for Only finitely many a £ A}, (2.3) 

aeA 

Ma = {{ra)aeA ■ 1"a £ Ra, Ct £ A}. (2-4) 

aeA 
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(c) Homology groups H^{Y, Z\ R) are usually defined as the homology of some 
chain complex of i?-modules [C^,{Y,Z;R),^). But these chain complexes may 
not satisfy analogues of (i)-(vii), nice properties appear on passing to homology. 

(d) Homology is a homotopy invariant. If H ~ F' are homotopic topological 
spaces, there are canonical isomorphisms Hk{Y;R) = Hk{Y';R) for all k,R. 

(e) Generalized homology theories, such as bordism, are required to satisfy con¬ 
ditions (i)-(v) and possibly (vi), but not the Dimension Axiom (vii). 

(f) (Fundamental classes.) Suppose F is a compact, oriented manifold of di¬ 
mension m. Then there is a natural fundamental class [[F]] in Hm(Y; R), as 
in [5J §VI.8], [311 §3.3], [511 §55], and [SSI §16.4]. If R has characteristic 2 (e.g. 
i? = Z2) then [[F]] is well-defined even if F is not oriented. 

(g) Following Eilenberg and Steenrod [HI §1.3], we give axioms for Hk{Y, Z] R), 
Hk{Y ; R) for all fc G Z. In fact, as in [HI P- 13], every homology theory satisfying 
Axiom 12.11 has Hk{Y,Z;R) = Hk{Y;R) = 0 for all Y, Z and fc < 0, so many 
authors define homology as functors ; R) for fc G N only, rather than fc G Z. 

For our new homology theories MH^,{—;R),... in it will be natural 

to define MHk{Y, Z; R), MHk{Y; R) for k € Z rather than fc G N, and it will 
not be at all obvious that MHkiY, Z] R) = MH^iY ; i?) = 0 for fc < 0, but this 
will follow from Theorem 12.31 once we verify Axiom [31T] 

The next theorem will be proved in 116.11 using results of Eilenberg and 
Steenrod [H], Milnor [55], and Kreck and Singhof [53] . 

Theorem 2.3. Any two homology theories iJ*(—; i?), ; i?) satisfying Ax¬ 

iom [Q over the same commutative ring R are canonically isomorphic. That 
is, there exist R-module isomorphisms ly.z '■ H^:{Y, Z; R) —>■ i?*(F, F;i?) for 
all {Y, Z) G C commuting with the given morphisms f*,d and isomorphisms 
Hq{*;R) = R = Hq{*;R), and any other assignment of morphisms Jy,z ■ 
H.,{Y, Z; R) —> H^.(Y, Z] R) for all (Y, Z) G C commuting with the f*,d and 
R) = R = Ho{*; R) have Jy,z = Iy,z for all (Y,Z). 

Having defined our new homology theories of manifolds, we will verify they 
satisfy Axiom Eli) -(vii), and then Theorem 12.31 implies that they are canoni¬ 
cally isomorphic to conventional homology groups such as singular homology. 

We now define singular homology Hf (F; R) for general topological spaces F 
(including manifolds), as in [S] §IV.l], [T^ §VH], [50l §4], [SH §4], [Hi §4], and 
smooth singular homology Hl^'^{Y; R) for manifolds F, as in Bredon [5] §V.5]. 

Example 2.4. For all fc ^ 0, define the k-simplex to be 

Afc = {(xo,... ,Xfc) G : Xi > 0, xoXk = !}■ (2.5) 

It is a compact manifold with corners, of dimension fc. Define an orientation 
on Afe such that (dxi A • ■ • A dxfc)|Afc is a positive volume form. We may write 
dAk = ^jAfc, where djAk is the boundary face of Ak upon which Xj = 0. 
There is a unique diffeomorphism : Ak-i —>■ djAk for j = 0,..., fc with 


16 


*Afc o Fj : (cco,... ,Xfc_i) H> (xo,... ,Xj-i,{),Xj,... ,Xk-i)- Note that A^-i and 
dj/S.k C 9Afc are oriented, and multiplies orientations by (—l)-^- 

Let 1" be a topological space, and R a commutative ring. Write Cf {Y ; R) for 
the free i?-module spanned by singular k-simplices a in y, which are continuous 
maps CT : Afe —y. Elements of C^{Y]R) will be written for / a 

finite indexing set, pi G R and at : A^ —>■ Y continuous for each i G L As 
in [51 §IV.l], the boundary operator d : C^iY ; R) —>• C'^_i{Y ; R) is 

9 ■■ Y^idi P* ^ Eie/ ° o Ff ). (2.6) 

Then d'^ = 0, and HfiY ; R) is the homology of (Cf (y ;R),d), that is, 

^ Ker{d:Ci'{Y;R)^ClUiY;R)) 

’ lm{d : Cl\,{Y-,R) ^ Cl'{Y-R)) ' 

If ZC y then Ci\Z; R) C ^^‘(y; R). Set Ci^{Y, Z; R) = Cf{Y; R)/CfiZ; R). 
Then d descends to d : C^{Y,Z]R) — >• Cf_j^{Y, Z; R), and relative singular 
homology Hf{Y,Z]R) is the homology of {Cf{Y,Z\R),d). We have a short 
exact sequence of chain complexes 

0 ^ {Cf{z- R),d) {Cf{Y- R), d) {Cf{Y, z- R), d) 0. (2.7) 

In the usual way this induces a long exact sequence (EU on (relative) singular 
homology, and defines the morphisms d : F[^{Y, Z\ R) -G H^_^{Z-, R). 

Let / : Ti —)• y2 be a continuous map of topological spaces. Define /* : 
Ct{Y,-R)^Ct{Y2-,R)hY 

/* : Ezg/P*cr*'-5’Ezg/P* (2-8) 

Then /* o 9 = 9 o /^,, so /* induces morphisms of homology groups /* : 
Hf{Yi-,R) -G F[f{Y 2 ',R)- If C Y\ with /(Zi) C Z2 C y2 we get morphisms 
/* : iL|'(Ti, Zi; i?) -G i7|‘(y2, Z2; R) in the same way. 

As in [SI §IV], [m §VII], [6ll §30-§3I], singular homology satisfies Axiom 
12.II for topological spaces, and therefore also for manifolds. 

Example 2.5. Let y be a smooth manifold, and R a commutative ring. Use 
the notation of Example 12.41 Write (y; i?) for the free i?-module spanned 

by smooth singular k-simplices a in y, which are smooth maps a : A^ -G Y, 
regarding A^ as a manifold with corners. Since smooth maps are continuous we 
have Cf(Y;R) C Cl^(Y;R). Define d : Cf(Y;R) -G Cl^\(Y;R) as in (1^ . 
Smooth singular homology Hf^{Y\R) is the homology of {Cl^^{Y\ R), d). 

If Z C y is open then Z is a manifold and C'^®‘(Z;i?) C C^^{Y]R). Write 
C'^®‘(y, Z; i?) = C'^^{Y-,R)/C^^{Z\R), and define relative smooth singular ho¬ 
mology Hl^^(Y, Z] R) to be the homology of (Y, Z; R) , d) . Define pushfor- 

wards /* and connecting morphisms d as in Example 12.41 

The inclusion (C'®®‘(y; i?), 9) ^ (Cf (T; A), 9) induces morphisms on ho¬ 
mology Hf(Y;R) -G Hl^(Y;R), and similarly Hf(Y,Z;R) -G Hf{Y,Z-,R). 
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Bredon [51 §V.5 & §V.9] shows that these are isomorphisms, so (relative) smooth 
singular homology is canonically isomorphic to (relative) singular homology of 
manifolds. Therefore smooth singular homology satisfies Axiom [^?T] 

Suppose Y is compact and oriented of dimension to, so that as in Remark 
I2.2r fl it has a fundamental class [[F]] G H^^(Y;R). We can construct this 
at the chain level as follows. Choose a triangulation of Y which cuts it into 
finitely many smooth m-simplices, which we write as ai : Am —> Y for i in I, 
a finite indexing set. Here each ai embeds into F as a submanifold with 
corners. Write = 1 if ai is orientation-preserving, and = — 1 otherwise. 
Then iai =0, since each boundary face of each TO-simplex ai{Am) is 

cancelled by a boundary face of a neighbouring m-simplex in the triangulation, 
and the fundamental class is [[F]] = • 

Smooth singular homology is important in relating singular homology to 
de Rham cohomology of manifolds, as in Bredon [51 §V.5 & §V.9], and will 
also be used below to map to our new homology theories. The next example 
discusses barycentric subdivision in (smooth) singular homology, following [161 
§11.6], m §IV.17], [69l §15]. It will be used in H2.5l to define the (smooth) singular 
cosheaves. 

Example 2.6. Let Ak be the fc-simplex in (12.51) . The barycentre of a simplex 
in an affine space is its ‘centre of gravity’, the average of its vertices. For Afc in 
(1^ . the barycentre is . ■., Similarly, every Z-dimensional boundary 

face of Afc for 0 ^ ^ ^ /c is an /-simplex with its own barycentre, a point of Aj,. 
There are 2^+^ — 1 such boundary faces, giving 2^+^ — 1 points in Afc. These 
are the vertices of a triangulation of Afc into (fc -|- 1)! smaller affine fc-simplices 
A\, A|,..., called the barycentric subdivision of Afc. 

Each Aj, has volume ' vol(Afc), and the k + 1 vertices of Aj, are the 

barycentres of one boundary face of Afc of each dimension / = 0,1,..., fc. There 
is a unique afHne-linear map Bl : Ak —S' Ak for each j = 1,. ■ ■, (/c-l-l)! such that 
A^ = R^(Afc), and writing vi = (0,..., 0,1, 0,..., 0) for the vertex of Afc with 
coordinate xi = 1, then il^(r);) is the barycentre of an /-dimensional boundary 
face of Afc for / = 0,..., k. Define €■(. = 1 if Rfc : Afc —>• Afc is orientation¬ 
preserving, and = — 1 if Bj, is orientation-reversing. 

We can iterate barycentric subdivision, dividing each /c-simplex A^ C Afc 
into (/c -|- 1)! smaller simplices, and so on. In this way we can cnt Afc into many 
arbitrarily small sub-simplices. Figure 12.11 illustrates the first two barycentric 
subdivisions of the 2-simplex (triangle) A2. 

Barycentric subdivision is used in (smooth) singular homology as follows. 
Let F be a topological space and R a commutative ring, and define C^{Y-,R) 
as in Example 12.41 Define an i?-linear map B : Cl’(F; R) —>• Cf{Y ; R) by 

B : E.e/ ^ ° (2-9) 

We call B the barycentric subdivision morphism. It has the important property 
that B o d = d o B : Cfc (F; R) —>• Cl^_i{Y ; R), since the boundary faces of A^ 
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Figure 2.1: The 2-simplex A2 and its first two barycentric subdivisions 


for i = 1,..., (fc + 1)! can be divided into two kinds, (A) those coming from the 
barycentric subdivision of a boundary face of A^, and (B) those coming from 
the interior A^, which cancel out in pairs in (1^ . 

Thus, B induces morphisms : H^iY ; R) H^{Y ; i?) for all fc = 0,1,_ 

By considering a subdivision of A^ x [0,1] into (fc + l)-simplices, one can show 
that these are the identity maps. Also if / : Fi —>■ F2 is a continuous map of 
topological spaces then B o o B : (Yi; R) —>• (y2; R) ■ 

In the same way, if F is a manifold, R a commutative ring, and C'|®'(F; R) 
is as in Example 12.51 we define B : C^®‘(F; R) —>• ; R), and then B o d = 

d o B : Cl^'{Y;R) Cl^^^{Y-, R), and the induced maps on smooth singular 

homology Hf {Y-, R) are = id : Hf{Y-, R) Hf{Y; R). 

Barycentric subdivision is used to prove that TJf (—; A), ; A) satisfy 

the excision axiom. Axiom I^TT vi . The main idea is that if Z C F is open, and 
^ C Z is closed in F, then given a chain Pi ^i would like 

to write it as the sum of chains in C^{Y \ S'; R) and Cf{Z] R). In general this 
is impossible, as pi{Ak) C F for i e / need not be contained in F \ S or Z. 
However, if we instead consider B^(J2-^j piai) for n 3> 0, this is the sum of 
many very small fc-simplices in F, each of which lies in either F \ Z or Z or 
both, so P^ <J,) lies in C^^iY \ S; A) + Ci'{Z; R) C C^i(F; R). 

2.2 Cohomology 

Cohomology is dual to homology. A cohomology theory over a commutative 
ring R associates to any topological space F (possibly satisfying conditions) 
a sequence of i?-modules H^iY ; A), H^iY ; A),..., with R) = R, and to 

any continuous map / : Fi —>■ F2 a sequence of morphisms /* : H^{Y 2 ]R) 
H^{Yi\R) for fc = 0, 1 ,..., satisfying a package of properties we explain below. 
As for homology, cohomology of topological spaces is homotopy invariant. 

Some examples of cohomology theories are singular cohomology na §vii.2], 
[Sa §44], [751 §5-4], Cech cohomology [HI §IX], [SU §73], Alexander-Spanier 
cohomology [751 §6], de Rham cohomology of manifolds [51 §V], and sheaf co¬ 
homology H*{Y, Ry) as in il2.5l This section concerns cohomology groups only 
as i?-modules; the ring structure on cohomology will be discussed in H2.6I Here 
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is the analogue of Axiom I^IT] 

Axiom 2.7 (Eilenberg-Steenrod axioms for cohomology of manifolds). Let C 
be as in Axiom I^ITI and write C°^ for the opposite category. Fix a commutative 
ring R. A cohomology theory over R assigns the data: 

(a) For each object (Y,Z) in C and each fc G Z, an i?-module H^{Y,Z]R). 
For brevity we write H^(Y ; R) = H^(Y, 0; i?). 

(b) For each object (Y, Z) in C and each k € Z, an i?-module morphism 

d : H^{Z\R) — >■ Z-, R), called the connecting morphism. 

(c) For each morphism / : {Yi,Zi) — >■ (Y2,Z2) in C and each fc G Z, an 
i?-module morphism f* : H^{Y2, Z2; R) —5- H^{Yi,Zi\R). 

All this data must satisfy the axioms: 

(i) (Functoriality.) For each k G 'Z, mapping {Y, Z) to H^{Y,Z]R) and / : 

(El, Zi) ^ {Y2, Z2) to r ■■ H’^{Y2,Z2; R) Z^-R) gives a functor 

C°^ -G i?-mod, where i?-mod is the abelian category of i?-modules. 

(ii) (Exactness.) For each {Y, Z) G C, write i : {Z, 0) —)• {Y, 0) and j : (Y, 0) — 
{Y, Z) for the morphisms in C induced by the inclusion Z ^ Y and the 
identity idv : E —^ F. Then the following is exact in i?-mod: 

-^ H^-^{Z- R) H’^{Y, Z; R) ^ H^{Y- R) ^ H^{Z- R) - -. ( 2 . 10 ) 

(hi) (Functoriality of d.) For each / : (Yi, Zi) —>• (E2, Z2) in C and k G Z, the 
following commutes: 


H^-\Z2-,R) — 

^^H^{Y2,Z2-,R) 

l^lzi 

r\ 

H'^-\Zi-R) — 

^ > g'^(Yi,Zi;i?) 


(iv) (Homotopy.) Suppose (Yi, Zi), (E 2 , Z 2 ) G C, and g : Yi x [0,11 —t Y 2 
is smooth with g(Zi x [0,1]) C Z 2 . Define fj' : Yi ^ Y 2 by /(g) = 
g(g,0) and /'(g) = g(g, 1) for g G Yi. Then f* = f* : H^{Y 2 ,Z 2 \R) -t 
iJ'=(Yi,Zi;i?) for all kGZ. 

(v) (Excision.) Suppose (Y, Z) G C, and S' C Z is closed in Y, so the inclusion 
j : Y \ S ^ Y is a morphism j : (Y \ S, Z \ S) —>■ (Y, Z) in C. Then 
j* : H^(Y, Z; R) H^{Y \ S, Z \ S; R) is an isomorphism for all kGZ. 

(vi) (Additivity Axiom.) Suppose (Y, Z) G C with Y = Ya for A a 

countable indexing set and each Yq open and closed in Y, and set Zq = 
Z n Ya. Then for all fc G Z we have canonical isomorphisms 

H^(Y, Z; R) - riaGA Ya; R), (2.11) 

compatible with the morphisms i* : H^(Y, Z; R) —>• H'^{Ya, Za] R) for 
a G A induced by the inclusion ia : (Yq, Zq) ^ (Y, Z). 
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(vii) (Dimension Axiom.) When D = * is the point we have R) = R and 
H’‘{*;R) =0 for all k ^ 0. 

Note that direct sums in (I2.2p are replaced by direct products in ()2.1ip . as 
in (I2.3I) - (I2.4I) . Here is the analogue of Theorem 12.31 also proved in 116.11 

Theorem 2.8. Any two cohomology theories H*{Y, Z; R), H*(Y, Z; R) satisfy¬ 
ing Axiom 12.71 over the same commutative ring R are canonically isomorphic. 

As in Remark l2.2P gl. any cohomology theory H*{—; R) satisfying Axiom 1^771 
has H^iY, Z\ R) = H^{Y ; i?) = 0 for all T, Z and fc < 0, so many authors define 
cohomology as functors H^{—] R) for k G N rather than fc G Z. 

Example 2.9. Let K be a field, and suppose we are given a homology theory 
over i? = K in the sense of Axiom 12.11 with homology groups (Y, Z-,K). For 
all {Y,Z) G C and fc > 0, define i7^(y, Y;IIC) = i7fe(Y, Z;K)* to be the dual 
K-vector space. Let d : H^~^{Z\'K) —>■ Y;K) be the dual linear map 

to d : Hk{Y,Z-K) ^ Hk-i{Z-K), and for / : (Yi.Zi) ^ (^2,^2), let f* : 
iL'=(Y2, Y2;K) ^ H'^(Yi,Zi;K) be dual to /* : Hfc(Yi, Yi;IK) ^ Hk(Y2,Z2;K). 
Then Axiom [2Tji)-(vii) imply Axiom EHi) -(vii) by duality. So the dual of a 
homology theory over a field K is a cohomology theory over K. 

Note that for the Additivity Axioms (vi), this is subtle. If 14, a G A is a 
family of K-vector spaces, using (IO)-(l2a we define a canonical isomorphism 

[©aeAK]*=naeA(Kr)- 

But as we can have V ^ (]/*)* for infinite-dimensional K-vector spaces V, in 
general for A infinite we may have 

[UaeAVaYf^eaU^:)- 

Thus, the dual of a cohomology theory over K is not a homology theory, and 
Hk(Y, Z; K) ^ H^{Y, Z; K)* when Hk(Y, Z; K) is infinite-dimensional. 

Following m §VIL2], [BHl §44], [7H1 §5.4] we define singular cohomology of 
topological spaces, which is dual to singular homology in Example 12.41 

Example 2.10. Fix a commutative ring R. Let Y be a topological space 
and Z C Y a subspace. Then Example 12.41 defines the singular chain complex 
(Cf (Y, Z; Z), 9) over Z. For each fc ^ 0, define an i?-module C'^;(Y, Z;i?) = 
Homz(C'^‘(Y, Z; Z), i?) of singular cochains. 

For k ^ 0 define d : C'^i(Y, Z;i?) ^ C^A^(Y,Z]R) hy da = a o d, for 
a : C^{Y, Z-^Ij) -a R and d : C^j^iiY, Z-.X) -A Cl'{Y, Z-,Z) as in Example 12.41 
Then d^ = 0 as 9^ = 0, so (C'*j(Y, Z;R),d) is a cochain complex of i?-modules. 
Dehne the singular cohomology H^fY, Z; R) to be the fc*** cohomology group of 
(C'*i(Y, Z; i?), d). Starting with (12.71) for i? = Z and applying Homz(—, R) gives 
a short exact sequence of cochain complexes 

0 ^ (C* (Y, Z; R), d) ^ (Q(Y; i?), d) ^ (Q(Z; i?), d) ^ 0. 
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In the usual way this induces a long exact sequence (12.101) on (relative) singular 
cohomology, and defines the morphisms d : Z\R) ^ R). 

Suppose / : Fi ^ y 2 is a continuous map of topological spaces, and Z\ C Y\ 
with j{Z\) C ^2 C 1^2- Then Example 12.41 defines /* : (Cf (Fi, Zi; Z), 3) —>• 
(C'J*(F 2 , ^ 2 ; Z), 9). Applying Homz(—,i?) gives a morphism of cochain com¬ 
plexes r ■■ (C*(r 2 ,Z 2 ;i?),d) ^ (C*i(yi,Zi;A),d). Let f* ■ ^ 2 ; i?) ^ 

H^-{Yi, Zi; R) be the induced morphism on cohomology groups. 

As in [ISl §VII], [nni §44], [TSJ §5.4], singular cohomology satisfies Axiom 1^771 
for topological spaces, and therefore also for manifolds. 

Note that although singular chains in are simple objects - finite 

i?-linear combinations of continuous maps a : —>■ F - singular cochains in 

C^i{Y;R) are Z-linear maps i?, where C'^‘(F;Z) is generally huge, 

so singular cochains are difficult to write down and work with explicitly. 

Example 2.11. Fix a commutative ring R. Let F be a smooth manifold and 
Z C F an open set. Then Example 12.51 defines the smooth singular chain com¬ 
plex (C'®®‘(F, Z; Z), 9) over Z, a subcomplex of {CfiY^ Z; Z), 9) in Example 12.41 
For each fc ^ 0, define an i?-module C^^^{Y,Z]R) = Homz(C'^®‘(F, Z; Z), i?) of 
smooth singular cochains. Define d : Z\R) —>■ Z-,R) as in Ex¬ 

ample mTUl and let the smooth singular cohomology H^^.^{Y, Z; R) be the fc*** 
cohomology group of (^^(F, Z; A), d). Define d : iL*i(F, Z; R) R) 

and r : i?ii(F 2 , Z 2 ; i?) ^ Z,; R) for / : (Fi,Zi) ^ (F 2 ,Z 2 ) a mor¬ 

phism in C as in Example l2.101 

Example l2.5l gives an inclusion Z; Z), 9) ^ (Cf (F, Z; Z), 9) of chain 

complexes inducing isomorphisms iL^®‘(F, Z;Z) —iJ^'(F, Z;Z) on homology. 
Applying Hom(—,i?) gives a surjection (C'*;(F, Z; A), d) ^ [CY(Y, Z- R),d) 
inducing isomorphisms H^.{Y, Z-, R) —>• H^^.{Y, Z; R) on cohomology. These 
isomorphisms commute with d,/*. Thus, since singular cohomology satisfies 
Axiom [231 smooth singular cohomology also satisfies Axiom 135] 

We discuss de Rham cohomology, as in Bott and Tu [H §1] and Bredon [SI §V]. 

Example 2.12. Work over i? = R. Let F be a smooth manifold. Define the 
de Rham cochains C'jj^(F;R) = C'°°(A^r*F), the smooth /c-forms on F, for 
k = 0,1,2,..., where C'jj^(F;R) = 0 for fc > dimF. Define d : C'jj^(F;R) —>• 
(F; R) to be the usual exterior derivative on fc-forms. Then (C'jj^(F; R), d) 
is a cochain complex over R. Define the de Rham cohomology group H^^{Y ; R) 
to be the k*^ cohomology group of (C'jj^(F; R), d). 

Let Z C F be open. As in [TJ p. 78-79], define the relative de Rham cochains 

C'dR(F,Z;R) = C'°°(A'=T*F) ©C'“(A'="1 t*Z), (2.12) 

and define d : (^^^(F, Z;R) —>• C^^^{Y, Z; R) by d(a, jd) = (da, q\z — d/3). Then 
(C'jj^(F, Z; R), d) is a cochain complex over R. Define iJjpj^(F, Z; R) to be the 

cohomology group of (C'jj^(F, Z; R), d). Then [3 Prop. 6.49] says that (I2.10|) 
is exact, where d : i7^j^^(Z;R) —iJjj^(F, Z;R) maps d : [/3] [0,/3]. 
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If / : (Vi,Zi) —>■ (> 2 ,^ 2 ) is a morphism in C, define /* : C'*j^(F 2 ,-^ 2 ; R) —>■ 
C^j,(Y,,Z,;R) by /* : («,/?) ^ (/*(«), r(/3))- Then /* od = do/*, so f* in¬ 
duces morphisms of cohomology groups /* : _ff^p,(y 2 , -^ 2 ;®) —>• -ffdR(Ti; ^ 1 ; ®). 

One can show as in [5] §V] that de Rham cohomology satisfies Axiom 12.71 
and so Theorem [5^ implies that de Rham cohomology is canonically isomorphic 
to (smooth) singular cohomology over R. in Examples 12.101 and 12.111 Thus, for 
each manifold Y we have functorial isomorphisms 

H^^iY;R)^H^,iY-R). (2.13) 

We can realize these at the level of cochain complexes: define 

n : CdV(F;R) ^ CUy-,^ by n(u;) : ^ a.a. ^ ^ / a*(a;) (2.14) 

for all io e C^^(Y;R) = C°°{k^T*Y) and J2i^i G C'|®‘(y;Z), so that I is 
finite, ai G h and <7^ : —)• T is smooth for i G I. Clearly, n(a;) is a Z-linear 

map ; Z) —i> R, so that n(w) G CY(Y ; R). Then 11 o d = d o 11, so that 

n : (C',)|j^(y;R), d) —>■ (C^g/F; R), d) is a morphism of cochain complexes, and 
induces 11* : iJjj^(F;R) — HY(Y]R), which are isomorphisms as in (12.131) . 
This is known as de Rham’s Theorem, and is proved directly in [8l §V.9]. 

2.3 Compactly-supported cohomology 

Compactly-supported cohomology H*^{Y;R) (or cohomology of the second kind) 
is a variation on cohomology H* (Y-,R). Some compactly-supported cohomology 
theories are compactly-supported singular cohomology [211 §3.3], |7H1 P- 323], 
compactly-supported Alexander-Spanier cohomology [SHI §l]i [ZSl P- 320], com¬ 
pactly-supported de Rham cohomology of manifolds [71 §1.1], and compactly- 
supported sheaf cohomology Hf^fY, Ry) as in tl2.5l 

For (nice) Hausdorff topological spaces Y we can define compactly-supported 
cohomology using relative cohomology, by 

Hi{Y- R) Gi H\Y n { 00 }, { 00 }; R), (2.15) 

where Y 11 { 00 } is the one-point compactification of Y, with open sets U for 
U GY open and 1/ 11 { 00 } for U GY with Y \ U compact. An alternative to 
(|2.15p is the more complicated formula 

Hi{Y- i?) ^ lin^z C V: V \ Z is compact H^Y, Z' R). (2.16) 

Here lin^ is a direct limit in the category i?-mod. That is, for each open set 
Z GY with Y \ Z compact there is a natural i?-module morphism 

Iy,z : H\Y, Z- R) HiiY-R), (2.17) 

and Z 2 G Zi GY with F \ Zi, F \ ^2 compact then the following commutes: 

H\Y, ZyR) -^-- iJ,^g(F; R), 

id^ H'^{Y,Z2-,R) 
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where idy : H^iY,Zi\R) —5> H^{Y,Z 2 \R) comes from idy : (d^, ^ 2 ) —> (X^Zi) 
in C by Axiom [2?7r c'). and H^^{Y ; R) is universal with these properties. 

For compactly-supported cohomology of manifolds F, equation (j2.16p may 
be more useful than (12.151) . since Y, Z in (12.161) are manifolds, but F 11 { 00 } in 
(|2.15l) is usually not a manifold. 

Later we will define some new cohomology theories of manifolds R), 

MHq{—;R),MH^^{—]R), and corresponding compactly-supported cohomol¬ 
ogy theories of manifolds R),MH*^ q(~’ dR(“) ®)- We will 

first prove R),... satisfy Axiom 1^771 and so are canonically isomorphic 

to conventional cohomology of manifolds by Theorem l2.8l Then we will use facts 
about sheaf cohomology in il2.5l to deduce that R),... are canonically 

isomorphic to conventional compactly-supported cohomology of manifolds. 

Because of this, we will not need an axiomatic characterization of compactly- 
supported cohomology (see Petkova [7T] and Skljarenko [70] for results of this 
type), or even a formal definition. For simplicity, we will also not discuss relative 
compactly-supported cohomology, as we will not need it. 

Here are some useful properties of compactly-supported cohomology of man¬ 
ifolds. It is not intended to be a complete definition, or an axiomatization. 

Property 2.13. Let i? be a commutative ring, and fix a cohomology theory 
of manifolds H*{—;R) as in 112.21 A compactly-supported cohomology theory 
of manifolds iL*g(—;i?) gives an i?-module 7L,(s(F;i?) for each manifold F and 
fc S N, in a direct limit with morphisms Iy,z as in (I2.16l) - (l2.17p . Furthermore: 

(a) There are natural i?-module morphisms H : H^^(Y ; R) —^ H^iY ; R) for all 

F, k. If F is compact then H : H^iY ; R) is an isomorphism. 

In terms of the direct limit (12.161) . H is the unique morphism such that 
the following commutes for all F C F with Y \ Z compact: 

H^{Y,Z]R) -- ^H'^{Y]R). 

hUy-, R) 

(b) Let / : Fi —>■ F 2 be a proper, smooth map of manifolds, and fc € N. Then 
there is a unique i?-module morphism /* : Hf^{Y 2 ', R) —> H!f^{Yi\R) such 
that the following commutes for all Z 2 C F 2 with F 2 \ Z 2 compact: 

H\Y2,Z2;R) - - -- (F 2 ; A) 

I ^V2,Z2 

\r j r\ 

iL'=(Fi, /-1(^2); R) -- H^siYuR). 

Here we need / proper to ensure that Fi \ f~^{Z 2 ) is compact. The 
following also commutes: 

HUY2;R) 

H^YyR) 
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/* j 

H^YuR). 





















If / : Fi —>■ l 2 , 3 : ^2 ^ Y 3 are proper, smooth maps then (go/)* = f*og* : 

^ H^g{Yi\R). That is, compactly-supported cohomology is a 
contravariant functor under proper, smooth maps / : Yi —>■ ^ 2 - 

(c) Let F be a manifold, 17 C F an open set, and k £ N. Write i : U ^ 
Y for the inclusion. Then there is a unique i?-module morphism : 
H^g{U;R) —^ i7ps(F;i?) such that the following commutes for all F C F 
with Y \ Z compact and F = 17 U F, writing Z' = U r\ Z and S = Y\ U: 

H>^{Y \S,Z\S;R) = Z'; R) -^ R) 

HHY, Z; R) -(F; R). 

Here e* : H^(Y, Z\R) ^ H^{Y \S,Z\S;R) is an isomorphism by Axiom 
\2.7i v) (excision), with e :Y\S ^Y the inclusion. 

If j : U' ^ U is an inclusion of open sets then (i o j)^ = i* o /* : 
H^g{U'\R) —>■ H^^{Y;R). That is, compactly-supported cohomology is 
a covariant functor under inclusions of open sets i : U ^ Y. 

(d) (Homotopy.) Unlike (co)homology, compactly-supported cohomology is 
not homotopy invariant (although it is invariant under proper homo- 
topies). For example, 77^(]R";i?) = R and H^^(R'^;R) = 0 for fc 7 ^ n, 
though the homotopy type of R" is independent of n. 

(e) (Additivity Axiom.) Suppose F is a manifold with F = U^g^Fa for A 
a countable indexing set and each Ya open and closed in F. Then for all 
fc ^ 0 we have canonical isomorphisms 

Hi{Y-,R)^®^^^HUYa;R), 

compatible with the morphisms (ia)* ■ H^^{Ya; R) —S' H^^{Y;R) for a G A 
induced by the inclusion ia ■ Ya ^ Y. 

(f) (Dimension Axiom.) When F = * is the point we have R) = R and 

R) = 0 for all k ^ 0. 

Any two such compactly-supported cohomology theories H*g{—-,R),H*^{—;R) 
over the same ring R are canonically isomorphic, as in Theorem 12.81 We can 
also take H^^{Y-,R) to be defined for fc G Z rather than fc G N, but then 
Hl:^(Y;R) = 0 for fc < 0 . 

Remark 2.14. (a) We can combine the two kinds of functoriality in Prop¬ 
erty [lIT3Kb),(c) as follows. Write Maripr for the category with objects smooth 
manifolds F, and with morphisms / : Fi —i> F 2 pairs / = (F/, /) with Y( C Fi 
an open set, and f : Y( ^ Y 2 a, smooth proper map. Composition of mor¬ 
phisms / = (F/,/) : Fi ^ F 2 and g = (Y^,g) : F 2 ^ F 3 is g o / := 

(/"H^ 2 ):g°/l/-i(F')) Identities are id^, = (F, idv) : F F. 

For each / : Fi F 2 in Manpr, define /* : H^^{Y 2 ',R) H^^(Yi-R) by /* = 

U o/*, where /* : H^,{Y 2 -, R) H^,{Y{~R) and z* : R) R) 
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are as in Property I2.13f b').fc'). Then mapping Y H^^{Y\R) and f ^ f* 
defines a functor (Manpr)°P i?-mod, similar to Axiom [23^i). 

(b) We interpret the category Manpr in terms of the one-point compact- 
ifications y If { 00 } of manifolds Y, as used in (12.151) . Given a morphism 
/ = (y/, /) : yi —7> Y 2 in Manpr, define a map / : yillloo} —)• y 2 U{oo} between 
the one-point compactifications of yi,y 2 by f{y) = f{y) if y S Yl C y^, and 
f(y) = 00 if y € W \ Yl, and /(oo) = 00 . Then y/ open and / proper imply that 
/ is continuous. This establishes a functorial 1-1 correspondence between mor- 
phisms / : Ti —7> y 2 in Manpr, and continuous maps / : y 11 { 00 } y 2 11 { 00 } 
with /(oo) = 00 which are smooth on f~^(Y 2 ) C y. 

Following Hatcher [3TJ p. 233] and Spanier [7i p. 323] we define compactly- 
supported singular cohomology: 

Example 2.15. Let y be a smooth manifold, R a commutative ring and 
fc ^ 0. Example 12.41 defined C^'(y;Z), and Example 12.101 defined Cg^{Y;R) = 
Homz(C'^‘(y; Z), i?). Define the compactly-supported singular cochains to be 

C’cs.si(^; i?) = {a € C^i{Y; R) : there exists a compact K CY 
such that if 7 € Cl^{Y \K;Z) C C^iY ;Z) then a( 7 ) = O}. 

It is an i?-submodule of Cg'] (Y]R). Define d : Crs^si {Y;R) —>• (Y ; R) to be 

the restriction of d : C'^i(y; R) C'^;''’^(y ;R), so that g/y; i?), d) is a sub¬ 
complex of (Cg* (y; i?), d). Define the compactly-supported singular cohomology 
Hcs,si(X ; to be the cohomology group of (C/g g/y; i?), d). 

Example 2.16. Define compactly-supported smooth singular cochains and coho¬ 
mology (C/g gg;(y; ^), d), iL^g gg^E; R) as in Example l2.151 but using the smooth 
versions {Y]Z), CY {Y',R) from Examples 12.51 and 12.111 

We also define compactly-supported de Rham cohomology, as in [T] §1.1]. 

Example 2.17. Work over R = M.. Let E be a smooth manifold, and fc ^ 0. 
Call a smooth fc-form a on E compactly-supported if the (closed) support supp a 
of a is a compact subset of Y. Equivalently, a is compactly-supported if there 
exists an open set Z C E with ajz = 0 and Y \ Z compact. 

Define the compactly-supported de Rham cochains G^g jf(^(y; R) to be the 
vector subspace of compactly-supported fc-forms a in C^{A^T*Y). Define 
d : G^gjjj^(y;M) G^g^jj^(y;R) to be the usual exterior derivative on k- 
forms. Then (G*g jj^(y; R), d) is a cochain complex over R, a subcomplex of 
(G*j,(y;R),d) in Example l2.12l Define the compactly-supported de Rham coho¬ 
mology group iL^g (Jr(^; 1^) to be the cohomology group of (G/g ^^(y; R), d). 

The morphism H : (G;!;j^(y; R), d) (Ggy(y;R),d) in (12.141) maps H : 
(G/g dR(y; R), d) —>■ (G*g gg;(y;R), d), aud induces the natural isomorphisms 
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2.4 Locally finite homology 

We can also ask whether there is a variation on homology in N2.11 which is analo¬ 
gous to compactly-supported cohomology in il2.3l as a variation on cohomology in 
H2.2\ Ordinary homology is already compactly-supported, though ordinary co¬ 
homology is not. There is such a variation, called locally finite homology mss], 
or homology with closed supports |14j . or homology of the second kind [mile], 
or Borel-Moore homology 0133 • We recommend Hughes and Ranicki [331 §3] 
for an introduction. We will write locally finite homology as H^J{Y ; R). 

Some examples of locally finite homology theories are locally finite singular 
homology [331 §3], Borel-Moore homology 0, Massey’s version of Alexander- 
Spanier homology [311 §1], and hypercohomology wv) of the dualizing 

complex wy, as in il2.5l Axioms for locally finite homology are given by Eilen- 
berg and Steenrod [131 §X.7], Petkova [7T] . and Skljarenko m- 

As for Property 12.131 here are some useful properties of locally finite homol¬ 
ogy of manifolds. This is not a definition or an axiomatization. 

Property 2.18. Let i? be a commutative ring, and fix a homology theory of 
manifolds iL»(—;i?) as in 112.21 A locally finite homology theory of manifolds 
gives an i?-module Hjf{Y;R) for each manifold Y and k &N. Fur¬ 
thermore: 

(a) There are natural i?-module morphisms H : Hk{Y; R) ^ HjffY ; R) for all 
y, k. If Y is compact then H : Hk{Y ; R) —>■ H]f{Y ; R) is an isomorphism. 

(b) Let / : Yi —>■ 12 be a proper, smooth map of manifolds, and k gN. Then 
there is a natural A-module morphism /* : H]f{Yi;R) — H]f(Y 2 ',R). The 
following also commutes: 

Hk (Yi; R) -^(Yi; R) 

/.j 

(Y2; R) -S-^ If ^Y2-,R). 

If / : Yi —)• Y 2 , 5 : I 2 —^ I 3 are proper, smooth maps then {g o f)^ = 
g* o f^: : Hj^(Yi;R) Hj^{Y 3 ;R). That is, locally finite homology is a 
covariant functor under proper, smooth maps / : Yi Y 2 . 

(c) Let Y be a manifold, [/ C Y an open set, and k G N. Write i : U ^ 
Y for the inclusion. Then there is a natural i?-module morphism i* : 
H]^(Y-R) —>• H^^{U\R). If j : [/' '^ {7 is another inclusion of open sets 
then (i o j)* = j* o i* : Hf(Y\R) Hj!(U'-,R). That is, locally finite 
homology is a contravariant functor under open inclusions i : U ^ Y. 

As in R,emark l2.14r ai. we can combine these two forms of functoriality in 
(b),(c) to define a functor Manpr —i?-mod mapping Y Hjf{Y\R). 

(d) (Homotopy.) Locally finite homology is not homotopy invariant (although 

it is invariant under proper homotopies). For example, iLjf (R"; i?) = 
R and = 0 for k n, though the homotopy type of M" is 

independent of n. 
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(e) (Additivity Axiom.) Suppose y is a manifold with V = Ya for A 

a countable indexing set and each Ya open and closed in Y. Then for all 
k ^ 0 we have canonical isomorphisms 

H]^{Y-,R)^UaeAH]!{Ya;R), 

compatible with the morphisms (ia)* ■ H^^{Y;R) -A H^^{Ya;R) for a S A 
induced by the inclusion ia'.Ya^ Y. 

(f) (Dimension Axiom.) When F = * is the point we have R) = R and 

R) — 0 for all k ^ 0. 

(g) (Field coefficients.) When i? is a field K, we have canonical isomorphisms 

for all y, k, as for the duality of (co)homology over K in Example 12.91 
though note that homology and cohomology are exchanged. Under these 
isomorphisms, 11, /*, i* above are dual to If, /*, A in Property 12. 131 

Also in this case we may write Hj! (Y ; K) as an inverse limit of relative 
homology groups, in a similar way to (12.161) . by 

H'^iY-K)^ HkiY,Z;K). (2.18) 

ZQY: Y \ Z compact 

However, the analogue of (I2.18P for general commutative rings R is false. 

(h) As in [351 §7], if Y is forward tame (a condition of being ‘nice at infinity’, 
which holds if Y is the interior of a compact manifold with boundary Y), 
then in a similar way to (12.151) we have 

Hl^iY-,R)^HkiYU{oo},{oo};R), (2.19) 

where Y H {oo} is the one-point compactification of Y. However, (I2.19P 
fails for general Y, such as the 0-manifold F = N, [35l Ex. 3.18]. 

(i) (Fundamental classes.) Let F be an oriented manifold of dimension m, 
not necessarily compact. Then there is a natural fundamental class [[Fj] 
in H^{Y-,R). If R has characteristic 2 (e.g. R = Z 2 ) then [[Fj] exists 
even if F is not oriented. If F is compact then Hl^{Y ; R) = HmiY ; A), so 
[[Fj] G Hm(Y;R) as in Remark E^ fl. 

Any two such locally finite homology theories of manifolds R),wj{—] R) 

over the same ring R are canonically isomorphic, as in Theorem l2.3l We can also 
define H^{Y-,R) for fccZ rather than /cGN, but then H^(Y-, R) = 0 for fc < 0. 

The next two examples define locally finite singular homology H^’^'{Y]R), 
following Hughes and Ranicki [35J Def. 3.1] and generalizing i7®‘(F ; R) in Exam¬ 
ple [2Al and locally finite smooth singular homology iJ* ’’*“(F;i?), generalizing 
Hf{Y;R) in Example!^ 
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Example 2.19. Let F be a topological space, R a commutative ring, and 
fc ^ 0. Consider formal sums where / is an indexing set, pi € R, 

and (Ti : Ak —>■ F is a continuous map for i € I. We call locally finite 

if any y €Y has an open neighbourhood U CY such that U fl ai{Ak) 7 ^ 0 for 
only finitely many i & I. Define the locally finite singular chains C’^^’’*'(F; R) to 
be the i?-module of locally finite sums with the obvious notions of 

equality of sums, addition, and scalar multiplication. 

Note that ClfY;R) in Example 12.41 is the i?-submodule of 
(F; i?) with I finite. Write 11 : C^{Y-,R) ^ C'^^’’**(F; ii) for the inclusion. 
As in [221 Prop. 3.16(i)], if F is locally compact we may write C'^^’’*‘(F; i?) as 
the inverse limit 


Cf'^‘(F;i?)=lim, 


^ ^— Z : Z C y, y \ Z is compact 


Ct[Y,Z-R). 


Define d : (7^’’’*‘(F; i?) ^ C^’^yF;!?) as in (12.61) . Then = 0, and locally 
finite singular homology Hl^’^fY ; R) is the homology of (C'i^’'*'(F; R), d), that is, 

Ker(5 : ^ Cti{Y;R)) 


h]!'^\y-r) = 


Im(a:C“4^;(F;i?) 


&^’^\Y;R)) 


Then 11 o 9 = 9 o 11 : C^iY ; R) —>• C^l'fi\{Y ;R), so these 11 induce morphisms 
n : iJ“(F;i?) ^ i?), as in Property 12. ISf ab 

Let / : Fl —> F 2 be a proper map of topological spaces. Define the pushfor- 
ward f^, : C^^'^fYi; R) —>• C'^^’®'(F 2 ; i?) by (12.8L where / proper implies that the 
r.h.s. of (12.81) is a locally finite sum. Then /* o 9 = 9o so the /* induce mor¬ 
phisms /* : iL^^’’*‘(Fi; i?) ^ {Y 2 ] R), as in Property 12. 18f bL Pushforwards 

are covariantly functorial on both i?) and iLi,^’’*‘(Fi; i?). 

If F t/^F is an open inclusion, the pullback i* : iL^^’^'(F; i?) —i?) 
in Property 12. 18l cl does not have a nice expression at the chain level. 

Example 2.20. Let F be a manifold and R a commutative ring. We follow 
Example 12.191 but using smooth singular chains a : > F as in Example 

12.51 So we define the locally finite smooth singular chains ; R) to be the 

i?-module of locally finite sums Pi ^i with ai : Ak —>■ F smooth. Define 

9 : R) —>• as in (12.61) . and define locally finite smooth 

singular homology R) to be the homology of (C'i^’’’’’‘(F; i?), 9). 

The i?-submodule of in with I finite is C^®'(F;i?) 

in Example 12.51 Write 11 : C'|®'(F;i?) ^ Clf’^^‘(Y;R) for the inclusions. They 
induce morphisms 11 : JI^‘^‘(Y; R) ^ Jllf’^^'(Y; R). We also have 




Z : Z C y, y \ Z is compact 


Cr(Y,Z;R). 


Let / : Fl —>■ F 2 be a proper smooth map of manifolds. Define the push- 
forward /* : R) C]^'‘^‘^\Y 2 ', R) by (12.81) . The /* induce morphisms 
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/* : R) ^ R), as in Property I2.18f b'). Pushforwards are 

covariantly functorial on both R) and Hl^’^^^^Yi; R). 

Again, ii i : U ^ F is an inclusion of an open set, the pullback i* : 
ffjf’^^'lY; R) —>• R) in Propertv l2.18f c') does not have a nice expression 

at the chain level. But we will explain pullbacks i* at the chain level for locally 
finite sheaf smooth singular homology ; R) in Example 12.371 below. 

The inclusion R),d) ^ R), d) induces morphisms on 

homology h]^'^^\Y;R) —> h]^'^\Y; R). The argument of Bredon [51 §V.5 & 
§V.9] shows that these are isomorphisms. 

Suppose Y is oriented of dimension m, so that as in Property 12.ISf il it has 
a fundamental class [[F]] G (Y; R). As in Example 12.51 for F compact, we 
can construct this at the chain level as follows. 

Choose a locally finite triangulation of F which cuts it into smooth m- 
simplices, which we write as ai : Am —^ F for i in I, an indexing set. Here 
each ai embeds into F as a submanifold with corners. Write = 1 if ai 
is orientation-preserving, and = —1 otherwise. Then ^ locally 

finite sum and lies in Cm(Y ; R), and d^i^i f-i <Ji = 0, since each boundary face 
of each m-simplex ai{Am) is cancelled by a boundary face of a neighbouring 
TO-simplex in the triangulation. The fundamental class is [[F]] = ^i\ ■ 

2.5 (Co)homology via sheaf cohomology 

One can also define and study both the cohomology and the homology of topo¬ 
logical spaces using sheaf cohomology. Sheaves are most commonly used in al¬ 
gebraic geometry, as in Hartshorne [301 §II“§III] for instance, but they are also 
important in topology and algebraic topology. Some books on sheaves and sheaf 
cohomology from the point of view we need are Bredon [9] , Dimca [14] , Gelfand 
and Manin Godement [29], Iversen [37], Kashiwara and Schapira [49], and 
Strooker m- We begin with the basic definitions of sheaf theory: 

Definition 2.21. Let F be a topological space, and R a commutative ring. 
A presheaf of R-modules f on F consists of the data of an i?-module £{U) for 
every open set U CY, and a morphism of i?-modules puv ■ £{U) —>• £iY) called 
the restriction map for every inclusion F C t7 C F of open sets, satisfying 

(i) m = 0; 

(ii) puu = id£([/) : £{U) £{U) for all open U CY; and 

(hi) puw = Pvw o Puv ■ £{U) —^ £{W) for all open W CV CU CY. 

We often write s|v rather than puv{s), for s G £{U). 

A presheaf of i?-modules f on F is called a sheaf if it also satisfies 

(iv) If 17 C F is open, {Vi : i C 1} is an open cover of U, and s G £{U) has 
PuVi (s) = 0 in £{Vi) for all i G I, then s = 0 in £{U); and 

(v) If 17 C F is open, {Vi : f G /} is an open cover of 17, and we are given 
elements Si G £{Vi) for alH G / such that Pv(vny,)(si) = Py,(Fny,)(sj) 
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in £{Vi n Vj) for all i,j € /, then there exists s S £{U) with puvAs) = Si 
for all i G I. This s is unique by (iv). 

Suppose £,T are presheaves or sheaves of i?-modules on Y. A morphism 
(j) : £ ^ F consists of a morphism of i?-modules 4>{U) : £{U) — F{U) for all 
open U CY, such that the following diagram commutes for all open V C U C Y 


£{U) 

Pcvj 

£(V) 


HU) 

HV) 


-HU) 

Puv I 

-HV), 


where puv is the restriction map for £, and p'jjy the restriction map for F. 

Definition 2.22. Let £ he a presheaf of i?-modules on Y. For each y € Y, 
the stalk £y is the direct limit of the i?-modules £{U) for all y G 17 QY, via 
the restriction maps puv- It is an i?-module. A morphism (jj : £ ^ F induces 
morphisms (py : £y ^ Fy for a\\ y G Y. li £,F are sheaves then (j) is an 
isomorphism if and only if py is an isomorphism for a\\ y G Y. 

Sheaves of i?-modules on Y form an abelian category Sh(F;i?). Thus we 
have (category-theoretic) notions of when a morphism p : £ ^ F in Sh(l"; R) is 
injective or surjective, and when a sequence £ ^ F ^ Q in Sh(F; R) is exact. 

Definition 2.23. Let f be a presheaf of i?-modules on Y. A sheafification of £ 
is a sheaf of i?-modules £ on Y and a morphism t: : £ ^ £, such that whenever 
7^ is a sheaf of i?-modules on Y and p : £ ^ F is a morphism, there is a unique 
morphism p : £ ^ F with p = p o tt. Sheafifications always exist, and are 
unique up to canonical isomorphism. If tt : f ^ f is a sheafification then the 
induced morphisms on stalks tt^ : f y —>■ £y are isomorphisms for all y € Y. 

Definition 2.24. Let f '■ Y Z he a continuous map of topological spaces, 
and £ a sheaf of A-modules on Y. Define the pushforward {direct image) sheaf 
f*{£) on Z by (/*(£■))([/) = £(^f~^{U)) for all open U C V, with restriction 
maps p'^y = d/-i(( 7 )/-i(y) : (/*(f))(17) {/*{£)){¥) for all open V CU C Z. 

Then /*(£’) is a sheaf of i?-modules on Z. 

li p : £ ^ F is a morphism in Sh(F;i?) we define f*{p) : f*{£) f*{H 
by (/*((()))(u) = p{f~^{U)) for all open U C Z. Then /*(</>) is a morphism in 
Sh(Z;i?), and /* is a functor Sh(y;i?) —^ Sh(Z;i?). It is a left exact functor 
between abelian categories, but in general is not exact. For continuous maps 
e : X ^ Y, f : Y ^ Z we have (/ o e)^, = /* o e*. 

Definition 2.25. Let f '■ Y Z he a continuous map of topological spaces, 
and £ a sheaf of i?-modules on Z. Define a presheaf of i?-modules Vf~^{£) on 

Y by (Vf~^{£)){U) = \i^ where the direct limit is taken over all 
open A C Z containing f{U), using the restriction maps pab in £■ For open 

V C U C Y, define p'^y : (Vf~^{£)){U) —> (Vf~^{£)){V) as the direct limit 
of the morphisms pab in £ for open B C A C Z with f{U) C A and f{V) C B. 
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Then we define the pullback {inverse image) f~^{£) to be the sheafification of 
the presheaf 'Pf~^{£). 

If 0 : f > -F is a morphism in Sh(Z; i?), one can define a pullback morphism 
: f~H£) Then /"i : Sh{Z-,R) Sh{Y;R) is an exact 

functor between abelian categories, which is left adjoint to /* : Sh(y; R) —>• 
Sh(Z;i?). That is, there are natural bijections 

Homy(/-i(f),J-) = llomz{£,MT)) (2.20) 

for all £ G Sh(Z; R) and R G Sh(F;i?), with functorial properties. For contin¬ 
uous maps e : X V, f : V -G Z we have (/ o e)~^ = e~^ o f~^. 

Definition 2.26. Let F be a presheaf of i?-modules on Y, and suppose U GY 
is open and s G £{U). We define the support supps to be 

supps = [y G U : Sy ^ 0 in the stalk £y}, 

where Sy is the germ of s at y. Then supp s is a closed subset of U. 

We call the section s compactly-supported if there exists a compact subset 
K GU with Pu{u\K){s) = 0. Then supps C K, so Sapps' is compact. We write 
£cs{U) for the i?-submodule of compactly-supported s in £{U). 

Remark 2.27. In Definition 12.261 if f is a sheaf then Pu{u\supps){s) = 0, so s 
is compactly-supported if and only if supps is compact. However, if £ is only 
a presheaf then we can have P( 7 (; 7 \supps)(s) ^ 0, and supps can be compact 
without s being compactly-supported, which may cause confusion. 

Example 2.28. Let F be a topological space, and R a commutative ring. For 
open U G Y, write Ry{U) for the i?-module of locally constant functions s : 
U ^ R. For open V GU GY, define puv ■ Ry{U) RviV) by Puv{s) = s|y. 
Then Ry is a sheaf of i?-modules on F, called the constant sheaf. The stalk 
i?v,y of Ry at each y gY is RY,y = R- 

Let f '■ Y —)■ Z he a continuous map of topological spaces. Definition 
IL261 gives a presheaf Vf~^{Rz) on F by {Vf~^{Rz)){U) = limA 3 /(c/) Rz{A). 
We have natural morphisms Rz{A) —>■ Ry{U) mapping s i—>■ s o / for open 
/([/) G AG Z, and these induce morphisms {V f~^{Rz)){U) — Ry{U), giving 
a morphism of presheaves Vf~^{Rz) Ry, which factors through a unique 
morphism /* : f~^{Rz) -G Ry from the sheafification f~^{Rz). 

On the stalks at y G Y, : f~^{Rz)y —>■ Ry.y is just id : i? — >■ i?, so /** : 
f~^{Rz) Ry is an isomorphism. Under the bijection (j2.20l) . corresponds to 
a natural morphism /j : Rz -G /^{Ry), which is generally not an isomorphism. 

Next we discuss sheaf cohomology. 

Definition 2.29. Let F be a topological space, R a commutative ring, and £ 
a sheaf of i?-modules on F. Then the sheaf cohomology groups H^{Y,£) for 
fc = 0,1,... and the compactly-supported sheaf cohomology groups H^^fY, £) for 
fc = 0,1,..., are i?-modules. There are several equivalent ways to define them. 
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One method, following |14I27II30I37II49II79] . is to first define the global sections 
functor Fy : Sh{Y',R) —>■ i?-mod and the compactly-supported global sections 
functor Fcs.y : Sh(F;i?) i?-mod by rY(£) = rcs,Y(£) = £^cs(d") 

on objects £, and rY(<^) = 4>iX)i rcs,Y(</>) = morphisms (j) : 

E ^ T. Then rY,rcs,Y : Sh(y;i?) ^ i?-mod are left exact functors of abelian 
categories, and so have right derived functors RTy, y : Sh(y; R) i?-mod 
for fc = 0,1,... (which we will not define). Then we write H^(Y,£) = i?ry(£i) 
and H^,{Y,£) = RTi^E). 

Alternatively, [5], [5S1 §11.4] define sheaf cohomology using Godement’s can¬ 
onical resolution. For nice topological spaces (including manifolds), one can also 
define sheaf cohomology using Cech cohomology [71 §10], |29l §11.5]. 

The relation to cohomology of topological spaces, as in tl2.2Fil2.31 is that as in 
Bredon 0 §111], for sufficiently nice topological spaces Y (including manifolds), 
with Ry the constant sheaf from Example 1 2.28 1 we have canonical isomorphisms 

H\Y-R)^H\Y,Ry) and H^,{Y-, R) ^ H^,{Y, Ry). ( 2 . 21 ) 

Pullbacks /* : H'^{Z;R) - 5 > H’=(Y;R) and f* : H^^{Z]R) H^^(Y;R) for 

(proper) continuous f : Y ^ Z can be written using f^ : f~^{Rz) —t Ry in 

ExampleESHl hy H^{Z,Rz) H^{Y, f-^{Rz)) ^ H^{Y,Ry). 

Often it is useful to work not with individual sheaves f, but with (bounded 

below) complexes £* = (• • • • • •) of sheaves of i?-modules 

on Y in the derived category D^{Y ; R) := 11+ Sh(y; R). Then one can define 
hypercohomology groups ]HI^(F, f*) and compactly-supported hypercohomology 
groups ]HI*g(F, f*) for A: G Z [T3], which reduce to sheaf cohomology H^(Y,£^), 
H^^{Y, £i°) if = 0 for f 7 ^ 0. Quasi-isomorphisms of complexes £* ~ T' induce 
isomorphisms H'=(y,£”) ^ H'=(y, J-) and H^g(y,£:*) ^ H(;g(y, J”). 

Eor computing sheaf (hyper)cohomology groups, one often uses acyclic res¬ 
olutions or soft resolutions, O §11.9], [271 §1.5], m §n.3.7], [791 §4.12]. 

Definition 2.30. Let y be a paracompact, locally compact, Hausdorff topolog¬ 
ical space (e.g. a manifold), R a commutative ring, and £ a sheaf of i?-modules 
on y. Then: 

(a) We call £ fine if given any open cover {Ui : i G /} of y, there exists a 
family of morphisms cfi : £ ^ £ in Sh(y; R) for i G I such that for each 
y GY, the restrictions to the stalks tpi^y : £y ^ £y for i G I are nonzero for 
only finitely many i G I and only it y G Ui, and J2i£i 4>i,y = id : £y ^ £y. 

(b) If 5” C y is closed, we write 

^cK-S”) = lin^f/ : S CU CY,U is open in Y £{U), (2.22) 

the direct limit of £{U) over open subsets U QY containing S, using the 
puv ■ £iU) —>• £(y) for S' C {7 C y C y with U,V open. There are 
restriction maps pus ■ £{U) Sci(S) for all open U GY with S CU. 

We call £ soft if pYs '. £ci{S) is surjective for all closed S CY. 
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(c) We call £ c-soft if prs ■ S{Y) —>■ £ci{S) is surjective for all compact 
S CY, where SdiS) is defined as in (12.221) . 

(d) We call £ acyclic if H^{Y,£) = 0 for all fc > 0. 

Then £ fine implies £ soft, implies £ c-soft and acyclic, under our assumptions 
on Y. If also Y is countable at infinity (the union of countably many compact 
subsets), which holds for manifolds, then c-soft is equivalent to soft [IHl Ex. II.6]. 
Roughly speaking, f is a fine sheaf if it has ‘partitions of unity’. If .4 is a fine 
sheaf of i?-algebras on T, and f is a sheaf of modules over then £ is fine. 

Later we will also consider presheaves £ which are soft or c-soft, defined as 
in (b),(c). Again, soft implies c-soft. 

Let £* = {■■■ £^ • • •) lie in D'^{Y ; R) with £^ acyclic (e.g. 

with £^ soft) for all j G Z. Then there is a canonical isomorphism 

H'=(r,f) -^£\Y)^£^+\Y)^ •••). (2.23) 

Similarly, if the £^ are c-soft rather than acyclic (e.g. with £^ soft), there is a 
canonical isomorphism 

H,^,(y,£:*) - ■ ^£i,{Y) ^£it\Y) A • • •)• (2.24) 

Now suppose f is a sheaf of i?-modules on Y, and we can find an exact sequence 

0-^ ^ ^ - (2.25) 

in Sh(T; R) with soft for all j. Then i : £ ^ T* is a quasi-isomorphism to 
the soft resolution = (0 —?> ■ • •), so I|2.23I) " (I2.24D give 

H’^{Y,£)^H'^{0—^R°{Y)^R\Y)^R‘^{Y)^ •••), (2.26) 

H^,{Y, £) - (0 ^ J-°,(y) A .Fi,(y) A^RlfY)^---). (2.27) 

We illustrate this using de Rham cohomology, as in Examples 12.121 and 12.171 

Example 2.31. Let T be a smooth manifold. Write Vly for the sheaf of 
smooth sections of A^T*Y, as a sheaf of R-vector spaces on T, so that 11^(1/) = 
C°°{A^T*U) for open U CY. Write d : fly for the exterior derivative, 

and i : Rv ^ fly for the inclusion of the locally constant functions T —>■ R into 
the smooth functions. Then as in ()2.25|1 we have a complex in Sh(E; R) 

0 —^ Ry n]. —^ ^ • • •, 

which is exact by the Poincare Lemma. Also, because partitions of unity exist 
in smooth functions on Y, the sheaves fly are fine, and hence soft. So equations 
p.21|) and ()2.26I1 " (I2.27I1 give 

H’^{Y;R) ^ i7'=(0 ^ C°°{A°T*Y)^C°°{A^T*Y) -^ ■■■) =: iJ^j^(r;R), 
i7,^,(r;R) -i7'=(0^C“(A°TW) Ac-(AITW) A •■•) =: 


34 






























Perhaps surprisingly, once can also write homology of topological spaces 
in terms of sheaf cohomology. As in [Mj §3.2], [27l §111.8], §V-§VI], [49] 

§111.3.1], for nice topological spaces Y and provided i? is a noetherian ring, one 
can define a dualizing complex coy S {Y ; R) with 

Hk{Y-,R)^m-^{Y,uJY) and {Y-R) ^ {Y,ujy). (2.28) 

For manifolds Y we can identify the dualizing complex: 

Definition 2.32. Let F be a manifold of dimension m. Write tt : P ^ Y 
for the principal Z 2 -bundle of orientations on Y, and a : P ^ P ioi the free 
Z 2 -action. For each open U CY, define Oy{U) to be the i?-module of locally 
constant functions s : Tr~^{U) R with s o (t|^-i(j/)C/ = —s, and for open 
V CU CY define puv ■ Oy{U) Oy(V) to map s !->■ sU-i(y). Then Oy is a 
sheaf of i?-modules on Y called the orientation sheaf. 

If {7 C T is open, write U = Ui for the decomposition of U into 
connected components Ui. Then elements a of Oy{U) may equivalently be 
written as formal sums a — where at C R and ojj^ is an orientation 

on Ui ior i C J C I, with the convention that OiOUi = with —ou- 

the opposite orientation to ojji ■ If Ui for i C I is not orientable then we must 
have i ^ J, or set Oi = 0, in which case we do not need to choose 

Then the dualizing complex ojy of Y satisfies ojy ~ Oy [m ], so that 

Hk{Y-R)^HZ-\Y,OY) and H]^{Y; R) ^ H^-’^{Y,Oy). (2.29) 

If Y is oriented then Oy = Ry, giving Poincare duality isomorphisms as in 112.81 

HkiY;R) = H::-\Y,Ry) ^ H^^-^Y-R), 
H]!{Y;R)^H^-'^{Y,Ry)^H"^-^{Y;R). 

The fundamental class [[Tj] C HmO^ 1 from Propertv l2.18l il is identified with 
ly C H^{Y ; R) by the second isomorphism. 

The theory of dualizing complexes in [uniiisTiiin] requires the base com¬ 
mutative ring R to be noetherian. However, the definition of Oy and the iso¬ 
morphisms (I2.29l) - (|2.30|) work for arbitrary R. 

Another way to explain compactly-supported cohomology is in terms of 
cosheaves, which are less well-known than sheaves. Our treatment is based 
on Bredon (9] §V.l]. 

Definition 2.33. Let F be a paracompact, locally compact, Hausdorff topo¬ 
logical space, and R a commutative ring. A precosheaf of R-modules S on Y 
consists of the data of an A-module £{U) for every open set U C Y, and a 
morphism of i?-modules ayu ■ £{y) £{U) called the inclusion map for every 

inclusion V CU CY oi open sets, satisfying 

(i) f(0) = O; 

(ii) auu = id£(( 7 ) : £{U) £{U) for all open U CY; and 
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(iii) awu = ^vu ° crwv '■ —>■ S{U) for all open W CV CU CY. 

A precosheaf of i?-moclules f on F is called a cosheaf if it also satisfies 

(iv) If U,V CY are open, the following sequence is exact in i?-mod: 

muv)^ii. ( 2 , 31 ) 

(v) Suppose Ui C U 2 ■ ■ ■ Q Y are open with U = Ufci Then we have 
an isomorphism with the direct limit 

f([/)-lm^-i£(t/,), 

compatible with au^u : £{Ua)^£{U) and crjj^Ub ■ £{Ua)^£{Ub) for a^b. 

Suppose £,T are precosheaves or cosheaves of i?-modules on Y. A morphism 
(j) '■ £ ^ Z consists of a morphism of i?-modules <p{U) : £{U) Z{U) for all 
open U CY, such that the following diagram commutes for all open V CU CY 

■Z{V) 

Yvu\ 

Z{U), 

where <tvu is the inclusion map for £, and <Jyjj the inclusion map for T. 

A cosheaf £ is called flabby if ayu ■ SiY) £{U) is an injective morphism 
of i?-modules for all open V C U CY. 

If f is a flabby cosheaf, U C Y is open, and a G £{U), define the support 
supp a of q; to be the set of points x G U such that there does not exist open 
V CU \ {a:} with a G Im ayu. Then supp a is a compact subset of U. 

If f is a flabby cosheaf, auy ■ £{U) ^ {a G £{Y) : supp a C 17} is an 
isomorphism for all open U CY. Thus, knowing £ is equivalent to knowing the 
A-module £fY) and the compact subsets supp a C Y for each a G £{Y). 

Bredon [51 §V. 1] relates c-soft sheaves and flabby cosheaves on Y: 

Theorem 2.34. Let Y be a paracompact, locally compact, Hausdorff topological 
space, and R a commutative ring. Then 

(a) Let £ be a c-soft sheaf of R-modules on Y. Define £{U) = £cs{U) for 
open U CY. For all open V C U CY, define ayjj : £{V) -G £{U) such 
that ayu{a) G £{U) C £{U) is the unique element with puv °’^vu(.ot) = a 
in £(V) and P( 7 (f 7 \suppQ;) ocryu{cx) = 0 in f (C/\suppa), for all a G £iV). 

Then £ is a flabby cosheaf of R-modules on Y. 

(b) Let £ he a flabby cosheaf of R-modules on Y. For open U C Y, define 
V£{U) = £{Y)/{a G £iY) : supp(a) CU = 0}. For open V C U C 
Y, define puy ■ V£{U) —>■ V£(y) to be the quotient morphism of id : 
£{Y) —> £{Y). Then V£ is a presheaf of R-modules on Y. Write £ for 


£iv) 

m)' 


f(V) 

4>{U) 
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the sheafification of VE. Then £ is a c-soft sheaf of R-modules on Y. 
For all open U CY, define ie^u : E{U) —>■ E(U) to he the composition 

£(u)^£(Y )- m). 

Then is jj is an isomorphism £{U) £cs{U) C £(U). It preserves sup¬ 
ports, that is, suppa = suppi£^[/(a) for all a G £{U). 

The stalks £y of £ for y (zY have canonical isomorphisms 

£y - £{Y)/a^Y\{v})Y W \ {y})] (2-32) 

compatible with the composition £{Y) = V£{Y) 

(c) The constructions of (a):(b) are inverse, up to canonical isomorphism. 

Suppose (j) \ £ ^ T is a morphism of c-soft sheaves of R-modules on Y, 
and define flabby cosheaves of R-modules £,T from £,J- as in (a). Define 
fiiU) = 4>iU)\£(^ir) : £{U) Z^iU) for all open U CY. Then (f : £ ^ R is 
a morphism of cosheaves, and this gives a functorial 1-1 correspondence 
between morphisms (j) : £ ^ J- and morphisms (f : £ ^ R- 

Thus, we have constructed an equivalence of categories between the cat¬ 
egory of c-soft sheaves of R-modules on Y, and the category of flabby 
cosheaves of R-modules on Y. 

When we compute the compactly-supported cohomology H^flY, £) oi a. sheaf 
£ using a c-soft resolution R* = [■ ■ ■ RI • • •), as in (j2.24l) and 

(|2.27|) . we use Rl,.{Y), which is just the global sections R^ (Y) of the flabby 
cosheaf R^ corresponding to RT So for defining compactly-supported coho¬ 
mology H^fiY-R) ^ H^flY,RY) or homology Hk{Y-R) ^ H^^’^^-^(Y,Oy) of 
manifolds, it is more natural to use cosheaves than sheaves. 

Following Bredon [SJ §V.1.3, §V.1.18, §VI.12 & Th. V.12.14] and Skljarenko 
HZ], we define a modified version of singular homology, in which the chains form 
flabby cosheaves. 

Example 2.35. Let F be a paracompact, locally compact, Hausdorff topo¬ 
logical space, and R a commutative ring. Then for k = 0,1,..., Example 12.41 
defined the singular chains Cf{Y-,R). Observe that mapping U >->• C^{U-,R) 
for all 17 C Y open defines a precosheaf of i?-modules on Y, in the sense of 
Definition 12.331 However, it is not a cosheaf, since if 17, H CY are open, then 

Cl'iUnV-, CiflUUV-,R) ^ 0 (2.33) 

from (12.311) need not be exact at the third term, so Definition I2.33l ivi fails. 
This is because there are continuous maps cr : A^, —>■ 17 U H with a{Ai^) ff- U 
and cr(Afc) ^ 1^, so cr G C^{U UH) does not lie in the image of ClflU) (BC^{V). 
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Define an i?-module (7^* (Y ; R) of cosheaf singular chains to be the direct 
limit of the directed system 

Cl^{Y; R) Cl'iY; R) ^ Cl'{Y-, R) ^ , 

where B is the barycentric subdivision morphism from Example 12.61 Then we 
have a commutative diagram of i?-modules with a universal property 


(2.34) 

CtfY-R). 

Since B o d = d o B : Cl^(Y ; R) ; i?) for fc > 0 as in Example 12.61 

there is a unique morphism d : C^fY ; R) —>• ; R) with 11 j o 9 = 9 o 11 ^ : 

Ct{Y-, R) ^ Ct_^{Y- R) for all j = 0,1,^.... 

We have d o d = Q : C^{Y]R) C^_^{Y\R) as this holds on C^{Y\R). 

Hence i?), 9) is a chain complex. Define the cosheaf singular homology 

(Y ; R) to be the homology group of this complex. As H^ o 9 = 9 o 
Hj : C'fe (^;^) R), the Hj induce morphisms (H^)* : HlfY-,R) —>• 

Hl'{Y-,R). As in Bredon O §V.1.3 & §VI.12], these (Hj)* are isomorphisms, 
and are independent of j = 0,1,.... 

If / : Yi —>■ y 2 is a continuous map of topological spaces then since B o f^, = 
/*oi? : Cl'{Yi-,R) —>• C^{Y 2 \R) as in Example l2.61 there is a unique pushforward 
/* : C^^{Yi]R) ^ C^^{Y 2 -,R) with Uj o 8 = d oTl^ : Cl^(Y; R) Clf^(Y; R) for 

all J = 0,1,_These /* are functorial, and induce morphisms /* : Hl'{Yi;R) —>• 

H^{Y 2 ',R) on homology, which are identified with the usual pushforwards /* : 
Hf{Yi-R) ^ Hf{Y 2 ]R) by the isomorphisms (Hj), : HfiYa]R) ^ Ht(Ya]R). 

If Z C E is open with inclusion i : Z ^ Y we define the relative cosheaf 
singular chains Cf{Y,Z;R) = Cf{Y-,R)/u{C^^{Z-R)). Then 8 : Cf{Y]R) 
C^-i{Y-,R) induces 8 : Cl'{Y, Z; R) —>• Z; i?) with 8o8 = 0. De¬ 

fine the relative cosheaf singular homology H^fY, Z; R) to be the fc*** homology 
group of the chain complex Z;R),8). The morphisms IVj : C^{Y ; R) —>• 

C^^{Y-R) induce Hj : Cf{Y,Z-,R) C^'(E,E;A) with Bj o 8 = 8 oBj, so 
they descend to isomorphisms (Hj)* : H^fY, Z; R) —> H^tiY, Z; R), which are 
independent of j. 

Now, for each open C/ C E, define C|*(E; i?)(t7) = C'^{U\R), and for all 
open V CU CY, define ayu '■ t^(Y-,R){V) Cf(Y;R){U) by ayu = U : 
C^{V\R) —>■ C^{U\R), ioi i V ^ U the inclusion. Then as in Bredon [HI 
§V.1.3 & §VI.12], this defines a flabby cosheaf C^jt{Y;R) of i?-modules on E, 
which we call the singular cosheaf In particular, the analogue of (12.331) for 
Ck{—',R) is exact at the third term, since given any chain a £ C^{U U E;i?), 
we may write H"(a) for n ^ 0 as the sum of chains in Cf{U ; R) and C'^‘(E; R), 
as in the final part of Example 12.61 
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The morphisms d : C^{U]R) —>■ C^_^{U\R) for open U C Y define a 
morphism of cosheaves d : ; R) —>• ; R), with d o d = 0. This gives 

a complex of flabby cosheaves on Y: 

C!i.(y;i?)=(- ^0), (2.35) 

where we put C|‘(F; R) in degree —k. 

When T is a manifold, we can do the same using smooth singular homology: 

Example 2.36. Let T be a manifold, and R a commutative ring. Then we can 
repeat the whole of Example 12.351 using smooth singular chains ; R) from 

Example 12.51 instead of singular chains Cf}{Y ; R) from Example l2.4l In this way 
we define i?-modules of cosheaf smooth singular chains in a diagram 


(2.36) 

tcf{Y;R), 

as for (USD), and morphisms d : Cf{Y; R) R) with = 0, and we 

define the cosheaf smooth singular homology (Y ; R) to be the homology 
group of {Cf{Y-R),d). The morphisms : Cf(Y;R) Cf(Y;R) induce 
isomorphisms (Ilj)* : ; R) —>• ; R) which are independent of j. 

If / : Fi —>■ F 2 is a smooth map of manifolds then since B o f^, = f^ o B : 
Cl^^fYi'R) —>• CI^\Y 2 ] R), there are functorial pushforwards /* : C^®‘(Yi;i?) —>■ 
Cf {Y 2 ;R) with Iljod = dollj : Cf{Y;R) Clti{Y;R) for all j, which 
induce morphisms /* : Hl^'{Yi;R) H^^'{Y 2 ',R) on homology. 

We define a flabby cosheaf Cf^{Y;R) of i?-modules on Y called the 
smooth singular cosheaf, with C|®*(F; R){U) = ; R) for each open U CY. 

We have morphisms d : Qf'{Y ; R) (F; R) with dod — 0. So as in (12.351) 

we have a complex of flabby cosheaves on F: 

C!_%(F; R) = { -1 Cf{Y; R) Cf (F; R) -R) ^ O), 

where we put C|®‘(F; R) in degree —k. 

Applying Theorem 12.341 we can transform the flabby cosheaves C|®‘(F;i?) 
in Examples l2.35l and l2.36l into (c-)soft sheaves. 

Example 2.37. Let F be a manifold and R a commutative ring, and use the 
notation of Example 12.351 For each fc = 0,1,..., define the fc**' singular sheaf 
C*J’’*‘(F; i?) to be the c-soft sheaf of i?-modules on F associated to the flabby 
cosheaf C^^{Y;R) by Theorem 12. 34l bi. As F is a manifold, Cf{Y;R) is a soft 
sheaf. By Theorem 12.34l ci. the morphisms d : C^f{Y;R) —>• C|‘_^(F;i?) lift to 


Cf (F; R) Cf(Y; R) Cf(Y; R) — 
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d : i?) —>■ (F; i?) with d o d = Q. So corresponding to (12.351) we 

have a complex of soft sheaves on F, with C)f’’*‘(F; R) in degree —k: 

(F; i?) = ( • ■ • 4- R) -t C‘/’’^‘(F; R) -t C[f’’^‘(F; R)-to). (2.37) 

The stalk C“’^'(F;i?), is {YR)/{Y \ {y^R) = CfiY,Y\ {y};R) at 
y G F by (|2.32p . so the cohomology in degree — fc of the complex of stalks at y 
from (12.371) is H^{Y, F\{y}; R) = Hk{Y, F\{y}; R), which as F is a manifold is 0 
if fc dimF, and the i?-module of orientations on TyY if fc = dimF. Therefore 
(j2.37|) is equivalent in D{Y; R) to the dualizing complex uiy — OY[dimF]. 

Define the locally finite sheaf singular chains R) to be the global 

sections C)!’’’‘(F; i?)(F). Then the d : (F; i?) —>• c5!4i(F;i?) induce mor- 

phisms d : C'^^’®'(F; i?) —>• C'^4i(F;i?) making ((7i,^’’*‘(F; i?), 9) into a chain 
complex. Define the locally finite sheaf singular homology ; R) to be the 

fc**' homology group of (C^"*(F; i?), 9). 

Composing Hq : C|*(F;i?) C'|*(F;i?) with the inclusion C|*(F;i?) 

Cl^’‘^fY; R) coming from realizing sections of Cl'(Y;R) as sections of the as¬ 
sociated sheaf CJ!’’*‘(F; i?) gives a morphism C^'(Y;R) —y (^^^’’’‘(F; i?). Now 
Example 12.201 defined the locally finite singular chains Cl^’^'(Y; R), which are 
locally finite sums of elements in C^‘(Y ; R). 

Since C'J,^’’’‘(F; i?) is the global sections of a sheaf, locally finite sums make 
sense in C'J,^’’*‘(F; i?). Thus, this morphism C^'(Y;R) —>• C'^^’“(F;i?) extends 
naturally to a morphism IIq : C'J,^’’*‘(F; i?) — >• (^^^’^'(F; 77). These satisfy Ilg o 
d = 9 o IIq : (^^.^’^'(F; i?) —> C'J,4i(F; 77), and so induce morphisms (IIq)* : 
Hk ’^\Y; R) h]^’^\Y; R), which are isomorphisms. Thus, h]^'^\Y; R) is an¬ 
other version of locally finite homology. 

There is a natural equivalence in the derived category D(F; 77) 

c!!f(F;77) ~ wy. (2.38) 

This is proved by Arabia [21 Th. 1.8.6(a)] when F is a ‘pseudovariety’ (a topo¬ 
logical space stratified by topological manifolds, which include orbifolds), see 
also Borel O §V.7.2], Bredon (9] Th. V.12.I4], and Kashiwara and Schapira |49l 
Th. 9.2.10]. Taking the hypercohomology of (I2.38|) in degree —fc and using 
softness of the C[^’®'(F; 77) gives the canonical isomorphism from p.28|) : 

77^^’"'(F;77) ^ IHI-'=(F, -R)) = H-'‘’(F,wy). 

If i : 77 ^ F is the inclusion of an open set, then as in Propertv l2.18l c]) there 
is a natural morphism i* : H]f{Y]R) —> H^^{U]R) on locally finite homology. 
We noted in Example 12.201 that i* does not have a nice expression on the chain 
level for locally finite singular homology ; 77). 

However, for the sheafified version 77^^’“(F; 77), there is a nice expression. 
As Cjf’®'(F; 77)|c/ = Cjj’®'(t/; 77), the data ayu in Cjf’®'(F; 77) is a morphism i* = 
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(TYU ■■ ’"'(i"; R) &k^\U- R). These satisfy i*od = doi* R) 

R)y since d : i?) —>■ is a sheaf morphism, and so 

induce the canonical morphisms i* : h]^’^\Y ; R) —>• R), as required. 

We can repeat all of the above for the smooth singular cosheaves ; R) 

from Example 12.361 rather than Cf {Y ; R) from Example 12.351 This defines a 
complex (C*(T; i?), 9) of smooth singular sheaves on Y, with global sections 
the locally finite sheaf smooth singular chains ; i?), 9) on Y, which has 

homology the locally finite sheaf smooth singular homology h]^’^^'{Y;R) of Y, 
which is canonically isomorphic to locally finite homology. As for (12.381) we have 
a natural equivalence in the derived category D{Y; R): 

C^[f\Y;R) -WY. (2.39) 

The next definition and theorem are new, so far as the author knows. We 
will define a class of strong presheaves, and discuss their properties. 

Definition 2.38. Let F be a topological space, and R a commutative ring. We 
say that a presheaf of i?-modules f on F is strong if for all open U,V C F, the 
following sequence is exact in i?-mod: 

(,^£(UUV) (2,40) 


The next theorem will be proved in (16.21 

Theorem 2.39. Let Y be a paracompact, locally compact, Hausdorff topological 
space, and R a commutative ring. Suppose £ is a strong presheaf of R-modules 
on F, with sheafification tt : 9 —>■ f. Then: 

(a) The presheaf £ satisfies the sheaf conditions Definition \2.2Vl iv).(y] for the 
open cover {Vi : i € 1} whenever I is a finite set. Conversely, any presheaf 
£' satisfying Definition I2.21f iv').lvl whenever I is finite, is strong. 

(b) If V C U CY are open then using the notation of Definition 12.261 puv ■ 
£{U) —^ £{V) restricts to an isomorphism 

puv\- ■ {a G £cs{U) : suppa CV CU} ^£cs(.V). (2.41) 

(c) Suppose V C U C Y are open, and the closure V of V in U is compact. 
Then there is a canonical R-module morphism tjjv '■ £{U) —^ £{y) making 
the following diagram commute: 



(2.42) 
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For each s G £{U), we can characterize tuv{s) £ ^(V) uniquely by the 
following property: if y G V, and Uy is an open neighbourhood of y in 
U, and Sy G £{Uy) with T^(Uy)(sy) = puUy{s), then there exists an open 
neighbourhood Uy of y in Uy such that PUy{U' r\V)(.Sy) = Pv(U' r\V)°'''uv{s) 
ln£{U'yf^V). 

If also W C V is open and the closure W of W in U is compact then the 
following diagram commutes: 



(d) For any open U G Y, the map tt{U) : £{U) -G £(U) restricts to an 
isomorphism iTcsiU) : £cs(U) —>• £cs(U). Hence if U is compact then 
tt(U) : £{U) -G £{U) is an isomorphism. 

(e) For all open U GY, there is a canonical isomorphism 


£{U) = 


V : V G U open, V is compact 


£{V). 


(2.44) 


Here the inverse limit is over open V GU for which the closure V ofV in 
U is compact under the morphisms pviV 2 ■ ^(^i) ^(^ 2 ) for V 2 G Vi G 

U, and the projection £{U) -G £{V) from (I2.44|l is tuv from part (c). 

(f) If £ is c-soft then £ is c-soft, in the sense of Definition 12.301 

Then as in Theorem I2.34r a'l we may define a natural flabby cosheaf £ on 

Y with £{U) = £cs{U) for U GY open, and ayu ■ SiU) for 

V G U GY open is the inverse of the isomorphism (12.411) , and £ is the 
c-soft sheaf associated to £ in Theorem I2.34r b) . 


In (c) it is essential that the characterizing property of tuv{s) holds for all 
y G V with V compact, not just for all y G V. Since 'k{U),tt{V) in (I2.42|) 
need not be injective or surjective, the fact that (12.421) commutes does not itself 
determine tuv uniquely. The moral of the theorem is that strong presheaves 
are quite close to being sheaves, and the sheafification f of a strong presheaf £ 
is quite close to £, for example, £,£ agree on compact open sets U GY, and 
on compactly-supported sections. Equation (12.441) gives a useful alternative 
expression for the sheafification of a strong presheaf. 

2.6 Products on (co)homology 

In g2T]-g23]we considered Hk{Y- R), H^{Y-R), H^flY; R), H]!{Y; R) just as R- 
modules. In fact, homology and cohomology have many interesting additional 
algebraic structures. We now discuss cup, cap and cross products U, (h, x. 
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2.6.1 The different products and their properties 

Let y be a topological space, and R a commutative ring. Then as in [51 §VL4], 
|5T1 §3.2], [551 §48], for all k,l ^ 0 we have i?-bilinear cup products 

U : H^{Y-R) X H\Y;R) —^ H^+\Y-R), 

U : Hi{Y- R) X H\Y- R) H^,+\Y-R), ^ 

U : H\Y-R) X Hl{Y-R) H’:+\Y;R), 

U : Hi{Y- R) X Hl{Y- R) R). 

As in [51 §VI.5], [311 §3-3], [69l § 66 ], we also have i?-bilinear cap products 

n : H>^iY;R) x Hi{Y;R) Hi_k{Y;R), 

n : H^,{Y-,R) X HiiY;R) Hi_^{Y-R), 

n : H\Y- R) X Hf{Y- R) Hf_^{Y- R), 

n : H^,(Y-,R) X Hl^iY-,R) Hi_k{Y-,R). 

Writing HI(Y;R) to mean either Hk(Y ; R) or H^^iY ; R), and H^iY ; R) to 
mean either H^{Y\R) or H^^{Y-,R), for a € H^(Y;R), P e H\{Y]R), 7 € 


H^{Y-,R), (5 e H^{Y\R), these satisfy the identities 

a\jp=(-lf^p\Ja, (2.47) 

a U (/3 U 7 ) = (a U /3) U 7 , (2.48) 

an (,5n5) = (aU,5) nA (2.49) 

There is a natural identity element [ly] G H^{Y;R) with 

[ly] U a = a U [ly] = a, (2.50) 

[ly]n5 = (5. (2.51) 


In fact [ly] = 7r*(l), where tt :Y —5> = 1 = is the projection and 1 G Ho{*; R) = R. 
Also U, n are compatible with the projections 11 : H*g{Y;R) —>• H*{Y\R) and 
n : iJ* (y; i?) —!> H'^^iY;R), so that n(a U /3) = n(a) U n(/3), and so on. Thus, 
U, [ly] make H*{Y]R) into a unital supercommutative graded i?-algebra, and 
U makes H*^(Y;R) into a non-unital supercommutative graded i?-algebra, and 
n makes H^,{Y ; i?), H^J{Y ; R) into graded modules over H*lY ; R),H*pY ; R). 

The Kronecker products [5] §VI.3] are the compositions 


H^lY-R)xHk{Y-R)^^ 

^Ho(Y;R)^^. 

-i7o(*;i?)^- 


HUY;R)xHi^{Y;R)^ 

^Ho(Y-,R)^^. 

-i7o(*;i?)^- 



where tt -.Y * is the projection. If i? = K is a field, these are perfect pairings, 

inducing isomorphisms i7^(y;K) = HkiY^K)*, H^{Y;K) = H^^{Y;K)*, as in 
Example 12.91 and Property 12.18l gL 
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If Yi,Y 2 are topological spaces (e.g. manifolds), as in [SJ §VI.l, §VI.3], [SU 
§3.2, §3.B], §59-§60], there are also i?-bilinear cross products 


X 

H’^{Yi-R) X H\Y2]R) - 

-^ij'=+'(Yi X Y2;i?), 

(2.52) 

X 

H^,{YyR)xHUY2-,R)- 

-^H^+\Y,xY2-,R), 

X 

Hk{Yp,R)xHi{Y2;R) — 

£Hk+i{YixY2;R), 

(2.53) 

X 

i7“(Yi;i?) xijf(Y2;i?) - 

-^hI!yi{YixY2;R). 


For a € Hj{Yi;R), (3 & H\{Y 2 \ R), ^ & Htp-iY^^R), these satisfy the identities 

a X (/3 X 7 ) = (a X /?) X 7 , ax (3= x a, [lyj x [lyj = [lyixys] 

in cohomology, where for the second equation we identify (Yi x Y 2 ; R) = 
Hl+k X Yi\R) using the homeomorphism Yi x Y 2 = Y 2 x Yi. Similarly, for 
S € Hl{Yi-, R), e € HJ{Y 2 \R), ( G HJ^{Y 3 ;R), in homology we have 

6 X {e X 0 = {S X e) X (, S x e = (-l)^*e x S. 

Also cross products are compatible with the projections 11 : H*^{Y-,R) —>• 
H*(Y;R) and H : H^{Y-,R) 

The cross product on cohomology may be expressed in terms of the cup 
product, and vice versa, since if a, /3 € H* {Y ; R) then 

a U /3 = Ay (a x /3), 

where Ay : Y ^ Y x Y is the diagonal map, and if 7 ^ € Hj{Yi; R) then 

71 X 72 = t:y^ ( 71 ) U ( 72 ), (2.54) 

where Try^ : Yi x Y 2 ^ Yi, Try^ : Yi x Y 2 —>■ Y 2 are the projections. 

All of U, n, X and [Iv] have the obvious functoriality under (proper) pull¬ 
backs /* and pushforwards /*. So, for example, if / : Yi —)• Y 2 is a continuous 
map of topological spaces and a,f3 £ H*{Y 2 ',R), S £ i?*(Yi;i?) then 

r(aU/3) = r(a)ur(/3), (2.55) 

r([lyj) = [lvj, (2.56) 

Mr{a)nS) = anU6). (2.57) 

All of U, n, X extend to relative (co)homology H^(Y, Z■, R), HI{Y, Z; R), but for 
simplicity we will not discuss the relative versions. 

The Kiinneth Theorem [H Th. VI.1.6], [SH Th. 3B.6], [69l Th. 59.3] says 
that on homology, if i? is a principal ideal domain, we have functorial exact 
sequences for all Yi, Y 2 ,m: 

0^© i7fc(Yi;i?)®^j^i7^(YixY2;i?)^ © 77fe(Yi; i?) * ^ 0. (2.58) 
Hi{Y 2-,R) k+}_= Hi{Y2-,R) 
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Here A*B is the torsion product of abelian groups A, B, [51 §v.6], isi §3. A], m 
§54]. If A, B are vector spaces over a field K then A * B = 0, so when i? = K, 
equation (12.581) yields isomorphisms 

X : ®k+i=^Hk{Yr,K)^KHi{Y 2 ;K)^H^iYi x r 2 ;K). (2.59) 

The analogues of (12.58^ - 112.591) also hold for R). 

2.6.2 Defining cup, cap and cross products in sheaf cohomology 

Our preferred approach to defining the products U, D, x in Sl-^n] will be via 
sheaf cohomology. At the sheaf level, this is very simple: if T is a topological 
space there is a natural isomorphism of sheaves of i?-modules on Y: 

lu ■ Ry Ofi Ry —> Ry, (2.60) 

which on stalks RY,y = R at y £ Y acts by the isomorphism R R R 
induced by multiplication in R. The cup products on H*{Y;R) = H*{Y,Ry) 
and H*g{Y ; R) = H*g{Y, Ry) are then induced by the compositions 

(F, RY)(i>RH^ (F, Ry) i?'=+'(F, Ry®rRy) -rr^-^ (F, Ry) , 

H^,{Y, Ry)®rHUY, Ry) H^+\Y, Ry®rRy) - H’^+^Y, Ry). 

Similarly, for sufficiently nice topological spaces F and rings R the cap prod¬ 
uct is induced by a natural quasi-isomorphism of complexes of i?-modules on F: 

/n : Ry ®r ^ wy■ (2-61) 

If F is a manifold of dimension m, so that ujy — this reduces to an 

isomorphism of sheaves of i?-modules on F: 

I^-Ry^rOy — >Oy, (2.62) 

which on stalks at y £ Y acts by the isomorphism R iSir OY,y —t Oyy induced 
by multiplication by R. Then the cap product between H^iY ; R) = H^{Y, Ry) 
and Hi{Y ; R) = H^~^{Y, Oy) is induced by the composition 

H\Y,Ry)®rH^-^{Y,Oy) - H^+"^-\Y,Ry<S)rOy)''-^^HTs~^'-'^\y,Oy). 

If Fi, F 2 are topological spaces then cross products x on cohomology (I2.52|) 
are induced by a natural isomorphism of sheaves of i?-modules on Fi x F 2 : 

: Ryi Ry2 ^ RyixY2 

acting on stalks Ryi.vi = R, RY 2 ,y 2 = -^YixY 2 ,(yi.y 2 ) = RsX (yi, 2 / 2 ) e Fi x F 2 

by the isomorphism R i^ir R ^ R induced by multiplication in R. 
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Similarly, for nice Yi, ^ 2 , R, cross products x on homology (12.531) are induced 
by a natural quasi-isomorphism of complexes of i?-modules on Yi x 12 : 

: WYi WYj ^ WYi xYa ■ 

If Yi , >2 are manifolds of dimensions m,n, so that wy, — Oy^ [m] , uiy^ — Oy^ [n] , 
ojy^ Xi 2 — Oyi X Y 2 [w -f n], this reduces to an isomorphism of sheaves 

: Ovi Klfl Oy^ ^ Oy-^xY2 ■ 

As explained in H2.51 one often computes sheaf cohomology using soft reso¬ 
lutions. Snppose F is a topological space, and we have chosen a soft resolution 

0-^ Ry ^ ^ - (2.63) 

of Ry , giving isomorphisms H^(Y;R) = H^(0 —>■ (F) R^iX) ''') ■ 

Suppose also that we can choose morphisms 'ipk,i ■ ®r R^ — t R^^^ of sheaves 
of i?-modules on Y for all k,l^ 0, satisfying the conditions, for Jy as in (12.601) : 

z o 7y = tpQ Q o{i^i) : Ry (g)^ Ry —;■ 
d o tpk,i = tpk+i,! o (d ® idjrO + {-X'^k,i+i o (idj^fc 0 d) : (2-64) 

R’" (8)r X for all k,l ^ 0. 

That is, we have a commutative diagram of sheaves of i?-modules on Y: 


0 


0 


Ry®rRy 





®rJ-^ (S 
J^®rT^ 


^^1 


V’o.oj 



^d®id 0 ' 
— idigid d0id 
y 0 id®d^ 


®rJ-^ ® 


(V’2,0 '01,1 00,2 

d 


)1 


d 


where the rows are exact, and are soft resolutions of Ry 0^ Ry, Ry. 

Hence {'ipk,i)k,i^o defines a morphism of complexes -F* 0^ J-* —>■ J-* equiv¬ 
alent to /y : Ry 0fl Ry —t Ry, and taking global sections, or compactly- 
supported global sections, gives a formula for the cup product U at the cochain 
level. So, under the isomorphisms H^{Y-,R) = i7^(j'*(F),d), H^,.X\R) — 
R^{R*csX)^ d), the cup products in (12.451) are given by 


[a] U [/?] = [V'fe.i(H)(a0/3)] 


(2.65) 


for Of € J'*(y), /3 S R‘{Y) with da = d/3 = 0, so that a® (3 € {R^ ®r R^)X)j 
and 'ipk,i{Y){a ® (3) G R'"'^’‘{Y) with d['0fc,/(H)(Q; 0/3)] =0 by (12.641) . 

The procedure for computing the other products in (|2.45l) . (I2.46L (I2.52p . 
(|2.53p at the (co)chain level is the same. Here is an example: 
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Example 2.40. Let E be a manifold, and consider the de Rham cohomology 
from Example 12.121 and the compactly-supported de Rham coho¬ 
mology ; K) from Example 12 .171 which were explained using sheaves in 

Example 12 .3 II Writing Qy for the sheaf of smooth sections of K^T*Y, as in Ex- 
ample E3n define morphisms'(/'fe,; : —>■ hytpk,liU) : >->■ aA/3, 

where 17 C F is open, a G ^y{U), (3 G 0^(17) are k- and 1-forms on U, and 
a A /3 is the wedge product of exterior forms on U. 

Since k- and 1-forms a,/3 satisfy d(aA/3) = (da)A/3-|-(—l)^aA(d/3), equation 
(12.641) holds, so these morphisms 'ipk,i allow us to compute the cup product 
on at the cochain level. That is, we have [a] U [/3] = 

[a A /3], where A : C5R(r;R)xC'R(r;R)^Cd^+'(r;R) or A : 

^cs dR(^> ~^^cs"dR(^> wedge product of exterior forms on Y. 

Note that U = A : C'jj^(F;R) x C'^j^(y;R) —>■ C'j^*(F;]R) satisfies all of 
identities (I2.47L (I2.48L (12.501) . (12.551) . (12.561) at the cochain level. 

2.6.3 Cup products in singular cohomology 

Following 0 §VI.4], m §3 .2], [69l §48], we define the cup product on singular 
cohomology H*-^{Y ; R) and smooth singular cohomology HY{Y ; R). 

Example 2.41. Let F be a topological space and R a commutative ring, and 
use the notation of Example 12.101 For all fc, 1 ^ 0, define an R-bilinear map 
U : C^,(Y-,R) X Ci,{Y-R) -G C^{^\Y-,R) = Homz(C|Vz(>^;Z),R) by 

« U /3 : J2iei Pi ^ Eie/ P* ’ ° • I3{a, o i7f+'). (2.66) 

Here Eie/ Pidi G C^yiiY]!,) so that / is a finite indexing set, pi G Z, 
and tTi : Afc+j —>• F is continuous for i G 1. Also —)> A^+i and 

: A; -)• Ak+i are defined by : (xq, ..., x/c) (xq, ..., x/c, 0,..., 0) 
and : {xo,...,xi) >-)• (0,..., 0, xq, ..., x;), for Ak,Ai,Ak+i as in (1^ . 

Thus di o G^^^ : Afc —>• F is continuous, so that di o G^'*'* G Cl'(Y-,Z), and 
a G G^i(F;R) = Homz(G^'(F; Z), R), so that a{di o G^'*'*) G R. Similarly 
Pidi o G R, so the r.h.s. of (12.661) is a finite sum in R, and a U /3 lies in 

Homz(G^Yi(H; Z), R) = G*;'''*(F;R) as required. 

Define ly G C°-(Y ; R) by ly : Sie/ Pi ^i Lie/ where tt : Z ^ R is 

the natural ring morphism. Then dly = 0, so [ly] G77°i(F;R). 

As in [5] §VL4], [211 §3.2], [511 §48], these U, ly satisfy identities (|2.48l) . 
p.50|) . (12.551) . and (12.561) at the cochain level. They also satisfy 

d(aU/3) = (da)U/3-f (-l)'=aU(d/3) (2.67) 

for all a G C^^{Y;R) and /3 G Ggj(F;R). This implies that U descends to 
cohomology, giving U : H^^{Y ; R) x Hl^{Y ; R) —>• H’^^\Y ; R). 

However, U does not satisfy (12.471) on cochains G*;(F; R), even though it does 
satisfy (12.471) on cohomology 77^* (F; R). That is, (G*;(F; R), d, U, ly) is a unital 
differential graded R-algebra, but it may not be supercommutative. When F is 
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a manifold, the same construction defines the cup product on smooth singular 
cochains {Y ; R) and cohomology iJg*; {Y ; R) in Example 12.101 

Remark 2.42. (i) As in Bredon [51 §VI.4], there are actually many different 
ways to dehne a functorial cup product U on Cg* {Y; R), depending on a choice 
of ‘diagonal approximation’. Equation (12.661) is just one possibility, coming 
from the ‘Alexander-Whitney diagonal approximation’. It has the advantages 
of being a simple formula, and being associative at the cochain level. 

(ii) In Example 12.401 the cup product U = A is supercommutative on cochains 
(C'jj^(F;R),d). However, in Example l2.4Il for singular cohomology over general 
R, the cup product U is not supercommutative on cochains (C'gi(y; A), d). 

For some R, such as Z and Z 2 , it is not possible to define a cochain complex 
(C'*(y ; A), d) computing H*{Y ; R) which has a supercommutative cup product 
U defined on cochains. This because of Steenrod squares [51 §VI.I5-§VI.I6], 
which are cohomology operations defined using the failure of U to be supercom¬ 
mutative at the cochain level, and are nontrivial when i? = Z or Z 2 . 

2.6.4 Axiomatic characterization of cup products 

Since we characterized homology and cohomology as i?-modules axiomatically 
in Axioms 12.11 and 12.71 it is natural to ask whether we can also characterize the 
products U, n, X uniquely by some axioms. Kreck and Singhof [521 § 6 ] prove: 

Proposition 2.43. Let R beZ orZ^, and suppose that for all manifolds Y we 
are given R-bilinear maps • : H^(Y; R) x H^{Y\R) ^ H^'^^iY ; R) such that 

(i) a»{l39j) = {aand ly»a = a»lv = 0 for all a, /3, 7 G H*{Y ; R); 

(ii) If f : Yi ^ Y 2 is a smooth map of manifolds then f*{a»l3) = f*{a)»f*{/3) 
for all a,l3 € H*(Y 2 \R)] and 

(iii) If a € R) and ft G H^{S'^]R) for m,n ^ 0 then Trgm(a) • 

7r^4/3) = 7r^^(a)U7r^4/I) m x 

Then • equals the usual cup product. 

If R is any Q-algebra such as Q,R or C then II*{Y;R) = i7*(y, Z) (g)z R. 
Thus, U on H*(Y ; Z) also determines U on H*(Y ; R) for manifolds Y. The cross 
product X on cohomology is then given in terms of U by (12.541) . For manifolds 
(at least in the compact oriented case), Poincare duality in tl2.8l identifies (d with 
U, and the cross product on homology with the cross product on cohomology. 
So the cup product on manifolds determines all of U, n, x. 

See also Massey [581 §7-8], who proves that cup and cross products U, x 
on compactly-supported cohomology i7*g(—;i?) of locally-compact topological 
spaces, for general A, are characterized uniquely by some lists of axioms. 

2.7 Differential graded algebras and homotopy theory 

We saw in 112.11 - 112.61 that given a topological space Y (e.g. a manifold), the 
cohomology H*(Y;R) with the cup product U and identity [ly] G H'^{Y]R) 
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is a supercommutative graded i?-algebra. Usually H*{Y;R) is the cohomology 
of a cochain complex (C'*(y; i?), d). Under good conditions U on H*{Y]R) is 
induced by an associative graded product U on C* {Y;R), compatible with d 
as in (I2.67L with an identity ly € C^{Y-,R) inducing [ly] in H^{Y;R). For 
instance, this works for singular cohomology with the Alexander-Whitney cup 
product, and for de Rham cohomology of manifolds. 

As in Remark l2.42l iil. whether U is supercommutative on cochains C*{Y ; R) 
depends on the ring R and the cohomology theory. For de Rham cohomology 
U is supercommutative in Example 12.401 but for singular cohomology U is not 
supercommutative in Example 12.411 and for some rings such as R = 2,^2 it is 
not possible to make U supercommutative on C* (Y ; R) in any cohomology the¬ 
ory. Thus, (C'*(y; A), d, U, ly) is a differential graded R-algebra (dga), which 
may not be supercommutative, though it is supercommutative on cohomology. 

There is subtle but important homotopy-invariant information about the 
topological space Y which is remembered by the dga (C'*(U; R), d, U, ly), but 
forgotten by the graded i?-algebra (^H*(Y ; i?), U, ly) . Some of this information 
can be used to define additional algebraic structures on cohomology, such as 
Steenrod squares [8j §V1.15], [311 §4.L] and Massey products [57], which can be 
used to distinguish topological spaces with isomorphic cohomology. 

However, a more modern approach in homotopy theory, as in Eelix, Halperin 
and Thomas m for instance, is to work with the dga [C*(Y ; i?), d, U, ly) up to 
equivalence in a suitable oo-category dga^ of dgas, rather than working with 
cohomology H* {Y ; R) plus additional structures up to isomorphism. When R is 
a Q-algebra, one can choose {C*{Y ; i?), d, U, ly) to be supercommutative, that 
is, a commutative differential graded R-algebra (cdga), regarded as an object up 
to equivalence in a suitable oo-category cdga^ of cdgas. 

For example, in the subject of rational homotopy theory m §19], m. to any 
simply-connected topological space Y one functorially associates another topo¬ 
logical space Fq called the rationalization of Y, informally by killing all torsion 
in the homotopy groups 7r*(y). One then studies Fq up to homotopy. It turns 
out that this is equivalent to studying certain cdgas A* over Q associated to Y 
up to equivalence in cdga^. Such cdgas A* include cochain models [C*(Y ; Q), 
d, U,ly) for H*{Y;Q) in suitable cohomology theories. One popular model is 
Sullivan’s cdga Api^iY ; Q) of polynomial differential forms on Y with coefficients 
in Q, as in Felix, Halperin and Thomas [201 §10(c)] and Sullivan [50] . 

For our new cohomology theories of manifolds MH*{Y ; R), MHq{Y ; i?),... 
introduced in S}-[[S1 it may in future be useful to know not only that there are 
canonical isomorphisms MH*{Y ; R) ~ H*{Y ; R), but also that the cochain dgas 
or cdgas lie in the expected equivalence classes of (c)dgas, so that we can use 
them to compute Steenrod squares, Massey products, rational homotopy types, 
and so on. To prove this, it is enough to show that, as in 112.6.21 the cochain 
(c)dgas A), d, U, ly), ... of our cohomology theories are constructed 

using sheaf cohomology from a soft resolution F' of Ry as in (12.631) . with 
identity ly = i(l) € J-^{Y), and cup product U defined using sheaf morphisms 
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'0fc,i : ®R —>■ satisfying (12.641) and associativity 

V’j+/c.io(t/'j,/c®id;Fi)=V’yfe+/o(id:Fj®'0fc,/) : ®rjF^®rP —(2.68) 

For example, all this holds for the sheaf cohomology presentation of de Rham 
cohomology in Example 12.311 

2.8 (Co)homology of manifolds, and Poincare duality 

Almost all the theory of il2.1l - il2.7l works for general topological spaces, although 
we often explained it only for manifolds. But the material of this section works 
only for manifolds, or for topological spaces which are very like manifolds. 

Let Y be an oriented manifold, of dimension m, not necessarily compact, 
and R a commutative ring. Then there exists a natural fundamental class [[F]] 
in HI^(Y;R), in locally finite homology. To define [[F]] in locally finite (smooth) 
singular homology ; R) or ; R) from Examples l2.19l and l2.20l we 

choose a (smooth) locally finite triangulation of F by m-simplices A™. 

Define Poincare duality morphisms using the cap products in (12.461) : 

Pd:H^,iY-,R)^H^_k{Y;R), Pd : if^F; i?) ^ iL)^_,(F; i?), 
by Pd : a >—a n [[F]]. 

The Poincare duality theorem says that these are isomorphisms, as in [51 §VI], 
|5n §3.3], [3SJ Prop. 5.10(i) & Rem. 15.7(ii)], |S51 §11.3], [511 Ch. 8], and [551 §18]- 
If F is compact then H'^^{Y-R) = hJ{Y-R) and Hf^(Y;R) = H*{Y;R), so 
[[F]] e P[m(Y;R), and we have isomorphisms Pd : P[^(Y]R) —>■ Plm-kiY; R). 
Poincare duality is often stated just in this case, or for compact manifolds with 
boundary, since few authors discuss locally finite homology H^J{Y;R). 

Poincare duality and the cup product on Hf^(Y ; R) induce an associative, su- 
percommutative intersection product • : PtkiY ; R) x Hi{Y; R) —>■ Hk+i-m{Y ; R) 
on homology H^,{Y ; R). This can be described geometrically at the chain level 
in singular homology, as in [51 §VI.ll] and [531 §IV]. 

Poincare duality implies that P[k(Y\R)—H^{Y-,R) — (Y; R) — Plj! (Y; R) 

= 0 for all fc > m = dimF. This also holds for non-oriented manifolds F. 

Let F, Z be oriented manifolds of dimensions m, n, and / : F —F be a 
smooth map. Define morphisms /' : Hf^(Y;R) —>■ P[fp^^^{Z]R) and f\ : 
j^{Y; R) by the commutative diagrams 

H^iY; R) --- i7™-fc(F; R) H^^{Z- R) --- i7"-'=(F; R) 

|/' /.| j/i /*! 

Hk-m+n^Z-R) Hm-k{Z-,R), (F; R) < H^-'^{Y-R), 

using the fact that Pd in (|2.69|) are invertible. We have /!([[Z]]) = [[F]] in 
77m(F;i?). Similarly, if / is proper, define f : P[*{Y;R) —>• 77*“'"+”(F; i?) and 
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f\ : R) —5> H^:-n+m{Y ; R) by the commutative diagrams 


iX-, R) - HI_^{Y-R) Hk{z- R) iXR) 

|/' ^ /4 j/i /*! (2.70) 

^k-m+n^z-R) Hl_^{Z-R), Hk+m-nX ; R) H^XX' R). 

These morphisms /', f\ are known as wrong way maps (or shriek maps, or umkehr 
maps, or Gysin maps) as they have the opposite functoriality that one expects, 
covariant on cohomology and contravariant on homology. 

In fact it is not necessary for Y,Z to be oriented to define f',f<, we only 
need a coorientation (relative orientation) for / : F —5> Z, as in Definition 13.81 
Here are some compatibility conditions between morphisms of type /', f\ and 
/*,/*. Suppose we have a Cartesian square in Man: 

W - - - 

I' 4 

X- - - 

with g,h transverse, and set dim IF = k, dimX = I, dimF = m, dimF = n, 
so that k = l + m — nhy transversality. Suppose h is cooriented, which implies 
that e is cooriented. Then the following commute: 

R) -- - - HUY- R) HX-iX; R) X+m-nX'. R) 

^ * h,\ (2.71) 

R) Xl R), Hf{X-, R) - - -^ Hf{Z- R). 

If also h is proper, which implies that e is proper, then the analogues of (I2.7ip 
for H*{—;R),H^,{—■,R) also commute. 

2.9 Introduction to orbifolds, and their (co)homology 

Orbifolds are generalizations of manifolds, which are locally modelled on K™/G, 
for G a finite group acting linearly on R"*. They were introduced by Satake [74] . 
who called them ‘V-manifolds’. Later they were studied by Thurston [84l Ch. 13] 
who gave them the name ‘orbifold’. An orbifold X is called effective if it is 
locally modelled on R^/G for G acting effectively on R™, that is, the morphism 
G GL(to, R) is injective, so we can regard G as a finite subgroup of GL(to, R). 
Many authors, including Satake m. consider only effective orbifolds. 

It turns out that Satake’s original definition m of a category of orbifolds 
Orbsa is in some ways badly behaved differential-geometrically. For example, 
the pullback f*{E) of an orbifold vector bundle A ^ F by a morphism / : A —>■ 
F in Orbsa cannot always be defined. Behrend and Xu |4], Chen and Ruan [12], 
German [^, Metzler [62], Moerdijk and Pronk [67llMl[72], the author [42ll45] . 
and others have given alternative definitions of categories or 2-categories of 
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orbifolds, not equivalent to Orbsa, with better differential-geometric behaviour. 
We discuss these other definitions in Remark l2.45f cl. 

In 2] and ^5.H - il5.2l we construct new (co)homology theories R), 

..., for manifolds Y. Sections 13.51 and 15.31 will explain how to 

extend all of this to effective orbifolds Y. To do this, we have chosen to work in 
a (rather crude) category of effective orbifolds Orbes, defined in >12.9.11 which 
is very similar to Satake’s Orbsa, rather than any of the more sophisticated 
versions of Pl[ni|i^|i51[Ml[5^|571[551[7^ . There are three main reasons for this: 

(a) The differential-geometric properties of manifolds Man we need for our 
constructions also work in Orbeff , including in particular submersions and 
transverse fibre products, as in >12.9.21 

In general, transverse fibre products of orbifolds are subtle, and only work 
properly when orbifolds are defined as a 2-category. But we avoid all these 
problems by adopting a more restrictive definition of ‘submersions’ and 
‘transverse smooth maps’ in Orbeff, which are strong enough to ensure 
that transverse fibre products exist in Orbeff in the sense of category 
theory, but still weak enough to be used in our theory. 

(b) As in >12.9.31 any effective orbifold X is homotopic in Orbeff to a manifold 
Y, which is false for more sophisticated definitions. This makes it easy to 
extend results on (co)homology of manifolds, such as characterization by 
Eilenberg-Steenrod axioms in >12.11 - >12.21 to orbifolds. 

(c) If Orb is any of the more modern (2-)categories of (not necessarily ef¬ 
fective) orbifolds in the literature, then there is a truncation functor 
F : Orb —Orbeff, since the other dehnitions factor through Orbeff 
by forgetting additional structure. Thus, our results on (co)homology of 
orbifolds in Orbeff pull back immediately to Orb. 

We begin in >12.9.11 bv defining a category of effective orbifolds Orbeff, and 
discussing alternative definitions. Section 12.9.21 explains some differential ge¬ 
ometry in Orbeff, including submersions and transverse fibre products. Then 
> 12.9.31 extends >12.11 - >12.81 on (co)homology of manifolds to orbifolds. 

2.9.1 A category of effective orbifolds Orbeff 

We define a category Orbeff of effective orbifolds. 

Definition 2.44. Let A be a second countable Hausdorff topological space. An 
m-dimensional orbifold chart on X is & triple where U C is an 

open set, and G C GL(m,R) is a finite subgroup preserving U, and (j) :U ^ X 
is a continuous map with image Im^ C A an open set in A, such that ^07 = ^ 
for all 7 e G, so that (j) factors through a map U/G ^ which we require 
to be a homeomorphism. 

Let {U,G,(j)),{V,H,tlj) be m-dimensional orbifold charts on A. We call 
{U,G,(j)) and compatible if for all u S ^“^(Im'i/)) C U, there exists 

an open neighbourhood U' of u in {7 and an etale map of manifolds ^ : U' ^ V 
with (p\u> = V' o C : G' —)> A. 
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An m-dimensional orbifold atlas for A" is a set A = {{Ua, Ga, (pa) ■ o, G A} of 
pairwise compatible m-dimensional orbifold charts on X with X = UaeA 
We call such an atlas maximal if it is not a proper subset of any other orbifold 
atlas. Any orbifold atlas {{Ua, Ga, 4>o.) '■ a G A} is contained in a unique maximal 
orbifold atlas, the set of all orbifold charts {U, G, (p) on X which are compatible 
with {Ua, Ga, 4>a) for all a £ A. 

An m-dimensional effective orbifold {X,A) is a second countable Hausdorff 
topological space X equipped with a maximal m-dimensional orbifold atlas A. 
Usually we refer to X as the orbifold, leaving the atlas implicit, and by a chart 
{U, G, (jf) on X, we mean an element of the maximal atlas. 

Now let X, Y be effective orbifolds, and f : X ^ Y he a, continuous map. We 
call / smooth if for aW x & X with f{x) = y € Y, there exist charts {U, G, </>) on 
X with X € Im p and (V, H, ip) on Y with y € Im a smooth map of manifolds 
F : U V, and a group morphism p : G ^ H, such that F is equivariant under 
p, and fo(p = ipoF : U -^Y. Smooth maps include identities idx : X ^ X and 
are closed under composition, so they make effective orbifolds into a category, 
which we write as Orbeff. 

There is an obvious full and faithful functor : Man -> Orbeff 

acting on objects by F^^^ : {X, A) i-)- {X, A!) and on morphisms by F^JpPf^ : 
/!—>■/, where A = {{Ua,(pa) : a G A} is the maximal atlas on X in the 
usual sense of manifolds, and Al is the unique maximal orbifold atlas on X 
containing {{Ua, {!}, (pa) '■ o G A}. Thus we can regard Man C Orbgff as a full 
subcategory, and manifolds as examples of effective orbifolds. 

Remark 2.45. (a) (Noneffective orbifolds.) Effectiveness of orbifolds AT is 
built into Definition 12.441 bv taking orbifold charts to be {U, G, (p) with U C K™ 
open and G C GL(m,R), rather than taking G to be a finite group acting 
possibly non-effectively on 17 C R’". 

In other definitions of orbifolds X allowing X to be non-effective, there is 
a natural morphism tt : X ^ X®®, for X®® an effective orbifold with the same 
topological space as X, where if X is locally modelled on R^/G for G a finite 
group and p : G —>■ GL(m,R) a morphism, then X®® is locally modelled on 
R™/p(G). Since X, X®® have isomorphic homology and cohomology, in studying 
(co)homology of orbifolds we lose little by restricting to effective orbifolds. 

(b) (Comparison with Satake’s definition.) Definition 12.441 differs from 
Satake’s category [74] of effective orbifolds Orbsa in two ways: 

(i) In defining orbifold charts {U, G, cp), Satake requires G to have fixed points 
in codimension at least 2, that is, Satake’s orbifolds cannot have orbifold 
strata of codimension 1, but we allow this. An example of an orbifold 
in Orbeff but not in Orbsa is R/{±1}. Topologically this is [0, oo), so 
orbifolds with codimension 1 orbifold strata are like orbifolds with corners. 

(ii) In defining smooth maps f : X ^ Y, Satake requires that for each x G X 
with f{x) = y GY there should exist charts {U, G, (p) on X with x Glrap 
and {V,F[,ip) with y G Imip and a smooth map of manifolds F \ U ^ V 
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with fo(j) = 'ijjoF: U^Y,a,swe do. But he does not require, as we do, 
that F should be equivariant under a group morphism p : G ^ H. 

There exist pathological examples of morphisms f : X Y in Orbsa 
which are not morphisms in Orbgff , though they are not easy to construct. 
We exclude them as they would cause problems with the existence of 
transverse fibre products in tl2.9.2l All the (2-)categories of orbifolds in 
[Tl|4l[T2l|42l|45l|54l|62l[^[^|^ satisfy our extra equivariance condition. 

(c) (Other definitions of orbifolds.) Other than Satake’s m, there are two 
main definitions of ordinary categories of orbifolds in the literature: 

(A) Chen and Ruan [TH §4] define orbifolds X in a similar way to [71], but 
using germs of orbifold charts (Cfy, Gp, (j)p) for p € X. Their morphisms 
f : X ^ Y are called ‘good maps’, giving a category OrbcR. 

(B) Moerdijk and Pronk |57IIB5] define a category of orbifolds OrbMP as proper 
etale Lie groupoids in Man. Their definition of smooth map / : X —>■ 
Y, called strong maps pS] §5] is complicated: it is an equivalence class 
of diagrams X X' —F, where X' is a third orbifold, and (j), ijj are 
morphisms of groupoids with </> an equivalence (loosely, a diffeomorphism). 

A book on orbifolds in the sense of [HJISTlinH] is Adem, Leida and Ruan [T]. 

There are also four main ways to define 2-categories of orbifolds: 

(i) Pronk [72] defines a strict 2-category LieGpd of Lie groupoids in Man as 
in (B), with the obvious 1-morphisms of groupoids, and localizes by a class 
of weak equivalences W to get a weak 2-category Drbpr = LieGpd[yV~^]. 

Lerman [SU §3.3] defines a weak 2-category Dcbpe of Lie groupoids in 
Man as in (B), without localizing, using ‘Hilsum-Skandalis morphisms’. 

(ii) Behrend and Xu [U §2], Lerman [SU §4] and Metzler [HJ §3.5] define a 
strict 2-category of orbifolds DcbivianSta as a class of Deligne-Mumford 
stacks on the site (Man, Jman) of manifolds. 

(hi) The author [H] defines a strict 2-category of orbifolds Grbc^sta as a class 
of Deligne-Mumford stacks on the site (C°°Sch, j7c~Sch) of G°“-schemes. 

(iv) The author [JJ] §4.5] defines a weak 2-category of orbifolds Drbxur as 
examples of Kuranishi spaces. 

It is known (loc. cit.) that (i)-(iv) are equivalent as weak 2-categories, and their 
homotopy categories are equivalent to (B). 

All of these (2-(categories of orbifolds admit natural truncation functors 
to Orbgff in il2.9.1l Furthermore, isomorphism/equivalence classes of effective 
orbifolds in each of these (2-(categories are naturally in 1-1 correspondence with 
isomorphism classes of objects in Orbgff. 

Morally speaking, effective orbifolds in each of these (2-)categories are the 
same, just as objects, and non-effective orbifolds X can be transformed to ef¬ 
fective orbifolds X®® as in (a). Also, morally, (l-)morphisms in each of these 
(2-)categories are continuous maps f : X ^ Y of the topological spaces, plus 
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some extra data. The truncation functor to Orbeff forgets this extra data, 
remembering only the continuous map. 

(d) (Orbifolds with boundary and corners.) As for manifolds with bound¬ 
ary and corners in 113.11 we can modify Definition l2.44l to define categories Orb^jf 
of effective orbifolds with boundary and Orb^jj of effective orbifolds with cor¬ 
ners, by also allowing orbifold charts {U, G, (f) with U C [0, oo) x open 

(for the boundary case), or 17 C [0, oo)’^ x open (for the corners case). 

To define smooth maps / : X —> F in Orb^jj, Orb^jj., the map F : U —>■ F in 
Definition 12.441 should be required to be a smooth map between U C [0, oo)* x 
R.™”* and V C [0,oo)* x in the sense of Definition I3.1f bl below. 

2.9.2 Differential geometry in Orbeff 

In the category of manifolds Man, a morphism f : X ^ Y is a submersion if 
Txf ■ TxX — >■ TyY is surjective for all a: S X with f{x) = y &Y , and morphisms 
g : X ^ Z, h : Y Z are transverse if T^g © Tyh : T^X © TyY —>■ is 

surjective for all x £ X, y gY with g{x) = h{y) = z £ Z. Then g : X ^ Y a 
submersion implies g, h are transverse for any h : Y Z, and g, h transverse 
implies that a fibre product X Xg^z,h Y exists in the category Man. 

In our new (co)homology theories for manifolds in IJHand 115.11 - 115.21 we will 
make heavy use of these facts, and their extension to manifolds with corners. 
So to extend ll4l- 115.2l to orbifolds in 115.31 we need good notions of submersions 
and transverse morphisms in Orbeff, such that transverse fibre products exist. 

The definitions of submersion and transverse morphisms above extend imme¬ 
diately to orbifolds. But with this natural definition, the existence of transverse 
fibre products turns out to be a subtle question. One can prove that some 
transverse fibre products of orbifolds do not exist in any ordinary category of 
orbifolds Orb. Here we mean fibre products in the sense of category theory, 
satisfying a universal property in Orb. But in the 2-categories of orbifolds Drb 
in Definition I2.45l c'lfil-livl. all transverse fibre products exist, in the sense of 
2 -category theory, characterized by a universal property in Deb involving 2 - 
morphisms. This is an important reason for making orbifolds into a 2-category. 

Working with a 2-category of orbifolds Drb rather than Orbeff would cause 
us other problems, for example, Theorem l2.50l below would fail. So we are going 
to cheat, and adopt stricter definitions of ‘submersions’ and ‘transverse mor¬ 
phisms’ in Orbeff imposing conditions on orbifold groups as well as on tangent 
spaces, and with these definitions, transverse fibre products exist in Orbeff. 

The cost of this is that there are fewer submersions and transverse mor¬ 
phisms, for example, if H is a manifold and G a finite group acting effectively 
but not freely on V then the natural projection tt : H —>■ [H/G] is not a submer¬ 
sion in our sense. Also for a general orbifold X, the projection tt : TX —>■ X is 
not a submersion. But all the properties of submersions and transverse maps 
we need in Man, given in Assumption 13. 16l below, also hold in Orbgff. 

We first explain orbifold groups and tangent spaces of effective orbifolds. 

Definition 2.46. Let X £ Orbgff be an effective orbifold, and x £ X. Then 
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one can define the orbifold group (or isotropy group) GxX, a finite group, and 
the tangent space T^X of X ai x, a, real vector space of dimension dimX with 
an effective representation of GxX. Explicitly, if {U,G,(j)) is an orbifold chart 
on X and u G U with (^(u) = x then 

GxX = Stahciu) = {"/€ G : -f- u = u} and TxX^T^U. (2.72) 

In fact GxX, TxX above are natural up to isomorphism, but not up to canon¬ 
ical isomorphism; the pair {GxX, TxX) is natural up to conjugation by an ele¬ 
ment of GxX, and to define GxX, TxX unambiguously for all X,x we have to 
make arbitrary choices, e.g. choosing u G <^“^(x) C U so (I2.72p makes sense. 

Now let / : X ^ y be a morphism in Orbgff , and x G X with f{x) = y GY. 
Then we can define a linear map Txf : TxX —^ TyY called the derivative of f at 
X. Explicitly, as in Definition l2.44l there exist charts {U, G, (p) on X with x G Im p 
and {V,H,ip) on Y with y G Imt/j, a smooth map of manifolds F : U ^ V, 
and a group morphism p : G ^ H, such that F is equivariant under p, and 
fo(j) = 'f)oF-. U^Y. Then choosing u G U with 4>{u) = x and v = F{u) G V 
with 'ip(v) = y, we define Txf by the commutative diagram 


TuU - 

u 

TuF 

-^TxV 

r 

TxX - 

Tf 

^TyY, 


where the vertical isomorphisms come from (12.7211 . 

In fact Txf above is unique only up to composition with the action of some 
7 G GyY on TyY, since F is not unique, and to define Txf unambiguously for 
all /, X, Y, X, y we have to make arbitrary choices. 

Also there exists a group morphism Gxf ■ GxX — >• GyY such that Txf : 
TxX — >■ TyY is equivariant under Gxf, which in the situation above may be 
defined by the commutative diagram 

StabG(w)-^ Stab_f/(t!) 

I ClstabQ(u) I 

ry V Gx/ ^ 

CrajVL Oryl , 

where the vertical isomorphisms come from (12.7211 . However, we stress that 
Gxf rnay not be unique, not even up to conjugation by some 7 G GyY. This 
is because in the situation above with x, y, {U, G, p), {V, FI, ip) and F : U ^ V 
fixed, the group morphism p : G ^ FI may not be uniquely determined, if F 
maps into the fixed locus of a nontrivial subgroup of FI in V. 

For the (2-)categories of orbifolds discussed in Bemark l2.45r cl. the mor- 
phisms Gxf ■ GxX —)• GyY are canonical up to conjugation by 7 G GyY, as 
this is part of the data in (I-)morphisms beyond the continuous map. But in 
Orbgff this is not true, which will be important in the proof of Theorem 12.501 

We define ‘submersions’ and ‘transverse morphisms’ in Orbgff. 
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Definition 2.47. We call a morphism f : X ^ Y in Orbeff a submersion if 
whenever x £ X with /(x) = y £Y, then 

(i) Txf : T^X —>• TyY is surjective; and 

(ii) The morphism Gxf ■ GxX —>■ GyY in Definition 12.461 is surjective. 

As above, Txf,Gxf depend on arbitrary choices, but one can show that (i),(ii) 
together are independent of these choices. 

Let g : X ^ Z and h : Y Z he morphisms in Orbeff. We call g^h 
transverse if whenever x £ X, y £ Y with g{x) = h{y) = z £ Z, then 

(i) ^ © Tyh : TxX © TyY —)• T^Z is surjective; and 

(ii) ' GzZ = Gxg{GxX) ■ Gyh{GyY), that is, every e £ GzZ may be written as 

e = Gx{"t)Gyh{d) for some 7 S GxX and 5 £ GyY. 

Again, Txg, Tyh, Gxg, Gyh depend on arbitrary choices, but one can show that 
(i)',(ii)' together are independent of these choices, li g ■. X ^ Z and h : Y ^ Z 
are morphisms in Orbeff with g a submersion then g, h are transverse. 

It is then not difficult to prove: 

Theorem 2.48. Let g : X ^ Z and h : Y ^ Z be transverse morphisms in 
Orbeff. Then a fibre product W = X Xg,z,h Y exists in Orbeff, in the sense of 
category theory. It has dim W = dim X + dim Y — dim Z, and topological space 

W^{{x,y)£XxY ■.g{x) = h{y)}, (2.73) 

as a subset of X xY with the subspace topology. 

Remark 2.49. For comparison, if we work in a 2-category of orbifolds Drb as 
in Remark l2.45f dllil-(iv'). then the picture above is modified as follows: 

• We should define a 1-morphism f : X ^ y in Drb to be a submersion if 
Txf : TxX —>• TyY is surjective for all x S A with /(x) = y £y. 

• We should define 1-morphisms g : X ^ Z and h : y ^ Z in Drb to be 
transverse if for all x S A and y £ y with g{x) = h{y) = z £ Z and all 
e £ GzZ, the following linear map is surjective: 

TxQ ® (e ■ Tyh) : TxX © TyY —> TzZ. 

• If g,h are transverse then a fibre product W = A Xg^z,h Y exists in the 2- 
category Drb, satisfying a universal property involving 2 -morphisms, with 
dim W = dim A + dim y — dim Z. The set of points of W is 

{{x,y,G) :x £ X, y£y, g{x) = h{y) = z £ Z, 

C £Gxg{GxX)\GzZ/Gyh{Gyy)}, 

where Gxg ' GxX —>■ GzZ, Gyh : GyY —>■ GzZ are the natural morphisms 
of orbifold groups, which are defined in Drb but not in Orbeff. 
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So, in the 2-category Orb we can use weaker notions of ‘submersion’ and 
‘transverse’, corresponding roughly to assuming (i),(i)' but not (ii),(ii)'. We 
need the richer 2-category structure on Drb to define transverse fibre products. 

Now in Definition 12.471 and Theorem 12.481 we consider transverse fibre prod¬ 
ucts in the (rather crude) ordinary category of orbifolds Orbgff, rather than 
the (much superior) 2-category Drb. We also want the fibre products in Orbgff 
and Drb to coincide, since we regard the fibre product in Drb as ‘correct’. 

If a fibre product W = X Xg^z,h ^ exists in Orbgff, applying the universal 
property to maps from a point * shows that W must be given as a set by (12.731) . 
So, the fibre products in Orbgff and Drb can coincide only if (12.731) and (I2.74p 
agree, which holds if GzZ = G^giG^X) ■ Gyh{Gyy) for &\\ x & X, y €y with 
g{x) = h{y) = z ^ Z. This is the reason for Definition YlAlV iX . 

The next theorem, proved in (16.31 will be important in extending results on 
(co)homology of manifolds to orbifolds in (12.9.31 


Theorem 2.50. Every effective orbifold X is homotopic in Orbgff to a man¬ 
ifold Y in Man C Orbgff. That is, there exist smooth maps f : X ^ Y, 
g :Y ^ X, F : [0,1] X X ->■ X and G : [0,1] xY ^Y with F{0, x) = g o /(x), 
F{1, x) = X, G(0, y) = f o g[y) and G(l, y) = y for all x G X and y G Y. 

Here we call T : [0,1] xX —>■ X smooth if there exists an open neighbourhood 
U o/ [0,1] X X m M X X and a smooth map (morphism in Orbgff ) F' : U ^ X 
with X'|[o,i]xx = and similarly for G : [0, 1] x Y Y. 


Remark 2.51. In Theorem 12.501 it is essential that we are working in the 
rather crude category of orbifolds Orbgff from ( 12.9.11 in which morphisms / : 
X —>■ y are continuous maps satisfying conditions, rather than any of the more 
complicated ( 2 -)categories of orbifolds in [TE11121142114511541162116711681172) discussed 
in Remark l2.45r cb in which (l-)morphisms are continuous maps with extra data. 

In any of these other (2-)categories, the last part of the proof in (16.31 would 
fail, and we would not be able to choose the (l-)morphism T : [0,1] x X X 
with X|{o}xx = g°f and y|{i}xx = idx- As in Definition 12.461 if / : X X is 
a (l-)morphism of orbifolds, and x & X with f{x) = y GY, then there exists a 
morphism of orbifold groups Gxf ■ GxX GyY. In our category Orbgff, these 
Gxf are not canonical, and there can be several very different choices. In the 
orbifolds of [ni4l [T^l4^l45l[54l[62ll671168l[72] . the morphisms Gxf ■ GxX GyY 
are canonical up to conjugation by 7 G GyY, and the Gxf are part of the extra 
data in (l-)morphisms / : X —>■ X in these (2-)categories. 

These morphisms Gxf have some continuity properties, which imply that 
for a (l-)morphism F : [0, 1] x X ^ X in any of these more sophisticated 
(2-)categories of orbifolds, the morphism G(^t,x)F '■ GxX Gp(^t,x)X must have 
kernel KerG(t_a;)F independent of t G [0,1], for fixed x G X. But when t = 0 as 
A|{o}xx = 50/ we have G(o^x)F = Gf(^x)goGxf = 1, since Gf(x)Y = {!}, and 
when t = 1 as F|{i}xx = idx we have G(i^x)F = idc^^x- 

Hence KerG(o,a;)X = GxX and KerG(i^a;)X = {!}, so KerG(t,x)F cannot 
be independent of t G [0,1] unless GxX = {!}. Thus, Theorem 12 . 501 fails in all 
the (2-)categories of [Tll4l l 12 Il42ll45l[5^1 62 l[67ll68l[72] . for any orbifold X which is 
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not a manifold. The argument works in Orbeff because of the nonuniqueness 
of morphisms Gxf '■ GxX —>■ GyY there. 

2.9.3 Homology and cohomology of effective orbifolds 

Next we explain how to explain the material of H2.1l - il2.8l on (co)homology of 
manifolds, to orbifolds. First we should ask what we mean by the homology or 
cohomology of an orbifold Y. There are several possible answers: 

(a) The most obvious is the (co)homology R), H* {Ytop] R) (e.g. sin¬ 

gular (co)homology) of the underlying topological space Itop of Y. 

(b) As in Moerdijk [STJ §4], to each orbifold Y one can associate a classifying 
space y^ia, which is a topological space with a continuous map tt : Yc\a. —>■ 
Ytop whose fibre TT~^{y) over each y G Ytop is homotopic to B{GyY), the 
classifying space for the orbifold group GyY. Here Fcia is canonical only 
up to homotopy, but this means H^:(YcW, R), H*{YcW, R) are natural up 
to isomorphism, so we can consider these to be the (co)homology of Y. 

Behrend [3] defines versions of singular (co)homology of orbifolds Y con¬ 
sidered as proper etale Lie groupoids as in [67l|68l|^, which compute 
H^,(Ycia',R),H*{Ycia',R). When F is a global quotient [F/G] we can take 
Tela = {V X EG)/G, and then iL*(Tcia; R),H*{Yc\a, R) are the equivariant 
(co)homology {V; R), Hq{V-, R), a desirable property. 

(c) Takeuchi and Yokoyama [3TI - I531I57] t-singular homology t-H^ (Y ; R) and 
ws-singular cohomology ws-H*{Y; R) of orbifolds T, with the nice prop¬ 
erties that t-iJi(F;Z) is the abelianization of the orbifold fundamental 
group 7r”'^(F), and Poincare duality holds. 

(d) If Y is an orbifold with an almost complex structure, Chen and Ruan [13] 
define the orbifold cohomology H*.^(Y] R)^ which appears to be natural 
in Gromov-Witten theory and String Theory of orbifolds. In general 
H*^{Y ; R) is different from H*(Ytop; R), H*{Yc\a] R) and ws-H*{Y ; R). 

Orbifold cohomology is related to the cohomology H* (Fin; R) of the inertia 
orbifold of F, where points of Fin are pairs (y, C) with y G Ftop and 
G a conjugacy class in GyY. 

We are interested in option (a), and from now on H^,{Y; R), H*{Y; R),... will 

mean H^.{Ytop] R), H*(Ytop] R), _But if i? is a Q-algebra, then (b),(c) agree 

with (a) as in [51 Prop. 36], [551157] . We generalize the approach to (co)homology 
of manifolds using Eilenberg-Steenrod axioms in il2.ll - il2.2l to orbifolds. 

Definition 2.52. Fix a commutative ring R. A homology theory of effective 
orbifolds H^,{—;R) over R satisfies Axiom [TTTl but with the category of effec¬ 
tive orbifolds Orbeff in il2.9.1l substituted for the category of manifolds Man 
throughout. That is, we are given the data: 

(a) For each effective orbifold F and open suborbifold F C F, an i?-module 
Hk{Y, Z; R) for all k where we write Hk{Y ; R) = Hk{Y, 0; R); 


59 





(b) For Y,Z as above, i?-module morphisms d : Hk{Y, Z; R) —^ Hk-i{Z-, R) 
for /c G Z, called connecting morphisms] and 

(c) For each morphism / : Yi — 5- >2 in Orbeff and open suborbifolds Zi C 
hi, Z 2 Q Y 2 with f{Zi) C Z 2 , pushforwards /* : Hk{Yi,Zi]R) —>■ 
HkiY2,Z2;R)ioTk€Z] 

and all this data should satisfy Axiom [^?IT i')-fvii') with Orbeff in place of Man. 

Similarly, a cohomology theory of effective orbifolds H*{—]R) over i? satisfies 
Axiom ET71 but with Orbeff substituted for Man throughout. 

Here is the orbifold analogue of Theorems 12.31 and 12.81 which will be proved 
in TO.41 using Theorem 12.501 

Theorem 2.53. (a) Any two homology theories of effective orbifolds ;i?), 
;i?) over the same commutative ring R are canonically isomorphic. That 
is, there exist R-module isomorphisms Iy,z ■ H,flY, Z] R) — >■ Z;i?) for 

all effective orbifolds Y and open Z C Y commuting with the given morphisms 
f*,d and isomorphisms Ho{*-,R) ~ i? = Ho{*-,R), and any other assignment of 
morphisms Jy,z '■ H^:{Y, Z] R) —^ H.f(Y, Z; R) for all (Y, Z) commuting with the 
/*, 9 and R) = R = R) have Jy,z = Iy,z for all (Y, Z). 

(b) Any two cohomology theories of effective orbifolds H*(—;R),H*(—;R) over 
the same commutative ring R are canonically isomorphic. 

Example 2.54. (i) Singular homology i?f(—;i?) is a homology theory of ef¬ 
fective orbifolds, as in Example 12.41 as it is a topological homology theory. 

(ii) Smooth singular homology ;i?) in Example 12.51 also extends to orb¬ 

ifolds without change, giving a homology theory of effective orbifolds. 

(iii) If Y is an effective orbifold, then one can define fc-forms {A^T*Y) on Y 
as for manifolds, and they have the same properties under de Rham differentials, 
pullbacks, and so on. Concretely, if Y = [Y/G] is the quotient of a smooth 
manifold Y by a finite group G, with projection tt : Y —>■ [Y/G] = Y, then tt* : 
G“(A'=T*Y) ^ G“(A'=r*Y) is an isomorphism C°°{h^T*Y) ^ C'^{K^T*V)^ 
with the vector subspace of G-invariant fc-forms on Y. 

We can define de Rham cohomology for effective orbifolds as in 

Example 12.121 and it is a cohomology theory of effective orbifolds. 

(iv) Sheaf cohomology H* (Y; Ry) from 112.5l is a cohomology theory of orbifolds, 
as it is a cohomology theory of (nice) topological spaces. 

Almost all the rest of il2.lF t l2.7l is facts about (co)homology of general topo¬ 
logical spaces, and so extends to (co)homology of effective orbifolds immediately. 
The only other parts of tl2.1Ftl2.8l which need attention are the special facts about 
(co)homology of manifolds, rather than topological spaces, namely: 

(a) If Y is an oriented manifold of dimension m, as in Remark I2.2l fl and 
Property I2.18l i') there is a natural fundamental class [[Y]] in Hm(Y;R) 
(for Y compact) or H^(Y]R). If R has characteristic 2 (e.g. R = Z 2 ) 
then [[Y]] is well-defined even if Y is not oriented. 


60 








(b) As in ti2.5l for nice topological spaces Y and noetherian H we have a 

dualizing complex toy over R in the derived category (Y ; R) of R- 

modules on Y, and as in (12.281) we have natural isomorphisms 

HkiY-,R)^m-J‘{Y,ujY) and H'^{Y;R) ^M-'^{Y,ujy). (2.75) 

If y is a manifold of dimension to, then as in Definition 12.321 we have 
an equivalence ujy — Oy [m] in (Y; R), where Oy is the orientation 
sheaf of Y over R, a locally constant sheaf of i?-modules associated to the 
principal Z 2 -bundle Py —?■ F of orientations on Y. 

Thus as in (I2.29P we have isomorphisms 

HkiY-R)^H^-\Y,OY) and {Y; R) {Y,Oy). (2.76) 

(c) All of il2.8l on Poincare duality and wrong way maps 

The next three properties explain how (a)-(c) extend to orbifolds. 

Property 2.55. (a) If Y is an oriented effective orbifold, then Y has a natural 
fundamental class [[F]] in Hm{Y]R) (for F compact) or H^{Y-,R), for any 
commutative ring R, just as for manifolds. 

(b) When considering (co)homological properties of unoriented orbifolds, it is 
helpful to divide into three cases: 

(i) Orbifolds F which are locally orientable, that is, which are locally modelled 
on R^/G for G C GL+(to,M) orientation-preserving. 

(ii) Orbifolds F which are not locally orientable, but which do not have orb¬ 
ifold singularities in real codimension I. 

(iii) Orbifolds F which have orbifold singularities in real codimension 1 (this 
implies F is not locally orientable). Satake [73] excludes this case. 

Any oriented orbifold is automatically locally orientable. If R has characteristic 
2 (e.g. R = Z 2 ) then there is a natural fundamental class [[F]] in Hm{Y ; R) (for 
F compact) or Hl^{Y]R) in cases (i),(ii), but not in case (iii). 

(c) Suppose V is an oriented manifold of dimension to and G a finite group 
acting effectively on F preserving orientations, and set F = [F/G], so that F 
is an oriented effective orbifold. Write tt : F —>• [F/G] = F for the projection, 
which is proper. Let i? be a Q-algebra. Then the fundamental class [[Fj] G 
Jdm(Y; R) of F, as an orbifold, is given in terms of the fundamental class [[Fj] G 
H'!^{V]R) of F, as a manifold, by 

[m] = p-’r,([[F]]). 

(d) (Noneffective orbifolds.) One can define noneffective orbifolds F, al¬ 
though they are not included as objects in our category Orbgff . As in Remark 
I2.45f aj. every noneffective orbifold F has an associated effective orbifold F®®, 
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with a projection tt : y —>■ y®® which is a homeomorphism of topological spaces. 
Hence H^{Y;R) ^ iJ,(y®®;i?), H*{Y;R) ^ H*{Y^^;R), so for the purposes of 
homology and cohomology one can often restrict to effective orbifolds. 

One exception to this is fundamental classes. Suppose y is a connected, 
oriented, noneffective orbifold of dimension m. Then tt : y —>■ y®® is a ‘gerbe’ 
with fibre [*/G] for some finite group G. We should restrict to i? a Q-algebra, 
and the natural fundamental class for Y is then 

[M] = p ■ e R) = i7® (y; R). 

Property 2.56. (a) Property 12.551 defined locally orientable effective orbifolds 
y. If y is locally orientable then it has a principal Z 2 -bundle Py y of 
orientations, and the orientation sheaf Oy exists as the locally constant sheaf 
of i?-modules on Y associated to Py, for any ring R. 

If y is not locally orientable then the principal Z 2 -bundle Py ^ y is not 
defined. The sheaf Oy is still defined, but it is not a locally constant. 

(b) For any effective orbifold Y and noetherian ring R, the dualizing complex 
ujy is well defined, and equation (12.751) holds. 

(c) If y is an effective orbifold of dimension m and i? is a Q-algebra, then the 
equivalence LOy ~ Oy[m\ holds in D~^{Y ; R) as for manifolds, and thus equation 
(|2.76|) holds. If R is not a Q-algebra then in general we have ujy Oy[m], and 
(|2.76|) may be false. 

Property 2.57. (a) Let Y be an oriented, effective orbifold of dimension m. 
Then as in (12.691) and with [[y]] as in Property l2.55f aL for any commutative 
ring R we may define Poincare duality morphisms 

Pd : Hi{Y- R) ^ Hm-k{Y-, R), Pd : H\Y- R) ^ hI_^{Y- R), 

by Pd:a^an[[y]]. (2.77) 

If i? is a Q-algebra, these morphisms Pd are isomorphisms (that is, the 
Poincare duality theorem holds), as for manifolds. But if R is not a Q-algebra, 
examples show that they may not be isomorphisms. 

(b) The wrong way maps f',f< on (co)homology of manifolds were defined in 
>12.81 using the inverse Pd“^ of Pd in (I2.77p . So by (a), if i? is a Q-algebra 
then we may define wrong way maps f\f\ for (proper) cooriented morphisms 
/ : y —>■ y in Orbeff , and they have the same properties as for manifolds. But 
if R is not a Q-algebra, in general we cannot define /', f\ for orbifolds. 

One moral of Properties l2. 55112.571 is that (co)homology of effective orbifolds 
y over a Q-algebra R behaves exactly like (co)homology of manifolds over R. 
But when R is not a Q-algebra, some nice properties of (co)homology of mani¬ 
folds do not extend to orbifolds. 

We discuss different kinds of singular homology for orbifolds: 

Example 2.58. Let Y be an effective orbifold. Then we can define: 
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(i) The singular homology Hl'^(Y;R), as in Example 12.41 

(ii) The smooth singular homology R), as in Example 12.51 

(hi) The cosheaf singular homology {Y; R), as in Example 12.351 

(iv) The cosheaf smooth singular homology Hl^^{Y]R), as in Example 12.361 

(v) The locally finite sheaf singular homology {Y; R), as in Example !?. 3 71 

(vi) The locally finite sheaf smooth singular homology H]^’^^\Y;R), as in Ex¬ 
ample 12.371 

Here (i)-(iv) are homology theories of effective orbifolds, with pushforwards /* 
by morphisms / : Yi —>■ ¥2 in Orbeff, and (v),(vi) are locally finite homology 
theories of effective orbifolds, with pushforwards /* for proper /. 

Now (iii),(iv) come with complexes Ql'(Y; R), C^jffY; R) of flabby cosheaves 
of i?-modules on F, and (v),(vi) with complexes ; i?), ; R) of soft 

sheaves of i?-modules on Y. As in (I2.38l) - (|2.39l) . since the proof of (I2.38P in [H 
Th. 1.8.6(a)] works for orbifolds, we have natural equivalences in D{Y;R): 

(F; i?) ~ WF ~ *(F; R), (2.78) 

where wy is the dualizing complex of F. 

Note that (|2.78l) holds for any effective orbifold F and noetherian ring R. it 
does not depend on the equivalence uiy — Oy [m] , which as in Property I2.56f cl 
needs i? to be a Q-algebra. 

2.10 Fulton and MacPherson’s bivariant theories 

Eor manifolds, because of Poincare duality in >12.81 homology and cohomology 
can be identified into a single theory with products (cup, cap and intersection 
products), pushforwards (covariant functoriality), and pullbacks (contravariant 
functoriality). Eulton and MacPherson [26] defined hivariant theories, a way of 
naturally integrating pairs of a homology theory and a cohomology theory into 
a single larger theory, which works for singular spaces. 

We now summarize the notion of a bivariant theory, following [261 §1.1]. Let 
C be a category. A bivariant theory from C to abelian groups (or graded vector 
spaces, etc.) associates a group B{g :Y^Z) (or graded vector space, etc.) to 
each morphism g : Y Z in C. It also has three operations: 

• Products. If / : A ^ F and g : Y ^ Z are morphisms in C, and 
a e B{f : X —>• F), /3 S B{g : Y Z), we can form the product a ■ j3 
in B{g o f : X ^ Z). 

• Pushforwards. Eor a certain class of morphisms / : A —>■ F in C called 
confined morphisms, ii g : Y —>■ F is a morphism in C and a G B{g o f : 
X ^ Z) we can form the pushforward /*(q:) S B{g : F -G Z). 
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• Pullbacks. For a certain class of commutative squares in C called inde¬ 
pendent squares, if 

Y' - ^^ Z' 

ih' ® 4 (2.79) 

r- - - 

is an independent square then for each a € B(g : Y —>Z), we can form 
the pullback h*{a) G B{g' : Y' ^ Z'). 

All this data must satisfy a number of compatibility axioms. 

The following example, taken from [26l §3.1] modified as in [26l §3.3.2], com¬ 
bines homology and compactly-supported cohomology into a bivariant theory. 

Example 2.59. Let Topem be the category of topological spaces Y which 
admit an embedding as a closed subspace of R" for some n 0 (in particular, 
Y must be Hausdorff and paracompact), and morphisms are continuous maps. 
Let i? be a commutative ring. Suppose g '■ Y Z is a morphism in Topem 
with Y compact. Choose an embedding cj) : Y ^ R” for some n ^ 0, and 
define H>={g ■. Y ^ Z-R) = H^+'^{Z x R”, {Z x R”) \ {g x ^){Y)-,R), using 
relative cohomology. Then H*{g : Y Z-,R) is a graded i?-module, which 
turns out to be independent of the choice of (j) up to canonical isomorphism. 
For general morphisms in Topem, we define H*{g :Y Z; R) to he the direct 
limit limiJ*(g o p : K ^ Z-, R) over all p : AT —>■ F in Topem with K compact. 

If F is a topological space in Topemi we can associate two natural morphisms 
in Topem to F: the projection to a point tt : F —>■ *, and the identity map 
idv : F —>• F. By standard algebraic topology one can show that 

H\^-.Y ^*-R)^H_f,{Y-R) 
and H^iidv :Y ^Y-R)^ R). 

Thus, the bivariant theory H* specializes to homology and compactly-supported 
cohomology over R. 

Products ■ : H^{f : X ^ Y) x H‘{g : Y ^ Z) ^ ij'=+'(p o f : X ^ Z) are 
defined as in [551 §3-1.7], where 

• : H^iidy -.Y ^Y-R)x H^idy :Y ^Y-,R) —^ H^+^idy -.Y ^Y-,R) 

is U : H^,{Y-R) X HI{Y- R) H^+‘{Y; R), (2.81) 

• : H'^iidy :Y ^Y;R)x H\tt :Y ^*-,R) —^ : Y ^ R) 

is r-.Hi{Y-R)xH-i{Y-R)^H-k-i{Y-R), (2.82) 


so that products generalize cup and cap products U, fl. 

All morphisms in Topem are confined, and pushforwards are defined as in 
[551 §3.1.8]. For g : Y Z a morphism in Topem, the pushforward 


5* : : Y ^ R) —^ : Z ^ R) 

is g^, : H_k{Y;R)—> H_k{Z-,R). 


(2.83) 
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We define independent squares to be squares (12.791) which are Cartesian in 
Topem, so that Y' = Y Xg^z,h Z', and with h proper, so that h' is also proper. 
Pullbacks are defined as in [261 §3.1.6]. lih '.Y' ^Y is a, proper morphism then 


h* : H^Cidy :Y ^ Z]R)^ ■ Y' Y'-R) 

is h* ■.Hi{Y;R)^Hi{Y'-R). 


(2.84) 


Let Man be the category of manifolds, with morphisms smooth maps. Ap¬ 
plying the natural functor Man —Topem taking a manifold to its underlying 
topological space, the bivariant theory H* of Example 12.591 induces a bivariant 
theory on Man. However, because of Poincare duality the picture simplifies, 
and we can write H* on Man more directly. The following is an equivalent way 
of defining the bivariant theory of Example 12.591 on the category Man. 

Example 2.60. Let Man be the category of manifolds, with morphisms smooth 
maps, and i? be a commutative ring. Suppose g '-Y —> Z is a morphism in Man, 
with dimE = I and dimZ = m. Define 

H'^ig :Y^Z;R) = Oy g*{Oz)) 

^H„_k{Y;g*{Oz)), 

where as in Definition 12.321 Oy,Oz are the orientation sheaves of Y,Z, which 
are locally constant sheaves of i?-modules on E, Z, so that OyZ>Rg*{Oz) is a lo¬ 
cally constant sheaf on E and H*^(Y, Oy®Rg*{Oz)) is its compactly-supported 
sheaf cohomology, which we can also interpret as H^{Y ; g*{Oz)), the homology 
of E twisted by the locally constant sheaf g*{Oz)- 

Y g : Y Z is tt ■. Y * then Oz and g*{Oz) are trivial and n = 0, so 
H^{'k : E —>• *;i?) = iJ_fe(E;i?). If g is idy : Y ^ Y then g*{Oz) — Oy and 
Oy (Zr g*{Oz) = Ry, so that iL'=(idy : Y ^Y-R) = H^^{Y-R). So (ITMl) 
holds. 

To define products, suppose f : X ^ Y and g : Y ^ Z are smooth with 
dim A = m, dimE = n and dimE = p. Define 

• : H'^if :X^Y)x H\g :Y ^ Z)^ H'^^\g o f : X ^ Z) 
to be the natural product of sheaf cohomology groups 

• : Ox ®R nOy)) X H^+"-P{Y, Oy ^r g*iOz)) 

Ox <Zr (g o fnOz)) 
mapping (a, /3) i— a- /S = a®R f*{/3), 

where/*(/3) G /*(Oy)(8>fl(go/)*(Oz)), and we use the isomorphism 

of sheaves on X 

[Ox ®R f*iPy)\ ®R [f*{Oy) (g)_R (g o f)*{Oz)] = Ox ^r {g o f)*{Oz), 
since Oy Z>r Oy = Ry, as Oy is Ry twisted by a principal Z 2 -bundle. 
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All morphisms in Man are confined. Pushforwards 


f,-.H\gof-.X^Z-R)^H\g:Y^Z-R) 
are pushforwards /* : Hp_k{X-f* og*{Oz)) —^ Hp_k{Y; g*{Oz)) 

in twisted homology. Independent squares are defined to be transverse Carte¬ 
sian squares (12.791) in Man with h proper, and hence h' proper. Then with 
dimT = m, dimZ = n, dimT' = m', dimZ' = n', the Cartesian property gives 
{h')*{OY g*{Oz)) — Oy> ig'yiOz') and m — n = m' — n'. So we define 

the pullback h* : H^{g : Y Z;R) ^ H^{g' : Y' —5> Z'\ R) to be 

{h'r ■.H^+"^-^{Y,Oy ®Rg*{Oz)) 

H^^+m-n^Y',{hr{OY ®R9 *{Oz))) = 

H^^+ra'-n'^Y'^OY' ®R {g'YiOz')). 

using proper pullbacks on compactly-supported sheaf cohomology. 

For oriented manifolds Y, Z, with Oy,Oz trivial, equation (12.851) becomes 

HYg-Y ^Z-R)'^ H^Y"^-^{Y;R)=Hn-k{Y;R), 

and we lose the dependence on g, Z, apart from the dimension n = dim Z. Thus, 
for oriented manifolds and smooth maps, the bivariant theories of Examples [2?59] 
and 12.601 reduce to homology, compactly-supported cohomology, and Poincare 
duality. That is, bivariant (co)homology theories really give us nothing new for 
manifolds, they are of interest only for singular spaces. 

As in §3.1], we can also combine cohomology H*{—; R) and locally finite 
homology R) into bivariant theories on Topem and Man. 


3 Manifolds with corners 

In 2]-]|S]we will define new (co)homology theories MH^.{Y ; R),MH*(Y; R),... 
of manifolds with boundaries Y, in which the (co)chains involve quadruples 
(V, n, s, t) with V a ‘manifold with corners’ and s :V ^ M", t : V ^ Y smooth. 
In Tl.II we explain the usual definition of a category Man'’ of manifolds with 
corners, based on the author [4T1I44II46) and Melrose [63ll65] . and some facts from 
the theory we will need, principally concerning boundaries dX, the existence of 
transverse fibre products X Xg^z,h Y in Man'’ for Z G Man, and orientations. 

In fact our definitions of Mff^,(Y; R),MH*lY;R),... also work with ‘mani¬ 
folds with corners’ V replaced by other classes of geometric objects satisfying a 
list of basic properties - we can let V have singularities or exotic corners, allow 
s : P —>• R", t : P —>■ y to be only piecewise-smooth, etc. 

There are important applications in forming virtual cycles for moduli spaces 
of J-holomorphic curves A4 in Symplectic Geometry, discussed in HI.21 and [47] , 
in which it will be an advantage to allow such singularities and non-smoothness. 
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since the ‘Kuranishi neighbourhoods’ (V, i?, F, s,-0) on A4 naturally have sin¬ 
gularities and non-smoothness over points in A4 representing nodal curves, and 
one can only make V, s smooth by doing a lot of extra work. 

Because of this, in §3]-Sj^we will suppose we are given a category of ‘manifolds 
with corners’ Man'’ satisfying a list of assumptions we give in il3.3l which are 
all we need to develop MH^{Y; R),MH*{Y] R),.... We have tried to make 
these assumptions fairly weak, to make our theory widely applicable for forming 
virtual cycles in singular situations. 

3.1 The usual definition of manifolds with corners 

We now define our favourite category Man'’ of manifolds with corners. The 
relation of our definitions to others in the literature is explained in Remark 13.31 

Definition 3.1. Use the notation R™ = [0,oo)^ x for 0 ^ /c ^ m, and 

write points of K™ as u = (ui,..., Um) for ui,... ,Uk S [ 0 , cxd), Uk+i, ■ ■ ■, Um S 
R. Let U C R™ and U C R" be open, and / = (/i,..., /„) : U ^ V he a 
continuous map, so that fj = ..., Um) maps U —>■ [0, oo) for j = 1,... ,l 

and U ^ R for j = ^ -|- 1,..., n. Then we say that: 

(a) / is weakly smooth if all derivatives ..., Um) : U ^ R ex¬ 

ist and are continuous in for all j = 1, ..., m and oi,..., am ^ 0 , including 
one-sided derivatives where = 0 for i = 1,..., fc. 

By Seeley’s Extension Theorem, this is equivalent to requiring fj to extend 
to a smooth function fj : U' —>■ R on open neighbourhood U' of U in M"*. 

(b) / is smooth if it is weakly smooth and every u = (mi, ..., Um) G U has an 
open neighbourhood U in U such that for each j = 1,..., Z, either: 

(i) we may uniquely write fj{ui ,..., Um) = Fj^ui,.--, Um)-ul^’' ■ ■ ■ 

for all (ui,..., Um) S t/, where Fj : U ^ (0, oo) is weakly smooth 
and aij ,..., akj € N = {0,1,2,...}, with Uij = 0 if 7 ^ 0; or 

(ii) fj\u = 0- 

(c) / is strongly smooth if it is smooth, and in case (b)(i), for each j = 1 ,..., Z 
we have aij = 1 for at most one z = 1 ,..., fc, and = 0 otherwise. 

(d) / is interior if it is smooth, and case (b)(ii) does not occur. 

(e) / is a diffeomorphism if it is a bijection, and both f : U ^ V and f~^ : 
V ^ U are weakly smooth (which implies smooth and strongly smooth). 

Definition 3.2. Let X be a second countable Hausdorff topological space. An 
m-dimensional chart on AT is a pair where U C R™ is open for some 

0 ^ Zc ^ TO, and (j) : U —>■ X is a homeomorphism with an open set 0(17) C X. 

Let (t7, (j)), (U, if) be TO-dimensional charts on X. We call ([/, (f) and (U, if) 
compatible if if~^ o (f : (f~^ {(f{U) n iffV)) if~^ {(f{U) n if{V)) is a diffeomor¬ 
phism between open subsets of R™, R(", in the sense of Definition [me). 
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An m-dimensional atlas for AT is a system {(£/„, : a G A} of pairwise 

compatible m-dimensional charts on X with X = UaeA 

an atlas maximal if it is not a proper subset of any other atlas. Any atlas 
{{Ua, (j^a) ■ Cl G A} is contained in a unique maximal atlas, the set of all charts 
{U, (j)) on X which are compatible with {Ua,4>a) for all a G A. 

An m-dimensional manifold with corners is a second countable Hausdorff 
topological space X equipped with a maximal m-dimensional atlas. Usually we 
refer to X as the manifold, leaving the atlas implicit, and by a chart {U, (f) on 
X, we mean an element of the maximal atlas. 

Now let X, Y be manifolds with corners of dimensions m, n, and f : X ^ Y 
a continuous map. We call / weakly smooth, or smooth, or strongly smooth, or 
interior, if whenever ({7, (/)), (U, ■)/') are charts on X,Y with U C V C K” 
open,then 

o f o (j) : [f o (^)-i(V'(U)) —^ V 

is weakly smooth, or smooth, or strongly smooth, or interior, respectively, as 
maps between open subsets of R™, R” in the sense of Definition 13.11 

These three classes of (a) weakly smooth, (b) smooth, and (c) strongly 
smooth maps of manifolds with corners, all contain identities and are closed 
under composition, so each makes manifolds with corners into a category, which 
we write as Man^^, Man'^, Marig^., respectively. 

Remark 3.3. (a) The differences between Man^g, Man'^, Marig^. will not 
concern us much in this paper, as we will be principally working with maps 
f : V ^ Y with V a manifold with corners and Y a manifold without bound¬ 
ary, and for such / weakly smooth = smooth = strongly smooth. 

However, the differences would matter if we wanted to extend our theory to 
define MH^,{Y ; R), MH*(Y ; R), ... for T a manifold with corners. 

(b) Some references on manifolds with corners are Cerf [10] , Douady [15] , Kottke 
and Melrose [50] , Margalef-Roig and Outerelo Dominguez [59] , Melrose [63H65] , 
and the author [41], [45l §5]. Just as objects, without considering morphisms, 
most authors define manifolds with corners as in Definition 13.21 However, Mel¬ 
rose |50ll631l65] and authors who follow him impose an extra condition: in Def¬ 
inition [33] we will define the boundary dX of a manifold with corners X, with 
an immersion ix ■ dX —>■ X. Melrose requires that ix\c '■ C X should be 
injective for each connected component C of dX (such X are sometimes called 
manifolds with faces). 

There is no general agreement in the literature on how to define smooth 
maps, or morphisms, of manifolds with corners: 

(i) Our notion of ‘smooth map’ in Definitions l3.ll and l3.2l is due to Melrose [65l 
§1.12], [63] §1], [50] §1], who calls them b-maps. 

(ii) The author m defined and studied ‘strongly smooth maps’ above (which 
were just called ‘smooth maps’ in [41]). 

(iii) Most other authors, such as Cerf da §iA.2], define smooth maps of man¬ 
ifolds with corners to be weakly smooth maps, in our notation. 
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Definition 3.4. Let U C K™ be open. For each u = {ui,... ,Um) in U, define 
the depth depths u of u in ?7 to be the number of ui,... ,Uk which are zero. 
That is, depthy u is the number of boundary faces of U containing u. 

Let X be an m-manifold with corners. For x € X, choose a chart {U, (p) on 
the manifold X with piu) = a; for m G {7, and define the depth depthjj- a; of a; 
in X by depth^^ x = depth^; u. This is independent of the choice of (C/, p). For 
each Z = 0,..., m, define the depth I stratum of X to be 

S\X) = {x G X : depth;^ a; = Z}. 

Then X = SpX) and S^X) = UL; S'^{X). The interior of X is = 
S'^{X). Each SpX) has the structure of an ( m — Z)-manifold without boundary. 

Definition 3.5. Let X be a manifold with corners, and x G X. A local boundary 
component P of X at x is a, local choice of connected component of 5'^(X) near 
X. That is, for each sufficiently small open neighbourhood V of a; in X, P gives a 
choice of connected component W of F n S'^(X) with x G W, and any two such 
choices V, W and V, W must be compatible in the sense that x G {W fl W). 
As a set, define the boundary 

dX = {(a;,/3) : x G X, p is a local boundary component for X at x}. 

Define a map ix ■ dX X hy ix ■ (x, P) i—>• x. Note that ix need not be 
injective, as |Z3^^(x)| = depth^^- x for all x G X. 

If (Z7, p) is a chart on X with U C R™ open, then for each z = 1,..., fc we 
can define a chart {Ui,pi) on dX by 

Ui = I (xi, . . . , XjYi — l) G ^ (xi, . . . , Xj — i, 0, Xj, . . . , Xjn—l) G U G1 I, 

pi : (xi, . . . ,Xm_i) I— [p{xi, . . . ,Xi-i,0,Xi, . . . ,Xm-l),P*{{Xi = 0})). 

All such charts on dX are compatible, so they induce the structure of a manifold 
with corners on dX, with dim(9X) = dimX — 1. Also ix '■ dX —>■ X is a 
proper, smooth map, which is strongly smooth, but not interior. We can iterate 
boundaries to form d^X = d{dX),d^X,..., with d^X a manifold with corners 
of dimension dimX — k. 

We call X a manifold with boundary if d^X = 0, and a manifold without 
boundary if dX — 0. Write Man, Man*^ for the full subcategories of manifolds 
without boundary, and manifolds with boundary, in Man'^, so that Man C 
Man*^ C Man"^, and Man is the usual category of manifolds. 

Let X be a manifold with corners. Then there are natural identifications 

d^X ^ {{x,Pi,...,Pk) :x G X, Pi,...,Pk are distinct 

, (^O. i ) 

local boundary components for X at x|. 

Write Sk for the symmetric group on k elements, the group of bijections a : 
{1,..., fc} —>• {1,..., fc}. From (13.111 we see that d^X has a natural, free action 
of Sk, which is by diffeomorphisms, given by 

(T . (x. Pi , . . . , Pk^ ' t (x, Pa{l) 5 ■ • ■ 5 Pa{k) ) ■ 
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Manifolds with corners X have two notions of tangent bundle with functorial 
properties, the {ordinary) tangent bundle TX, the obvious generalization of 
tangent bundles of manifolds without boundary, and the b-tangent bundle ^TX 
introduced by Melrose [Ml §2-2], [551 §1-10], [551 §2]- Taking duals gives two 
notions of cotangent bundle T*X,'^T*X. If {U,(j>) is a chart on X, with U C 
R™ open, and (xi,..., Xm) the coordinates on U with xi,... ,Xk G [0, oo) and 
Xk+i, ■ ■ •,Xm G R, then over 4>{U) we have 

(i) TX is the trivial vector bundle with basis of sections ..., 

(ii) T*X is the vector bundle with basis dxi,..., dxm', 

(iii) *'T X is the vector bundle with basis xi ,..., ccfe , ■ • ■, gf—; and 

(iv) f>T*X is the vector bundle with basis x^^d-Xi ,..., x)^^dxk,dxk+i, ■ ■ •, dxm- 

li f : X ^ Y is smooth we have a vector bundle morphism df : TX —>■ f*{TY). 
If / is interior we have a vector bundle morphism ^df : ^TX —5> f*{^TY). 

Definition 3.6. An interior map f : X ^ Y in Man'^ is called a b-submersion 
if ^d/la, : ^TxX —^TyY is surjective for all x G X with f{x) = y €Y. 

Interior maps g : X ^ Z, h : Y ^ Z in Man^^ are called b-transverse if 

MgU © : '’T.X © %Y ^T,Z 

is surjective for all x G X and y €Y with g{x) = h{y) = z. 

Note that if g : X —>■ Z is a b-submersion and h : Y Z is interior 
then g, h are b-transverse. The question of when (b-)transverse fibre products 
XXg^z,hY exist in Man*^ (or MaUg^., Man^^,...) is complicated; see the author 
[4T1I45] and Kottke and Melrose [50] for some results, of which the strongest [451 
Th. 4.27] says that all b-transverse fibre products exist in the category Man?^ 
of manifolds with generalized corners and interior maps. However, we only need 
the case in which dZ = 0, i.e. Z G Man C Man°, which is much simpler. 

Proposition 3.7. Suppose g : X ^ Z, h : Y Z are b-transverse maps in 
Man"^ with dZ = 0. Then a fibre product W = X Xg^z,hY exists in Man"^ with 
dim W = dimX + dim Y — dim Z. Furthermore, g oix,h and g,hoiY are also 
b-transverse, and there is a natural dijfeomorphism 

d{X Xg^z,h Y) ^ {dX Xg,,^,z,h Y) n (X Xg^z,ho^^ dY). 

Orientations on manifolds with corners are discussed by the author [411 §7], 
[44l §5.8] and Fukaya et al. [22l §8.2]. 

Definition 3.8. Let X be a manifold with corners with dimX = m. Then 
A'"(T*X) is a real line bundle on X. An orientation ox on X is an equivalence 
class [w] of top-dimensional forms lv G C°°{X^T*X) with ui\x ^ 0 for all x G X, 
where two such uj, uj' are equivalent ii uj' = K ■ lo for K : X ^ {0, oo) smooth. 
The opposite orientation is —ox = Then we call {X,ox) an oriented 
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manifold with corners. Usually we suppress the orientation ox, and just refer 
to X as an oriented manifold with corners. When X is an oriented manifold 
with corners, we write —X for X with the opposite orientation. 

We can also define orientations using h™(fT*X) instead of X^T*X. Since 
T*X and ^T*X coincide on X°, the two notions turn out to be equivalent. 

We will also need a notion of relative orientation of a smooth map f : X ^ Y. 
A coorientation Cf for / is a an equivalence class [ 7 ] of 7 S ^T*X 0 

/*(Adi'n^T*U)*) with 7 1 a; 7 ^ 0 for all a; S X, where two such 7 , 7 ' are equivalent 
if 7 ' = AT • 7 for if : AT —7 (0, 00 ) smooth. The opposite coorientation is 
—Cf = [— 7 ]. Then we call (/, c/) : X ^ Y a cooriented smooth map. Usually we 
suppress Cf, and just refer to / as a cooriented smooth map. If U is oriented then 
orientations on X are equivalent to coorientations on f : X Y. Orientations 
on X are equivalent to coorientations omr : X ^ for * the point. 

If X is an oriented manifold with corners we can define a natural orienta¬ 
tion on dX, and hence on d'^X, d^X, ..., and if AT, Y, Z are oriented 

manifolds with corners and lU = A" Xgz,h Y is a transverse fibre product in 
Man'^ then we can define a natural orientation on W. Products X xY are fibre 
products over Z = *, so this includes orienting products. 

There are similar facts about coorientations, e.g. for any X (oriented or not) 
ix ■ dX X has a natural coorientation, and if g : Y Y is cooriented and Y 
is oriented then a transverse fibre product W = X Xg,z,hY is naturally oriented. 
To do all this requires a choice of orientation convention. Ours follow Fukaya et 
al. [221 Conv. 45.1]. Different conventions would change the signs in (I3.2p - (I3.5|1 . 

If X is an oriented manifold with corners, then as above each a G Sk acts 
on the oriented manifold with corners d^X. This multiplies the orientation on 
9^AT by signer. In particular, it will be important below that the free action of 
S 2 — ^2 on d^X is orientation-reversing. 

In Proposition 13.71 if X, Y, Z are oriented then in oriented manifolds with 
corners, as in m Prop. 7.4], equation (13.21) becomes 

d{X Xg.z,h Y) ^ {dX Xgo,^,z.h Y) n (_i)dimx+dimz^^ Xg^zM^y dY). (3.2) 

Here |411 Prop. 7.5] are some more identities on orientations: 

Proposition 3.9. (a) If g : X ^ Z, h : Y ^ Z are transverse smooth maps 
of oriented manifolds with corners then in oriented manifolds we have 

X Xg^z.h Y ^ (_l)(<iimX-dimZ)(dimV-dimZ)y 

(b) If e : V ^ Y, f : W ^ Y, g : W ^ Z, h : X ^ Z are smooth 
oriented manifolds with corners then in oriented manifolds we have 

y Xe^YJoTTw (fU Xg^z.h X) = (y XeXJ W) XgoTrw,Z,h X, 
provided all four fibre products are transverse. 


(3.3) 
maps of 


(3.4) 
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(c) If e : V ^ Y, f : V ^ Z, g : W ^ Y, h : X ^ Z are smooth maps of 
oriented manifolds with corners then in oriented manifolds we have 

V X{eJ),YxZ,gxh {W X X) ^ 

(_^)dimZ(dimr+dimW’)(p. x ,,Y,g W) Xf,^^^z,hX, 

provided all three fibre products are transverse. 

Equations (I3.3I) - (I3.4I) will be important in proving that the cup product on 
cohomology MH*{Y;R) is supercommutative and associative. 

3.2 Hausdorff measure and Sard’s Theorem 

In il3.3l we will give our list Assumptions I3.12H3.151 of properties of a category 
Man^^ of ‘manifolds with corners’ we need to construct our (co)homology the¬ 
ories. The final one, Assumption 13 .1 51 requires a version of Sard’s Theorem to 
hold for morphisms / : A —>• F in Man'’ with Y G Man, stated in terms of 
Hausdorff measure in F, so we explain these here. 

Definition 3.10. Let F be a smooth manifold. S' C F a subset, and d ^ 0. 
Fix a Riemannian metric g on F. We say that S has zero Hausdorff d-measure, 
or is d-null, written 'H^{S) = 0, if for all e > 0 there exist yi & Y and > 0 
for all i in some finite or countable indexing set I, such that ^ 

S C the open ball about yi in F defined using the 

metric g. Whether = 0 or not is independent of the choice of g. 

Some properties of this definition; if d > dimF then = 0 for any 

S C F. If Fi,F 2 are manifolds and / : Fi ^ F 2 is smooth (or more generally 
C^, or locally Lipschitz) and S C Fi with = 0, then 'H‘^{f{S)) = 0 in F 2 . 

Then Sard’s Theorem [75] states: 

Theorem 3.11. (a) Suppose A, F are manifolds with dim A = m, dimF = n 
for m ^ n, and f : X ^ Y is a smooth map (or more generally a map 
for any k ^ 1). Define S C X to be the closed subset of x € X for which 
Txf ■ TxX —>■ Tf(^x)Y is not injective, so that /(S) is a subset of F, which is 
closed if f is proper. Then H'^{f{S)) =0 inY. 

(b) Suppose A, F are manifolds with dim A = to, dimF = n for m ^ n, and 
f : X ^ Y is a smooth map (or more generally a map for any k ^ m — n+1). 
Define S C X to be the closed subset of x G X for which T^f : T^X —>■ Tf(^x)Y 
is not surjective. Then HT{f{S)) = 0 m F. 

Essentially this says that for / : A —>■ F a smooth map of manifolds, if 
dim A ^ dimF then / is an immersion over Y \ S for S' C F a ‘negligible’ 
subset (roughly, dimS < dim A ^ dimF), and if dim A dimF then / is 
a submersion over F \ S for S C F a ‘negligible’ subset (roughly, dimS < 
dimF ^ dim A). The requirements on k are sharp. 
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3.3 Assumptions we need on ‘manifolds with corners’ 

The next seven assumptions give the properties of a category of ‘manifolds 
with corners’ Man'’ we need for both ‘integral M-(co)homology’ in SjH and 
‘rational M-(co)homology’ in il5.ll Examples of categories Man'’ satisfying 
these assumptions are given in Example 13.201 

Assumption 3.12. (Category-theoretic properties.) (a) We are given a 
category Man'’. For simplicity, from fj4] onwards, objects X in Man'’ will be 
called manifolds with corners (although they may in examples not be manifolds, 
but some kind of singular space), and morphisms f : X Y in Man'’ will be 
called smooth maps (although they may in examples be non-smooth). 
Isomorphisms in Man'’ are called diffeomorphisms. 

(b) There is an object 0 G Man"” called the empty set, which is an initial object 
in Man'’ (i.e. every X G Man'’ has a unique morphism 0 —>■ A). 

(c) There is an object * G Man'’ called the point, which is a final object in 
Man'’ (i.e. every X G Man'’ has a unique morphism A —>■ *). 

(d) Each object A in Man'’ has a dimension dim A € N = {0,1,...}, except 
that dim0 is undefined, or allowed to take any value. We have dim* = 0. 

(e) Products A x F of objects X,Y G Man'’ exist in Man'’, in the sense of 
category theory (fibre products over *), with projections ttx : A x F —>• A and 
■ny : A X F -G Y. They have dim(A x F) = dim A -|- dimF. Hence products 
fxg: WxX^Y x Z of morphisms f:W^Y,g\ X^Z, and direct 
products {f,g):X^Y x Z of f : X ^ Y, g : X ^ Z, exist in Man'’. 

(f) If A, F G Man'’ with dim A = dimF there is a disjoint union A H F in 
Man'’ with inclusion morphisms ix '■ X ^AHF, ty :F ^AHF. It is a 
coproduct in the sense of category theory, with dim(A H F) = dim A = dimF. 

Assumption 3.13. (Underlying topological spaces.) (a) There is a func- 
tor ; Man'’ Top from Man'’ to the category of topological spaces 

Top, mapping objects A G Man"” to the underlying topological space Atop := 
morphisms / : A ^ F to /top := ■ ^top ^ Ftop. 

So we can think of objects A of Man'’ as ‘topological spaces Atop with extra 
structure’. From i}l]on, we will often write A, / instead of Atop, /top- 

(b) Underlying topological spaces Atop are Hausdorff and locally compact, and 

and is a point. 

(c) takes products and disjoint unions in Man'’ functorially to products 
and disjoint unions in Top. 

(d) If A € Man'’ and U' C Atop is open with inclusion i' : U' ^ Atop, there 
is a natural object U in Man'’ called an open submanifold with t/top = U' and 
dim 17 = dim A, and an inclusion morphism i : U ^ X with dop = i'- If t/' = 0 
then 17 = 0. Inclusion morphisms are functorial under inclusions of open sets 
U' ^ V ^ Atop. Given a morphism / : A —>■ F, we often write f\ii : U -G Y 
instead of f o i : U -^Y. 
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If / : —>■ X is a morphism in Man'^ with /top(IItop) C C/top C Xtop then 

/ factorizes uniquely as / = i o /' for a morphism f : W ^ U in Man'^. 
Inclusions ix ■ ^ ^ X JIY, ly ■ Y ^ X UY are open submanifolds. 

In later sections we will generally drop the distinction between X and Xtop, 
and write x G X rather than x G Xtop, identify open submanifolds i : U ^ X 
with open sets U Q X, and so on, just as one does for ordinary manifolds in 
differential geometry. 

Assumption 3.14. (Boundaries.) (a) Each object X in Man*^ has a bound¬ 
ary dX in Man*^, with dimcIX = dimX — 1, where dX = 0 if dimX = 0, and 
a canonical morphism ix ■ dX —>■ X. 

(b) There is a class of morphisms f : X ^ Y in Man*^ called simple morphisms. 
Simple morphisms include identities, diffeomorphisms, and inclusions of open 
submanifolds, and are closed under composition. 

If / : X —>■ E is simple, there is a canonical simple morphism df : dX — >■ dY 
with f o ix = iy o df : dX —>■ Y, which is functorial in /. Thus X dX, 
/ I—9/ is a functor d : Manb —>■ Manb on the subcategory Man^; of Man"^ 
with only simple morphisms. 

If j : t/ ^ X is an open submanifold then dj : dU ^ dX makes dU into an 
open submanifold of dX, with (9C/)top ~ *js:!top(^top)- 

(c) For each object X S Man"^ there is a canonical diffeomorphism ax ■ d^X —>■ 
d^X with ax o ox = id-Q'ix and ix o igx o a = ix o igx ■ 9^X —X. 

(d) If X, F G Man'^ there is a canonical diffeomorphism 

d{X xY)^ {dX X F) n (X X dY) , (3.6) 

identifying ttx oixxY with {ix °'Xdx)ii'Xx and xyoixxY with Try U (iyoirgy). 

(e) If X, F G Man"^ with dim X = dim F there is a canonical diffeomorphism 

d{x n F) ^ ax n dY, 

identifying ixuY with igx 11 igy. 

(f) ix,top ■ dXtop —>■ Xtop is a finite, proper map in Top for any X G Man'^. 

Assumption 3.15. (Relation with ordinary manifolds.) (a) The category 
Man of (ordinary) smooth manifolds without boundary and (ordinary) smooth 
maps between them is included as a strictly full subcategory Man C Man'^. 

Dimensions of objects in Man C Man"^ are as usual in Man. Products and 
disjoint unions in Man^^ of X, F G Man agree with those in Man. The empty 
set 0 and point * in Assumption [3T2(b),(c) lie in Man C Man'^. 

The underlying topological space functor is as usual on Man C 

Man"^. Open submanifolds in Man, Man"^ agree. 

(b) For each object X G Man"^ there is a natural open submanifold X° ^ X 
called the interior of X, with X° G Man C Man*^. It is the largest open 
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submanifold of X lying in Man, that is, ii i : U ^ X is an open submanifold 
then U G Man if and only if Utop Q -^top ^ -^top- 

For objects X,Y G Man*^ we have (X x Y)° = X° x Y°. For objects 
X, r G Man'^ with dimX = dimF we have (X U Y)° = X°UY°. 

(c) Intervals / in M such as [0,1], [0, oo), (—oo, 0] are objects in Man*^. For all 
fc ^ 0, the k-simplex 

Afc = {(xo ,... ,Xk) & : x^^ 0, xq + ... + Xk = l] 

is an object in Man'^. Dimensions, and topological spaces, and interiors, of all 
these are as in Man'^ in il3.1l 

The following morphisms in Man*^ in il3.1l are also morphisms in Man*^; 

(A) Smooth maps / : / X for / an interval in K and Y G Man. 

(B) Smooth maps f : I x X ^ Y for / an interval in R and X, X G Man. 

(C) Smooth maps / : ^ X for X G Man. 

(D) lAk ■■ dAk = lJj=o fc > 0. 

These behave as expected on topological spaces, and nnder compositions, prod¬ 
ucts, and disjoint unions, with each other and with morphisms in Man. 

(d) Any X G Man C Man*^ has dX = 0. Boundaries of intervals in R and 
fc-simplices Afc behave as in Man*^ in H3.ll so for example i9[0,oo) = {0}, and 
dAk is diffeomorphic to the disjoint union of fc -I- 1 copies of Afc_i for fc > 0. 

(e) Any X G Man*^ with dimX = 0 has X° = X, so X lies in Man C Man*^, 
and Xtop is a set with the discrete topology. 

Assumption 3.16. (Submersions and transverse fibre products.) (a) 

There is a class of morphisms / : X —>■ X in Man'^ called submersions, with 
dimX ^ dimX. They include identities, diffeomorphisms, inclusions of open 
submanifolds i : U ^ X, and projections ttx ■ X x X X. 

Submersions in Man'^ are closed under composition. 

If / : X ^ X is a morphism in Man then / is a submersion in Man*^ if and 
only if it is a submersion of manifolds in the usual sense. 

(b) If / : X —>■ X is a submersion in Man'^ and X G Man then f oix '■ dX —?> X 
is a submersion in Man'^. 

(c) Let g : X ^ Z, h :Y Z he morphisms in Man^^ with Z G Man C Man*^. 
Then there is a notion of when g, h are transverse. 

If g, h are transverse then a fibre product IX = X Xg^z,h X exists in Man'^ 
in the sense of category theory, with dimIX = dimX -|- dimX — dimX, in a 
commutative, Cartesian square in Man*^: 


IX 


X 



g 




(3.7) 
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The functor : Man^^ —> Top should take such transverse fibre prod- 

nets in Man"^ to fibre products in Top, so that we have a homeomorphism 

kktop = {(^7?/) ^ ^top ^ Ttop ■ (7top{^) - ^top(y)}- (^■^) 

There should be a natural diffeomorphism 

d{X Xg^z,h Y) ^ {dx Xgo,^,z,h Y) n {X Xg^zM^v dY), (3.9) 

where g o ix,h and g,h o iy are also transverse. 

If g is a submersion (or /i is a submersion) then g, h are transverse, and 
TTy : IT —^ y is a submersion (or ttx : IT —>■ X is a submersion, respectively). 

(d) If X, y G Man in (c) then transversality of g, h in Man'^ is the usual notion 
of transverse smooth maps in Man, and IT = X Xgz,h Y lies in Man C Man'^ 
and is the usual transverse fibre product in differential geometry. 

More generally, for X,Y G Man*^ in (c) we have 

(X Xg,z,h Y)° = X° Xg\^^,z,hWo Y°, (3.10) 

where the r.h.s. of (13.101) is the usual transverse fibre product of manifolds. 

(e) Let g : X ^ Z, h : Y Z he morphisms in Man^^ with Z £ Man C Man*^. 
Then g, h transverse implies that goi : U Z and hoj:V—>Z are transverse 
for any open submanifolds i : U ^ X and j : V ^ Y. 

Conversely, if for all x G Xtop, y G Ttop with gtop(a;) = htop{y) in Ztop, there 
exist open submanifolds i : U ^ X, j : V ^ Y with x G C/top, y G Ttop such 
that g o i and ho j are transverse, then 5, h are transverse. 

(f) Let (51,52) : X —>■ Zi X Z2, (hi,/i2) '■ Y —>■ Zi x Z2 he morphisms in 
Man'^ with Z\^Z2 G Man, and suppose 51 : X —>■ Zi and /12 : T —)• ^2 are 
submersions. Then (51,52) and (hi, 112) are transverse. 

Assumption 3.17. (Orientations and coorientations.) (a) For each object 
X in Man"^, there is a notion of orientation ox on X, an additional geometric 
structure on X. Every orientation ox has an opposite orientation —ox, with 
— (—Ox) = Ox- We call the pair (X,ox) an oriented manifold with comers. 
Often we suppress ox and call X an oriented manifold with corners, and then 
we write —X for (X, —ox) with the opposite orientation. 

(b) For each morphism / : X — >■ T in Man^^, there is a notion of coorientation 
c/, an additional geometric structure on /. Every coorientation c/ has an oppo¬ 
site coorientation —Cf, with -(-Cf) = c/. We call the pair (f,Cf) a cooriented 
morphism in Man^^. Often we suppress c/, and call / a cooriented morphism. 

(c) Suppose / : X —>■ y is a morphism in Man'^, and oy an orientation on 
y. Then there is a natural 1-1 correspondence between orientations ox on X 
and coorientations c/ for /. We write these as operations on coorientations by 
Ox = Cf ■ Oy and c/ = oxjoy. We have (-Cf) ■ oy = Cf ■ (-oy) = —(cf ■ oy) 
and (-ox)loy = ox/{-oy) = -(ox/oy). 
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(d) If f : X ^ Y, g : Y Z are morphisms in Man^^ and c/, Cg are coorienta¬ 
tions for /, there is a natural coorientation CgOCf for go f. This composition of 
coorientations is associative, with (—Cg) oc/ = CgO (—c/) = —{CgOCf). If X, Y, Z 
have orientations ox,oytOz with c/ = oxIoy, Cg = oy joz then CgOCf = oxjoz- 

(e) Identity morphisms, diffeomorphisms, and inclusions of open submanifolds 
in Man"^ all have natural coorientations, functorial under composition. 

So, for example, if / : X —> K is a diffeomorphism it has a natural coorienta¬ 
tion c/, and setting ox = CfOy gives a 1-1 correspondence between orientations 
Ox on X and orientations oy on Y, thought of as pullback ox = f*{oY) or push- 
forward Oy = f*{ox)- 

Similarly, if i : 17 ^ is an open submanifold it has a natural coorientation 
Ci, so orientations ox on X map to orientations ou = Ci ■ ox on 17, thought of 
as restriction ojj = ox\u- 

All the operations and properties of (co)orientations in (a)-(n) behave func- 
torially under pullback / pushforward by diffeomorphisms, and restriction to 
open submanifolds. 

(f) If {X, Ox), (Y, oy) are oriented objects in Man"^ there is a natural orientation 
Ox X Oy on A X Y, with (—ox) x oy = ox x (—oy) = —(ox X Oy). Under the 
identification X x Y = Y x X we have ox x oy = (— l)'^™^'i™^oy x ox- If 
(Z, oz) is an oriented object then (ox x oy) x oy = ox x (oy x oz) on A x F xZ. 

This also gives coorientations Cttx = (ox x oy)lox on ttx : A x F —)• A 
and C7ry = (ox x oy)/oy on TTy : A X F — F. Here Cttx depends only on oy, 
and is defined even if A is not oriented, and changing the sign of oy changes 
that of Cttx • Similarly, c-^y depends only on ox, and is defined even if F is not 
oriented, and changing the sign of ox changes that of Ctt^. 

(g) If (A, Ox), (F, Oy) are oriented objects in Man'^ with dim A = dimF then 

there is a natural orientation ox H oy on A H F. We have open submanifolds 
Lx • ^ A U F, 6y : F ^ A H F, and (ox H Oy) |x = Ox, (ox U Oy) |y = Oy. 

(h) For A S Man*^, there is a natural coorientation for ix ■ dX —>• A. 
Hence any orientation ox on A induces an orientation ogx = Ci^ ■ ox on dX. 

If (A, Ox), (A, Oy) are oriented objects in Man^^, equation (13.61) becomes 

5(A X F) ^ {dX X F) H (-1)'^™^(A x ^F). 

(i) For any A G Man'^, Assumr)tion l3.14|" cl gives a diffeomorphism ax ■ d^X -G 
d^X with ix o iQx o a = ix o igx ■ d^X -G X. We have natural coorientations 
CaxXixXiax for <^x,ix,idx by (e),(h). So Cix o o c^x and Cix o are 
coorientations for ix oigx oa = ixoigx■ We have Cix oCigx oc^x = ~c-ix °^igx ■ 

Thus, if A is oriented, so that dX and d^X are also oriented by (h), then 
a : d^X —)• d^X is an orientation-reversing diffeomorphism. 

(j) For objects A G Man C Man"^, and for intervals J in R and fc-simplices 
Afc as objects of Man"^, orientations are naturally identified with orientations 
in Man and Man"^ in the usual sense in differential geometry. 

For smooth maps / : A —^ F in Man C Man"^, and the smooth maps 
in Man'^ in Assumption 13.15f cllAl-lDl. coorientations in Man*^ are naturally 
identified with coorientations in Man, Man'^ as usual in differential geometry. 
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These identifications of (co)orientations in Man, Man*^ and Man^^ preserve 
all the operations and properties in (a)“(i) above. 

In particular, for any X S Man'^, an orientation ox on X restricts to an 
orientation ox\x° on the (ordinary) manifold X° G Man, in the usual sense of 
differential geometry. Also, if A G Man*^ with dim A = 0, so that A G Man 
and Atop is a set with the discrete topology as in Assumption Id.lSI el. then 
orientations on A are identified with maps Atop {il}- 

(k) On K", and on intervals I in K, and on the simplex A^, we have standard 
orientations, such that da;i A • • • Adx^, on R", and da; on I, and da;i A • • • Adxfc on 
Afe, are positive top-degree forms. So, for example, if the interval [a, b] for a < 5 
has its standard orientation, then d[a,b] = —{a} 11 {6} in oriented 0-manifolds. 

(l) Let g : X ^ Z, h : Y -G Z he transverse morphisms in Man*^ with 
Z G Man C Man*^, and W = X Xg^z,h Y be the fibre product in Man'^ 
in Assumption Id.lbl cl. Suppose ox,Oy,oz are orientations on X,Y,Z, giving 
coorientations Cg = oxIoz on g and Ch = Oy joz on h. 

Then there is a natural orientation ow on W, giving natural coorientations 
Cti-x = Owlox on -Kx : W —>■ X and = owIoy on Try : IT ^ A. 

Each of Ow, c,rx> Ciry Only depends on particular subsets of ox,OY,oz,Cg,Ch, 
and is still well-defined if the rest of ox,oy ,oz,Cg, Ch are not chosen, or do not 
exist. So, Ow depends only on ox,oy,oz, and also only on ox,Ch, and also only 
on OY,Cg. Also Cttx depends only on Ch, and CT^y depends only on Cg. 

In each case, changing the sign of an element of the subset on which ow, c^rx 
or c-n-y depends, changes the sign of owjCttx or c^^y- 

If A, A G Man, so that IT = A Xg^z,hY is the usual transverse fibre product 
in Man by Assumption lS.lfil d'l. and (co)orientations on lA, A, A, Z, g, h, ttx, Try 
are as usual in Man by (j), then ow, c^x , Cwy are defined from ox,oy, oz,Cg, cu 
as usual in differential geometry. 

(m) Equations (I3.2I) " (I3.5I) hold for oriented objects in Man*^, using the orien¬ 
tations on fibre products in (1), provided each fibre product in the formulae 
is transverse over an object in Man, as in Assumption Id.lSI cl. Correspond¬ 
ing identities hold for coorientations, and for combinations of orientations and 
coorientations. 

(n) Suppose {X,ox) is an oriented object in Man^^ with dim A = 1 and Atop 

compact. Then dX is a compact 0-manifold, so (i9A)top is a finite set, and by 
part (h) it has an orientation ogx = ■ ox, which as in part (j) may be 

interpreted as a map oqx '■ (9A)top —>■ {±1}. Then we have 

Odx{x')=0 in Z. (3.11) 

x'e(dx)top 

Assumption 3.18. (Sard’s Theorem type conditions.) (a) Suppose / : 
A —>■ A is a morphism in Man'’ with A G Man and dim A = m, dim A = n 
for m < n. Then ?t”(/top(Atop \ Atop)) = 0 in A. 

(b) Suppose / : A —)• A is a morphism in Man'’ with A G Man and dim A = m, 
dim A = n for m ^ n. Then there is a subset S C Atop with = 0 in A, 
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such that if y G Itop \ S then there is an open submanifold i : U ^ X as in 
AssumDtion l3.13l' dl. such that 17top is an open neighbourhood of /top(y) in ^top 
and f o i : U ^ X is a submersion, as in Assumption 13.iST a). 

Remark 3.19. (i) We can modify the requirement in Assumption 13.ISf ai that 
Man^^ contains manifolds Man as a full subcategory. Sections 13.51 and 15.31 give 
a version of our theory in which Man is replaced by effective orbifolds Orbgff. 

It would also be possible to produce a version of the theory not requiring 
morphisms f : X ^ Y in Man'^ to give smooth maps between the interiors 
X°, Y°, for example, a version based on C* maps for fc ^ 1. 

Note however that Assumption 13.18f bl is based on Theorem 13.lll bb which 
requires f : X ^Y to be for k ^ dim X —dim F + 1. Taking dimX ^ 0, we 
see that Assumption Id.lSf bl fails if Man"^ contains all maps between mani¬ 
folds for any fixed fc ^ 1. So we would need a substitute for Assumption l3.18l bl. 

(ii) Defining the product orientations ox x oy in Assumption I3.17l fl. and 
the coorientations in Assumption I3.17f hb and owX- kxXtty Assumption 
13.171 11. all require a choice of orientation convention. Ours follow Fukaya, Oh, 
Ohta and Ono [HI Conv. 45.1]. Different conventions would change the signs 
in various places, by factors depending on dimensions. 

(iii) Several of the assumptions above are crucial to our theory, but are used in 
only a few places, so it is easy to miss their importance. In particular, in the 
material of 1[3| and the proofs in i[71 

• Assumptions I3.14l cl and I3.17l il are only used to prove d o d = 0 in 
MCt(Y ; R) in 114.11 and d o d = 0 in MC*{Y ; R) in >14.21 

• Assumption 13 .1 7f nl is only used in the proofs of Proposition l4.3l and The¬ 
orem STHl in H7.1l and 117.41 

• Assumption I3.18l al is only used in the proof of Theorem 14.121 in >17.41 

• Assumption Id.lSf bl is only used in in the proofs of Proposition 14.31 and 
Theorem 14.121 in >17. II and >17.41 

Example 3.20. Here are some categories satisfying Assumptions 13.12113.181 

(a) Manifolds with corners and smooth maps Man^^ from >13.11 

(b) Manifolds with corners and strongly smooth maps Man^^. from 113.11 

(c) Manifolds with corners and weakly smooth maps Man^g from >13.11 

(d) The category Man^^^ of manifolds with generalized corners from |?5] . 

(e) Fix fc > 1. Define categories Man^ and Mari^^ to have objects manifolds 

with corners X, Y, and morphisms continuous maps f : X ^ Y which 
are C*, or strongly C*, respectively, in the obvious generalization 
of smooth and strongly smooth maps from SH such that in addition 
f\si(x) ■ S‘{X) —>• F is C°° for each I = 0,... ,dimA', using the depth 
stratification X = from >13.11 
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That is, morphisms f : X ^ Y are smooth on each stratum S\X), 
but only over the transitions between different strata S’’{X), S'^{X). 
We do not define a weakly smooth version since weakly 

maps f : X ^ Y need not preserve the stratifications X = Ui^oS^iX), 
Y = lJm 5 >oand so the condition f\s‘{x) smooth would not be 
preserved under composition. 

Actually, it would be better to define objects X in Man^, Marig^ not as 
manifolds with corners, but as being covered by an atlas {{Ua, (j^a) : a G A} 
as in in which the transition functions "0 ^ o ^ are required to be 
diffeomorphisms which are smooth on each stratum. 

We do not allow fc = 0, as this causes problems with transverse fibre 
products in Assumption 13.iCT cl. and with Assumption I3.18l' bl. 

As in Remark l3.24r al below, the categories of effective orbifolds with corners 
in Example 13.231 also satisfy Assumptions I3.12H3.1^ 

3.4 Assumptions for de Rham M-(co)homology 

Section [521 defines variants of M-(co)homology called de Rham M-(co)homology 
R),(E;R), which include exterior forms as in ordinary de 
Rham cohomology. To do this we will need the following additional assumption 
about exterior forms on ‘manifolds with corners’. 

Suppose Assumptions 13.12143.181 hold for the category Man'’. 

Assumption 3.21. (a) Let X be an object in Man”. Then we are given real 
vector spaces il^{X) for fc = 0,1,..., with n^(A) = 0 for fc > dimX. Elements 
a of il^{X) are called k-forms on X. The degree of a G is deg a = k. 

There are R-linear exterior derivatives d : (A) —>• for k = 

0 , 1 ,..., with d o d = 0 . 

There are R-bilinear exterior products A : 12^(A) x 12* (A) —>• 12*'+*(A) with 
a A jd = (—1)*'*/3 A a and (a A ,9) A 7 = a A (/3 A 7 ) and d(a A (3) = (da) A (3 + 
(—l)*'a A d/3 for all a G 12*'(A), f3 G 12*(A), and 7 G r2'"(A). 

There is a natural element lx G 12° (A) with dlx = 0 and lx Aa = a A lx = 
a for all a G 12*'(A). 

(b) Let / : A —>• y be a morphism in Man”. Then there are R-linear pullback 
maps f* : ll*'(r) -5- 12*'(A) for all fc = 0,1,..., with do f* = f* od: 12*'(r) 
12''+i(A), and f*iaAl3) = /*(a) A/*(/3) for all a,^ G 12*(y), and /*(lx) = lx- 
These are functorial, i.e. (go f)* = f*og* and idx = idni^^/x)- When i : U ^ X 
is inclusion of an open submanifold in Man” and a G 12*'(A), we often write 
a\i/ instead of i*(a) in 12*'(t7). 

(c) Each a G 12*'(A) has a (closed) support suppa, a closed subset of Atop, 
with the property that a\u = 0 if and only if t/top H suppa = 0 for all open 
submanifolds U C X. 

We call a compactly-supported if suppa is compact. We have supp(da) C 
suppa, and supp(a A/3) C supp a H supp/3, and supp(/*(a)) C /^“p(suppa). 
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(d) li X € Man C Man^^ then n'^{X) = C°°(A’^T*X), the usual vector space 

of smooth /c-forms on X, and d : is the usual de Rham 

exterior derivative on fc-forms, and A is the usual exterior product, and lx is 
the constant function a; i—>• 1 in f2°(X) = C°°{X). Thus, for any X € Man"^ 
and a € fi^(X), the restriction a\x° is an ordinary fc-form on the manifold X°. 

(e) li X G Man^^ with dimX = n and a G 12’^(X) is compactly-supported, 
then a\x° is an integrable (i.e. L^) n-form on the n-manifold X°, even though 
a\x° will not be compactly-supported if suppa fl X°^p is not compact. 

Thus, if X is oriented, so that X° is oriented, then q;|v:° exists in R, as 
the integral of an integrable n-form on an oriented n-manifold. We write 

/ a := a\x° G K. 

Jx Jx° 

This is a definition of a, motivated by supposing X\X° has ‘measure zero’. 

(f) (Pushforwards.) Let f : X ^ Y he a cooriented submersion in Man'’ 

with Y G Man, and dimX = m, dimF = n with m ^ n. Suppose a G il^{X) 
ior k ^ m — n with /topisuppa : suppa —)• Ttop proper. Then there is a natural 
pushforward f^,{a) G which is characterized by the property that 

if 17 C F is open and oriented, and t] G ^”’'“^([7) with suppr? compact, then 


[ 7 A/*(a)= [ f*{r])Aa, (3.12) 

Ju Jf-Hu) 

where f~^{U) C 7f is an open submanifold with orientation determined by 
combining the coorientation on : f~^(U) -A U and the orientation on 

U, and r] A /*(a), /*(??) A a are both compactly-supported as suppry is compact 
and /topisuppa : suppa ->• Ftop is proper. 

(g) (Stokes’ Theorem.) Suppose X G Man'’ is oriented with dimTf = n, and 
a G r2"“^(X) is compactly-supported. This implies that dX is oriented with 
dim 577 = n—1, and (a) G n" ^{dX), da G 12^(X) are compactly-supported, 
as supp[i3f (a)] C (supp a) and supp da C supp a by (c). Then 




ix(a). 


Assumption [3^21] holds for all of ExamDle l3.20f al-('e'). Note that Assumption 
13.211 implies Assumption 13 .1 7f nl. since if (77, ox) is a compact oriented object 
in Man” with dim 77 = 1 then 


^ oox(x') = [ lox = [ i*xi^x) = [ dlx = [ 
JdX JdX Jx 7v 


x'6(aX)t„p 


= / 0 = 0 . 

lx 


Let f : X ^ Y and a € 71^(77) be as in Assumption 13. 2ir fL Then one can 
show using Assumption 13. 2ir fLlgl that 


d(/*(a)) = /*(da) -b (-1) 


dim X — k 


if oix)*ii*xioi)). 
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3.5 Assumptions for the extension to orbifolds 

Section mni discussed orbifolds, and defined a category Orbeff of effective orb¬ 
ifolds in which we will work. In il5.3l we will extend the M-(co)homology theories 
MH^,(Y; R), MH*(Y] R),..., of iHl- il5.2l from manifolds F to ef¬ 

fective orbifolds. To do this, we now state assumptions on a category Orb^jj- 
of ‘effective orbifolds with corners’, which is to replace the category Man'’ of 
‘manifolds with corners’ in Assumptions 13.1 2143 .181 and 13.211 Note that we want 
Orbgjj to be a category, not a 2-category. It should contain the category Orbeff 
of il2.9.11 just as Man'’ should contain Man, and have ‘submersions’ and ‘trans¬ 
verse fibre products’ generalizing those in Orbeff discussed in H2.9.2I 

Assumption 3.22. (a) In Assumption l3.12f al. in place of the category Man'’, 
we are given a category Orb^jf. Objects X in Orb^fj- will be called effective 
orbifolds with corners (although they may in examples not be orbifolds, but 
some kind of singular space), and morphisms / : A —>■ F in Orb^jj will be called 
smooth maps (although they may in examples be non-smooth). Isomorphisms 
in Orbgjj. will be called diffeomorphisms. 

Throughout Assumptions 13.12113.181 and 13.211 we replace Man” by Orb”jj- 
and ‘manifolds’ (with boundary or corners) by ‘effective orbifolds’ (with bound¬ 
ary or corners). The rest of Assumptions 13.12113.141 extend to orbifolds with 
only trivial changes. 

(b) In Assumption l3.15l al. the category of effective orbifolds Orbeff from il2.9.1l 
is included as a full subcategory Orbeff C Orb”^,. 

In Assumption 13.ISf bl. for each object X € Orb”jj. there is a natural open 
suborbifold X° ^ X called the interior of X, with X° G Orbeff C 

Throughout Assumptions I3.15H3.151 and 13.211 objects X G Man should be 
replaced by objects X G Orbeff. 

As in Assumption 13.15l el , we require that if A € Orb”jj with dim A = 0 
then A G Orbeff. But a 0-dimensional effective orbifold is a manifold, so 
A e Man C Orbeff C OrKff, and Atop is a set with the discrete topology. 

The rest of Assumption 13.151 extends to orbifolds with only trivial changes. 

(c) Assumption 13 .1 6l extends to orbifolds with only trivial changes, but as this 
is surprising, we discuss it anyway. 

In Assumption 13.16l al , if / : A —>■ F is a morphism in Orbeff then / is a 
submersion in Orb”jj. if and only if it is a submersion in Orbeff, in the sense of 
Definition 12.471 

In Assumption l3.l61 cl. we are given a notion of when morphisms g : X —>■ Z, 
h : Y —>■ Z in Orb”ff with Z G Orbeff C Orb”ff are transverse. 

We require that if g, h are transverse then a fibre product IF = A F 

exists in Orb”jj. in the sense of category theory, with dim IF = dim A -|- dim F — 
dim Z, in a Cartesian square (EZD. 

The functor : 6rb”fj —!> Top should take such transverse fibre prod- 

ucts in Orbgjj. to fibre products in Top, so that (13. 8p holds. 
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In Assumption I3.16f d'). if X,Y,Z G Orbgff C Orb^jj- then transversality of 
g, h in Orbgff should be as for Orbgff in Definition 12.471 and the fibre product 
X Xg z hY in Orbgjj should lie in Orbgff C Orbgff, and be as in Theorem l2.48l 
Now, much of this may be worrying to those familiar with fibre products of 
orbifolds. With the natural definition of transverse morphisms of orbifolds: 

• In any ordinary category of orbifolds Orb, some transverse fibre products 
X Xg^z,hY cannot exist, in the sense of category theory. 

• To make all transverse fibre products exist, we have to work in a 2-category 
of orbifolds Drb, with fibre products in the 2-category sense. 

• The (2-)functor : Drb Top does not take some transverse fibre 

products in Drb to fibre products in Top. 

The explanation, as in ^2.9.21 is that we do not use the natural definition 
of transverse morphisms of effective orbifolds. Instead we use more restrictive 
notions of submersions and transverse morphisms in Definition 12.471 including 
extra conditions on actions of morphisms on orbifold groups. Such restricted 
transverse fibre products do exist in the ordinary category Orbgff, and map to 
fibre products in Top. In Orb^jj, we should include the same extra conditions 
in the definitions of submersions and transverse morphisms. 

Just within Orbgff, the notions of submersions and transverse morphisms 
in Definition 12.471 do satisfy Assumption 13.161 so there is no contradiction. 

(d) Assumption 13.171 extends to orbifolds with only trivial changes. 

For Assumption 13.17T nl. we note as in (b) that a 0-dimensional effective 
orbifold is a manifold, so dX is a manifold, and (13.111) does not need to be 
modified to take orbifold groups into account, as one might guess. 

(e) Assumption [3T8] extends to orbifolds with only trivial changes, interpreting 
Hausdorff measure in orbifolds in the obvious way. 

(f) Assumption 13 .21 1 extends to orbifolds with only trivial changes, provided we 
interpret ‘exterior forms on orbifolds’ and ‘integration over orbifolds’ correctly. 

To make these interpretations clear, consider a global quotient orbifold 
X = [D/G], for V a manifold and G a finite group acting effectively on V by 
diffeomorphisms. Then in the usual way we have Ic-forms D^(14) = C°°{A'^T*V) 
on V for A: = 0,1,... and exterior derivative d : 11^(14) —?> D^+^(14). 

The action of G on 14 induces a linear action of G on D^(14) by pullbacks. 
The projection tt : 14 —>• A = [14/G] induces a pullback morphism tt* : D^(A) —>■ 
D^(14), which is an isomorphism 

TT* : n'^{X)^n'^{V f 

with the K-vector subspace 12^(14)*^ C 12^(14) of G-invariant fc-forms on 14. So 
we can identify fc-forms on A = [14/G] with G-invariant fc-forms on 14. 

Suppose dim 14 = dim A = m, and 14 has a G-invariant orientation, which 
descends to an orientation on A = [14/G]. Let w be a compactly-supported 
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m-form on X, so that 7r*(a;) is a G-invariant m-form on V. Then integration 
over X = \V/G] may be defined by 



To summarize Assumption 13.221 in Assumptions I3.12H3.1^ and 13.211 we re¬ 
place ‘manifolds’ by ‘effective orbifolds’ throughout, replace Man by the cat¬ 
egory Orbeff in H2.9.11 and use the definitions of submersions and transverse 
morphisms in Orbeff in ^2.9.21 and no other important changes are necessary. 

Example 3.23. As in Remark I2.45r dl. by combining Definition 12.251 for the 
category Orbeff of effective orbifolds, and Definitions I3.1H3.2I for the category 
Man"” of manifolds with corners, we may define a category Orb^jj of effective 
orbifolds with corners^ which satisfies Assumption 13.221 

More generally, to each of the categories Man'’, Marig^, Man^g, Man®'’, 
Man^, Man^ of ‘manifolds with corners’ in Example 13.201 satisfying Assump¬ 
tions ISHSHSTH] and [3211 there is a corresponding category of ‘effective orbifolds 
with corners’ Orbljjj, Orb^ff g^, Orbeff Orbf^, Orb^H- ^, Orb^fj ^t ^, which 
satisfies Assumption 13.221 

Remark 3.24. (a) Any category Orbgjj which satisfies Assumption 13.221 also 
satisfies Assumptions 13.12143.181 and 13.211 Isetting Man'’ = Orbgjj-), since all 
the claims in Assumption 13.221 about Orbeff r Orb-ff can be restricted to 
Man C Orbeff C Orbgjj, where they become equivalent to Assumptions 13.121 - 
13.181 and l3.21l Thus, we can use the categories in Example 13.231 as the starting 
point for (co)homology theories of manifolds, as in 0 and 115.11 - ^5.21 

(b) In Remark I2.45f cl we discussed more sophisticated, and better behaved, 
definitions of (2-) categories of orbifolds than our Orbeff. There is little written 
on orbifolds with boundary or with corners; the only foundational work the au¬ 
thor knows is [HI §1.12, §8.5-§8.9], which uses the G°°-stack setting. However, 
several of the approaches to orbifolds discussed in Remark D.dfil cl extend au¬ 
tomatically to orbifolds with boundary or corners, including those of Moerdijk 
and Pronk [6711681(72] and the author [45l §4.5]. 

If we define a (2-)category of (effective) orbifolds with corners Orb'’ in this 
way, it will not satisfy Assumption 13.221 because the (l-)morphisms / : A —5> T 
in Orb'’ will be continuous maps plus extra data, but Orbgjj- in Assumption l3.22l 
is required to contain Orbeff, in which morphisms are continuous maps without 
extra data. However, any such (2-)category should admit a truncation functor, 
forgetting the extra data, to a category Orbgjj satisfying Assumption 13.221 

4 Integral M-homology and M-cohomology 

We now define and study our main new (co)homology theories of a smooth 
manifold Y and a commutative ring R\ M-homology MH^:{Y ; i?), M-cohomology 
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MH*(Y',R), compactly-supported M-cohomology MH*g{Y',R), and locally finite 
M-homology MH^^iY ; R). Here the M- is short for ‘Manifold’, as the (co)chains 
[V, n, s, t] used to dehne the (co)homology theories involve a ‘manifold with 
corners’ V in Man*’ with ‘smooth maps’ s : V ^ M" and t : V ^ Y. 

Throughout we take Man*’ to be a category of ‘manifolds with corners’ sat¬ 
isfying Assumptions 13.l2113.18l of ^3.31 We can choose Man'’ to be conventional 
manifolds with corners Man'’ in 113.11 but there are also other possibilities in¬ 
volving singular manifolds and non-smooth maps. 

In ^ we will describe several variations on these, including rational M- 
homology MH’^(Y',R) and rational M-cohomology MHq{Y\ R), which require 
i? to be a Q-algebra, but have slightly better properties at the (co) chain level 
(e.g. the cup product is supercommutative on MCq{Y; R)). When we wish 
to distinguish the theories of this section from these others we will call them 
integral M-homology and integral M-cohomology, since they work for ii = Z. 

Most proofs are postponed to 

4.1 M-homology Mil* (F; i?) 

For the whole of IjH fix a commutative ring R, and a category Man'’ satisfying 
Assumptions l3. 12113.181 of il3.3l For simplicity, objects X in Man'’ will be called 
manifolds with corners (although they may in examples not be manifolds, but 
some kind of singular space), and morphisms / : A —>■ T in Man” will be called 
smooth maps (although they may in examples be non-smooth). We use the 
notation of >13.31 throughout. 

When we say that H is a manifold (rather than a manifold with corners), 
we mean an ordinary smooth manifold without boundary. When we say that 
/ : Yi —>■ F is a smooth map of manifolds (rather than of manifolds with corners, 
or just a smooth map), we mean an ordinary smooth map of smooth manifolds 
without boundary. Since Man C Man” is a full subcategory as in Assumption 
13.151 such Y and / : Fi ^ F are also objects and morphisms in Man”. 

Definition 4.1. Let H be a manifold. Consider quadruples {V,n,s,t), where 
V is an oriented manifold with corners (i.e. a pair {V,ov) with V an object in 
Man” and oy an orientation on V, usually left implicit), and n = 0,1,..., and 
s \V ^ R." is a smooth map (morphism in Man”) which is proper over an open 
neighbourhood of 0 in R." (i.e. the continuous map s : H —>■ R” is proper near 
0 in R"), and t : F —)• T is a smooth map (morphism in Man”). 

Define an equivalence relation ^ on such quadruples by (V,n,s,t) ~ (F', 
n',s',t') if n = n', and there exists an orientation-preserving diffeomorphism 
/ : F —>■ F' with s = s' o f and t = t' o f. Write [F, n, s, t] for the ^-equivalence 
class of {V,n,s,t). We call [V,n,s,t] a generator. 

For each /c G Z, define the M-chains MCk{Y\R) to be the i?-module gener¬ 
ated by such [F, n, s, t] with dim F = n-\- k, subject to the relations: 

(i) For each generator [F, n, s, t] and each i = 0,... ,n we have 

[F n, s, t] = (—1)"'“*[F X R, n-I-1, s',t o TTy] inMCk{Y-,R), (4.1) 
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where writing s = (si,..., s„) : V —> K.” with : y ^ R for j = 1,..., n 
and TTv : y x R —>■ y, ttr : y x R —)• R for the projections, then 

s' = (Sl O TTy, . . . , Si O TTyjTTR, Si+1 O TTy, . . . , S„ O TTy) : y X R -5- R"'''"^ 

and y X R has the product orientation from Assumption Id.iyf fi of the 
given orientation on V and the standard orientation on R. 

(ii) Let / be a finite indexing set, Ui G R ior i € J, and [Vi,n, Si,ti], i G I he 
generators for MCk{Y; R), all with the same n. Suppose there exists an 
open neighbourhood X of 0 in R", such that Si : y —^ R" is proper over 
X for alH € /, and the following condition holds: 

(*) Suppose (x, y) G X X Y, such that for all i € / and v G Vi with 
{si,ti){v) = (x,y), we have that v G V° and 

n{s,,U) : nv° T,X © TyY 

is injective, noting that {si,ti)\v° : y° —>■ AT x F is a smooth map of 
(ordinary) manifolds. This implies that {si,ti)\v° is an embedding 
near v G V°. Hence : y —>■ X x F is injective near each 

V in {si,ti)~^{x,y), so {si,ti)~^{x,y) has the discrete topology, and 
thus is finite as Si is proper over X. Note too that V° is an oriented 
manifold by Assumption Id.lTf il with dimy° = n + k, so TyV° is 
an oriented vector space of dimension n + k. We require that for all 
oriented (n + fc)-planes P C T^X © TyY = R" © TyY^ we have 


vGV°:isi,ti)iv)^{x,y), Tvisi,ti)[TvV°]^P 
T-a{si, ti) : T-uV° P is orientation-preserving 


H a. 

ti) : Tv'^i P is orientation-reversing 


in R. 


(4.2) 


Then 

[y,n, = 0 inMCk{Y;R). 

iei 

Define 9 : MCk{Y; R) MCk-i{Y ; R) to be the unique ii-linear map with 

d\V, n, s, t] = [c^y n,so iy, toiy]^ (4.3) 

for all generators [V,n,s,t], where the orientation on dV is induced from that 
of y as in Assumption 13 .1 7r hl. We show this is well defined in Proposition 14.31 
For any generator [y n, s, t] in MCk{Y-R) we have 

d o d[V,n, s,t] = [9^y, n,s o iy o igy, toiyo idy\. 

Apply (ii) with [d‘^V,n, soiyoiQy ^toiyoiQy] in place of [y,n, Si,ti]. As¬ 

sumptions [3lT4l(c) and l3.17T il give an orientation-reversing diffeomorphism ay : 
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d'^V with ay = ids^y. In (14.2L each contribution to the top line from v" 
in d^V with Ty [(s, t)oiy o igy] orientation-preserving, is exactly matched by a 
contribution to the bottom line from ay(v") in d^V with T„^(^yii^[[s^t)oiyoiQy] 
orientation-reversing. Thus (*) holds for [d‘^V,n, soiy oigy ^toiy oigy]^ so that 
(ii) gives d o d\V, n, s, t] = 0. 

Hence dod = 0 : MCk(Y ; R) —>■ MCk- 2 {Y ; R) for all k, and {^MC^fiY ; R),d) 
is a chain complex. Define the M-homology groups (or integral M-homology 
groups) MH^,{Y]R) to be the homology of this chain complex. That is, for 
fc G Z we define i?-modules 


^ Ker(9 : MC^iY-R) MC^yjY-R)) 
’ ’ lur{d-.MCk+i{Y-R)^MCk{Y-R)) 


(4.4) 


If Y is compact and oriented with dimT = m, define the fundamental cycle 
[y] = [y, 0, 0,idY] € MCm(Y; R). Here V = Y has the given orientation, and 
s = 0 : y —>■ is proper as Y is compact. We have d\Y] = 0 as dY = 0, so 
passing to homology gives the fundamental class [[y]] G MHm{Y]R). 

Remark 4.2. If the base ring R has characteristic 2, that is, 1 -I- I = 0 in i?, 
then we can omit orientations ov on V in generators [V, n, s, t] in Definition 14.II 
and allow V to be unoriented. We must impose an extra condition on Man'^, an 
unoriented version of Assumption 13.17r nb saying that if A G Man'^ is compact 
with dim A = 1, then the number of points in dX is zero modulo 2. 

Similarly, if R has characteristic 2 then we can omit orientations and coori¬ 
entations throughout i]4l though we will not mention this again. 

The next proposition will be proved in H7.ll 

Proposition 4.3. d : MCkiY] R) MCk-i{Y- R) above is well defined. 

Remark 4.4. The most nontrivial part of Definition 14.11 is relation (ii), and 
readers are advised to study it carefully before proceeding further. 

Two easy consequences of (ii) are that if [H, n, s, t] is a generator then 


[-V,n,s,t] = -[V,n,s,t], 


(4.5) 


where —V is V with the opposite orientation, and if [Vi, n, si, H], [V 2 ,n, 32 ,^ 2 ] 
are generators with the same n then 


[Vi MV2,n,si Us2,ti Ut2] = [Vi,n, si,ti] -|- [14, n, S 2 , < 2 ]- (4.6) 

We prove these using (ii) with 

(|4.5p and [14 H 14, si H S 2 , H H t 2 ] — [14, n, si, 4] — [V 2 ,n, S2,4] for (14.61) . 

Lemma 4.5. For any manifold Y we have MCk{Y] R) = 0 for k > dimT, so 
that MHkfY ; i?) = 0 for k > dimT. 

Proof. Suppose [Vi,n,Si,ti] G MCk{Y\ R) for k > dimT. Then condi¬ 

tion {*) in Definition H.lI iif is trivial, as there are no (n-l-fc)-planes P C ]R"0Tyy 
since dimP = n -I- fc > n -I- dimA = dim(]R" © TyY). Thus Definition H.ll ii'l 
gives Y.1^1 [foj, n, Si, U] = 0, and MCk{Y-,R) = 0 . □ 
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Definition 4.6. Let / : Yi —5> I 2 be a smooth map of manifolds. Define the 
pushforward /, : MCk{Yi \ R) MCk{Y 2 \R) for k € Z to be the unique R- 
linear map defined on generators [V, n, s, t] of MCkiYi^R) by 

f^[V,n,s,t] = [V,n,s,fot]. (4.7) 

Again, to show /* is well-defined, we must show that it maps relations (i),(ii) 
in MCkiYi.R) to relations (i),(ii) in MCk{Y 2 ]R). For (i) this is obvious. For 
(ii), suppose = 0 in MCk{Yi] R) by relation (ii) using open 

0 € X C K". Then equation (14.21) for Si,/ o ti] in MCkiY 2 ]R) 

for allowed (a:, 1 / 2 ) in A x >2 and P 2 an oriented n -I- fc-plane in T^X © Ty^Y 2 
follows by summing (14.21) for n, Si, ti\ in MCk{Yi; R) over all allowed 

{x,yi) G X xYi with /(j/i) = y 2 and all oriented n +/c-planes Pi in T^X (BTy^Yi 
with T(^^ y^j(idx x f)[Pi\ = F 2 , where only finitely many terms in the sum can be 
nonzero. This proves (*) for J2iei the same 0 G X C R", 

so (ii) gives Oj n, Si, / o tj] = 0 in MCk{Y 2 \R). Therefore /* takes 
relation (ii) to relation (ii), and is well-defined. 

Equations (14.31) . (14.71) give f^,od = dof^ : MCk{Yi\R) -G MCk-i{Y2\R). 
So the /* induce pushforwards /* : MHk{Yi; R) -G MP[k{Y2] R) on homology. 

li g Y 2 ^ Y^ is another smooth map of manifolds then {g o /)* = 5 * o /*, 
on both M-chains MC^^iYp, R) and M-homology MH^,(Yi; R). Also (idy)* is the 
identity on both M-chains MC^^iY] R) and M-homology MH^,{Y ; R). 

The next theorem is proved in (17.21 

Theorem 4.7. Let Y be a manifold and R a commutative ring. Then: 

(a) Suppose T C U C Y are open, and write i : T ^ U for the inclusion. 
Then i* : MCk(T; R) —>• MCk{U\ R) is injective for all fc G Z. 

(b) Suppose T,U CY are open sets. Write i : T DU ^ T, i' : T DU ^ U, 
j : T ^ T U U, j' : U ^ T U U for the inclusions. Then for all k G'L the 
following sequence is exact: 

0 ^ MCk{Tr^U- R) MCkiTUU-, R) 0. (4.8) 

(c) Suppose Ui C U 2 Q ■ • ■ Q Y are open with U = Pa- Then we have 

an isomorphism with the direct limit for all fc G Z 

MCkiU;R)^\i^^^,MCkiUa;R), 

compatible with the pushforwards (ia)* ■ MCk{Ua', R) MCk(U; R) and 
{ia,b)* ■ MCk(Ua]R) -t MCk{Ub-,R), where ia : Ua ^ U and ia,b ■ Ua ^ 
Ub are the inclusions for a^b. 

Write XlC kiY ; R)(U) = MCk{U; R) for open U CY and /c G Z, and define 
aru ■ MC k(Y : R)(T) —>• MC k(Y ; R)(U) for open T CU CY by aru = i*, for 
i : T ^ U the inclusion. Then in the notation of (12.51 functoriality of A in 
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Definition 14.61 implies that MC kiY\R) is a precosheaf of R-modules on Y, and 
(b).(c) that M.C h(Y ; R) is a cosheaf, and (a) that MC k(Y ; R) is flabby. 

Define d{U) : MC hiY : R)(U) —> AiC h-i (Y : R)(U) for open U C Y by 
d{U) = d : MCkiU;R) MCk-i{Y;R). Since d o U =uod: MCk{T;R) 
MCk-i{U; R) for open T G U C Y this defines a morphism of cosheaves 
d : MCkiY; R) MCk-i{Y-, R), with dod = 0 : MCDY-.R) MCk--,{Y-.R). 
So A4C ,(Y ; R) = [ MC AY ■.R).d) is a complex of flabby cosheaves on Y. 

If f is a flabby cosheaf on Y, U C F is open, and a G SiU), Definition 
12.331 defined the support suppa, a compact subset of U. As MC kfY : R) is a 
flabby cosheaf, this defines suppa for all a G MCkiY; R) = MC kfY : R)(Y). 
Let \y,n,s,t\ be a generator of MCk{Y-,R). Then s“^(0) is compact in V as 
s : F —>• R" is proper near 0 G M", so t[s“^(0)] is a compact subset of F. If t/ is 
any open neighbourhood of t[s“^(0)] in F with inclusion i : U ^ Y then using 
Definition [331 ii) and (14.71) we see that 

[V,n,s,t] = [t“^(f7),n,s|t-i([/),t|t-i([/)] = u[t~'^{U),n,s\t-l(u),t\t-^iu)]■ 

^lence Definition 12.331 implies that 

supp[F, n, s,t] C t[s“^(0)] C F. (4.9) 

Definition 4.8. Let F be a manifold, Z C F be open, and i : Z ^ Y the inclu¬ 
sion. Define the relative M-chains MCkfY, Z-, R) = MCk{Y■, R)/i,ti^MCk{Z-, Rf) 
for fc G Z, and write : MCkfY-, R) —>• MCkfY, Z-, R) for the projection. 
Then d : MCk{Y-,R) -G MCk-i{Y; R) descends to d : MCkfY, Z-, R) -G 
MCk-ifY, Z-, R) as A o 9 = i9 o A, with 9 o 9 = 0. Define the relative M- 
homology groups (or relative integral M-homology groups) MH^^fY, Z; R) to be 
the homology of this chain complex, as in Axiom ISTT ab 

By Theorem 14.Tf al we have a short exact sequence of chain complexes 

0^(MC4Z-,R),d) {MC„{Y-,R),d) ^ {MC^Y, Z-, R),d) ^ 0. 

In the usual way [69l Lem. 24.1] this induces a long exact sequence 

■ • ■ ^ MHk{Z-, R) X MHkiY; R) ^ MHkiY, Z; R) ^ MHk-i{Z-, R) ^ , 

which defines the connecting morphisms 9 : MHkfY, Z; R) — > M Hk-i{Z-, R) as 
in Axiom lOT bl . and proves Axiom I^TT iiL 

Let / : Fi —>• F 2 be a smooth map of manifolds, and Zi C Fi, Z 2 C F 2 
be open with f{Zi) C Z 2 ; for short we will say that / : (Fi, Z 2 ) —>• (F 2 , Z 2 ) is 
smooth. Then we have a commutative diagram of chain complexes 

0 ^ (MC* (Zi; i?), 9) ^ {MC, (Fi; A), 9) ^ (MC^Fi, Zi; i?), 9) ^ 0 

|(/lzi)* |/. j/. 

0^{MC,{Z2-,R),d) ^ {MCffY2-,R),d) ^ (MC 4 F 2 , Z 2 ; i?), 9) ^ 0, 
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inducing /* : MCk{Yi,Zi;R) ^ MCk{Y-2, Z^-R) and /, : MHk{Yi,Zr,R) ^ 
MHk{Y2, Z2]R), as in Axiom [^?lT ci. and a commutative diagram 


■ MHkiZi-,R)^ MHk(Yi-R)^ MHt (Fi, Zi; A) ^ MHk-i{Zi ; R) ■ 


1 

(il). 

1 

Oi). 


® 1 


(il). 

/•i 

, 02). 

i/. 

a i 


■ MHk{Z2\R) MHk{Y2-,R) MHk{Y2, Z2-, R) MH^_i{Z2-,R) ■ 


by [5H1 Th. 24.2], proving Axiom [^TlT iiii. 

If g : (4^2, ^ 2 ) —t (YsfZ^) is another smooth map then {g o f)^ = g^o 
on MC^iXi] R) implies that {g o /), = g^ o on MCt,{Yi, Zi\R), and hence on 
MHt,{Yi, Zi\R). Also (idv)» = id on MC^:{Y ; R) implies that (idv), is the iden¬ 
tity on MCt:{Y, Z-,R), and hence on MH^{Y,Z-,R). This proves Axiom l^dT ii. 

Our goal is to show that M-homology R) satisfies Axiom ETTl so 

that it is canonically isomorphic to ordinary homology of manifolds by The¬ 
orem [131 So far we have defined all the data in Axiom I^TIT al-l'c'). and ver¬ 
ified Axiom llTji)-(iii). The next proposition, proved in 117.31 gives Axiom 
Hrjiv), the homotopy axiom. The main idea is to define i?-module morphisms 
G : MCk{Yi,Zi-R) MCk+i(Y 2 ,Z 2 ; R) for fc e Z by 

G : [V,n,s,t] 1 —)■ (-l)‘^™'^[y x [0,1], n, s o Try, g o (t x id[o,i])], 

and show that G is a chain homotopy between /*,/' : (MG*(yi, Zi; A), 9) —>■ 
{MG4YuZr,R),d). 

Proposition 4.9. Suppose Yi,h 2 are manifolds, Zi Q Yi, Z 2 G Y 2 are open, 
and g : Yi X [0,1] Y 2 is a smooth map in Man^^ with g{Zi x [0,1]) C Z 2 . 
Define /,/' : Yi ^ Y 2 by f{y) = g{y,t)) and f'{y) = g{y, 1) for y € Yi. Then 
/,=/': MHk{Yi,Zi-R) ^ MHk{Y 2 ,Z 2 ; R) for all keZ. 

Putting T = Z and U = Y\ S' in Theorem I4.7f bl and using MCk{Y, Z] R) = 
MGkiY] R)/i^,{MGk{Z; R)), we deduce Axiom I^TT v'). the excision axiom: 

Proposition 4.10. Suppose Y is a manifold, Z C Y is open, and S C Z is 
closed in Y. Then : MCk(Y\S, Z\S] R) ^ MCk{Y, Z] R) is an isomorphism 
for all fc € Z, with j : Y\S ^ Y the inclusion. Hence : MHk(Y\S, Z\S] R) 
—^ MHk{Y,Z\R) is also an isomorphism for all fc € Z. 

We prove Axiom I2.1f vil , the additivity axiom: 

Lemma 4.11. Suppose Y is a manifold with Y = Oae^ ^ ® countable 

indexing set and each Ya open and closed in Y. Let Z G Y be open, and set 
Za = Z nYa- Then for all k ^ 0 we have canonical isomorphisms 

MCk{Y;R)^ 0 MGk{Ya-,R), MGk{Y,Z-,R)^ 0 MGk{Ya, Z^, R), (4.10) 

a^A a^A 

compatible with the morphisms (ia)* ■ MCkfYa, R) —J- MGklY] R) for a € A 
induced by the inclusions ia ■ Ya ^ Y. Hence we also have 

MHk{Y, Z; i?) ^ 0 MHk{Ya, Y,; R), (4.11) 

aeA 

compatible with {ia)* '■ MHk{Ya, Za', R) —>• MHkiY, Z; R) for a G A. 
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Proof. Let [V, n, s, t] be a generator of MCkiY\R). Then s : —)• R" is proper 
over an open neighbourhood X of 0 in K". Choose O&X'cKcXc K", with 
X' open and K compact, and set V = s“^(X), and s' = s|y/, t' = t|y/. Then 
Dehnition id.ir iii implies that [F, n, s,t] = [C', n, s', t']. Also V C s~^{K) C V, 
where s~^{K) is compact as K is and s is proper over X D K. 

Now t|s-i(if) : s~^{K) —>• F = Ya can map to only finitely many Ya, as 

s~^{K) is compact and t is continuous. Hence s' : V ^ Y — La maps to 

only finitely many Ya, as V C s~^{K). Thus we may decompose V' = U^g^ Vf, 
where H C A is finite and s'{V^) C Yl, C F. By (14.61) we now have 

[V,n,s,t] = [V',n,s',t'] = Ebgs s'lv^ > 

where [F^', n, s'|y^', t'|yj € {ib)*{MCk(Yb-, R)). 

Thus the natural map 0(jg^ MCkiYa, R) —>■ MCk{Y; R) is surjective, since 
this holds for every generator. It is also injective, as the relations in MCk{Y; R) 
can all be written as finite sums of relations in MCkiYa', R) by a similar argu¬ 
ment. This proves the first isomorphism of (14.101) . The second follows by taking 
quotients, and then taking cohomology yields (j4.11l) . □ 

Axiom I^TT viil. the dimension axiom, is the next theorem, proved in il7.4l It 
is crucial to our programme, and the proof is quite complex. 

Theorem 4.12. IFe have MHk{*', R) = 0 for all Q ^ k & 1. There is a 
canonical isomorphism MHq{*; R) ~ R identifying the fundamental class [[*]] S 
MHo{*;R) with 1 G R. 

We have now proved all of Axiom [^?T] for M-homology. So Theorem l2.3l gives: 

Theorem 4.13. M-homology is a homology theory of manifolds. There are 
canonical isomorphisms MHkiY ; R) = HkiY ; R), MHkfY, Z;R) = Hk{Y, Z\ R) 
for all Y,Z,k, preserving the data f*,d and isomorphisms MHo{*;R) = R = 
Ho{*',R), where il*(—;i?) is any other homology theory of manifolds over R, 
such as singular homology Hl'{—\R). 

Remark 4.14. (Change of base ring R.) Suppose R,R' are commutative 
rings, and p : R ^ R' a ring morphism. Then there are natural p-linear mor- 
phisms p* : MCk{Y; R) -G- MCkfY; R') mapping 

P* • [Lji rii, Si, tj] I ^ [Li, ni. Si, ti\. 

These commute with differentials d and pushforwards /*, and so induce mor- 
phisms p* : MHk{Y ; R) —?> MHkfY; R'). By the natural extension of Theorem 
12.31 to change of base ring as in [T6], under the isomorphisms MHkfY; R) = 
Hk{Y; R), MHkiY; R') ^ Hk{Y; R') from Theorem HTill these p* : MHkiY; R) 
-G MHkiY; R') correspond to the usual morphisms p, : HkiY; R) ^ HkfY; R') 
from change of base ring in homology. 

In the same way, though we will not mention it again, throughout 2] there 
are canonical morphisms p* for change of base ring p : R ^ R', which commute 
with all available structures, and are identified with the usual change of base 
ring morphisms under the isomorphisms MH^iY; R) = H^{Y; R),.... 


91 








For smooth singular homology ; R) in Example l2.51 we can realize the 

isomorphisms ; R) = MHkiY ; R) from a morphism of chain complexes. 

Example 4.15. Let E be a smooth manifold, and let i?), 9) be as in 

Example 12.51 so that C^^{Y ; R) is the free i?-module spanned by smooth maps 
cr : Afc —>■ F in Man"^. By Assumption l3.15l cVCL such a are also morphisms 
in Man^^. Define : Cl^\Y;R) —>■ MCk{Y; R) to be the unique i?-linear 
morphism acting on generators a by 

:a^[Ak,0,0,a], (4.12) 

so that V = A/c, n = 0, s = 0 : V —and t = a : V ^Y. This is well-defined 
as there are no relations in ; R). We have 

d°F^^{cr) = [(9Afe,0,0,croiA*,] =J2j^oi-iy[Ak-uO,0,aoi^^oF^] 

= ° o F^) = F^y o da, (4.13) 

usine (14.31) and (14.121) in the first step, the decomposition dAi. = 11^ =o9j^k 
and diffeomorphism Fj : Afc_i —> djAk for j = 0,... ,k multiplying orientations 
by (—1)-^ from Example 12.41 and (I4.5I1 - (I4.6I) in the second, (14.121) in the third 
and (1^ in the fourth. As this holds for all generators a of {Y;R), we 
have d o o d : Cf(Y;R) MCk-i(Y]R). Thus F^^ induces 

morphisms F^^ : Hf{Y; R) MHkiY; R). 

Comparing il3.1l and above we see that F^^ commutes with pushforwards 
u : Cf{Yi;R) ^ CrH> 2 ;i?) and /* : MCfe(Fi;i?) ^ MCkiY 2 ;R). For open 
Z C Y, applying this to the inclusion i : Z ^ Y, we see that the F^^ : 
CfiY; R) MCkiY; R) descend to F^^ : CfiY, Z; R) MCk{Y, Z; R) with 
d o ^ ^Mh Q induce F^^ : HfiY, Z; R) MHkiY, Z; R). 

These F^^ commute with /* : (Yi, Zi; i?) ^ C'^^iY 2 , Z 2 ; R) and /* : 

MCkiYi,Zi;R) —>• MCkiY 2 ,Z 2 ;R), and so passing to homology, the mor¬ 
phisms F^y : H^^iY, Z;R) —>• MHkiY, Z;R) commute with pushforwards 
U : HfiYi,Zr,R) ^ HfiY2,Z2;R), h : MHkiYi, Zi;R) ^ MHkiY2, Z 2 ; R), 
and with d : HfiY,Z;R) W^}_yZ;R), d : MHkiY, Z;R) MHk-iiZ;R). 
Since the chosen isomorphisms iLg®‘(=i=; i?) = R, MHQi*; R) = R both identify 
[[*]] with 1 e A, we see that F^F Hq^*; R) MH^i*; R) is compatible with 
the isomorphisms iLg®‘(*; R) = R = MHoi*; R). 

Thus by the last part of Theorem 12.31 the morphisms F^^ : iY',R) —^ 

MHkiY; R) and F^F ■_ iL^®‘(F, Z;R) MHkiY, Z;R), defined above via mor¬ 
phisms of chain complexes, are the canonical isomorphisms from Theorem 14. 131 

Remark 4.16. Suppose that F is a compact, oriented manifold of dimension 
TO. Then as in Remark 12.2! fl we have a fundamental class [[F]] € H^{Y;R). 
As in Example [53] we may define this explicitly in smooth singular homology by 
choosing a triangulation of F into finitely many smooth m-simplices ai : Am 
Y for i € I, and setting = 1 if ai is orientation-preserving, and = — 1 
otherwise. Then J2iei ^ iY;R) and [[F]] = [E.e/e. S 
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Definition 14.11 defined [y] = [y, 0, Ojidy] £ MCm{Y', R)- We have 

m - FT (E.6/ e. ^0 = r. 0, 0, idv] - E.e/ e* [A,n, 0, 0, aj ^ 

= [y,0,0,idy]-E,6/[f^*(A™),0,0,id,.(A„)]=0, 

using (14.121) in the first step, that ai : Am —>■ (Ji{Am) is a diffeomorphism multi¬ 
plying orientations by in the second, and Definition id.lf iil in the third. Hence 
m = in MCm(Y-R), so [[y]] = F,r([[y]]) in MHm{Y;R). 

This proves that the fundamental class [[y]] £ MHmiY\R) is identified 
with the usual fundamental class [[y]] £ Hm(Y;R) by the canonical isomor¬ 
phism MHm(Y ; R) = HmiY ; R) of Theorem 14. 131 Note too that although the 
chain £ Fm{Y;R) representing [[y]] G iJ^®‘(y;i?) involves an arbi¬ 

trary choice of triangulation, [y] is the unique cycle in MCm{Y ; R) representing 
[[y]] G MHm{Y ; i?), as MCm+i{Y ; i?) = 0 by Lemma 1131 

We can also do the same for cosheaf smooth singular homology Ht^^UYiR) 
in Example!^ 

Example 4.17. We continue in the situation of Example 14.151 Now Example 
12.61 defined barycentric subdivision morphisms B : Cf^{Y;R) Cl^^{Y;R) for 
fc = 0, 1 ,... by the formula (1^ . We claim that 

° B ■■ Cf{Y; R) MCu{Y- R). 


To see this, note that if tr is a generator of C'|®‘(y;i?), so that a : Ak ^ Y 
is a smooth map in Man'^, then B{a) = ° bI) is the result of 

triangulating the fc-simplex Ak into {k + 1)! smaller simplices Bl{Ak) C Ak for 
j = I,... ,{k + 1)!, and restricting a to each B^Ak). We have 


Fi^^ia) - = [Afe, 0, 0, a] - ^ 

= [Afc,0,0,a] -ESiV^’K(Afc),0,0,a| 


i [Afc,0,0,CToH^] 

B^(Afc)] = 0’ 


where the second step uses that Bl : Ak -£ Bl{Ak) is a diffeomorphism which 
multiplies orientations by ej ., and the third uses relation Definition I4.11 iil. 

Example 12.361 defined the cosheaf smooth singular chains (7^®' {Y;R), as the 
direct limit of C^®' (Y ; R) (Y ; R) .... Equation (14.161) and properties 

of direct limits imply that there is a unique morphism : C^®* {Y;R) -£ 

MCk(Y;R) such that o H^ = F^^ : Cf{Y-,R) -£ MCk{Y-R) for all 
j = 0,1,..., where IIj are the morphisms in (I2.36P from the direct limit. 

Since d o F^^ = F^^ o d : C'^®'(y; R) —>• MCk-iiY ; R) and do B = B o d : 
Cl^^{Y;R) -£ R), properties of direct limits imply that d o eN** = 

EgN*' o d : C^^'(Y; R) -£ MCk-i{Y ; R). Therefore we have induced morphisms 
F^^ : iL^®‘(y;i?) —>■ MF[k(Y; R) on homology. As F^^ o Hj = F^^, where 
both Hj and F^^ induce isomorphisms on homology by Examples 12.61 and 14.151 
these F^^ : Hl^'(Y ; R) -£ MHk{Y ; R) are isomorphisms. 
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If / : Fi — >^2 is a smooth map of manifolds then as both : Cl^'{Ya; R) —>■ 
MCk(Ya; R) and Ilj : Cl^^(Ya;R) Cl^^{Ya;R) commute with pushforwards 
/„ we have /* o ° f* ■ CfiYi;R) ^ MCkiY^^R). Thus the 

isomorphisms : H^^^iYa'^R) MHkiYa]R) preserve pushforwards /*. 

Example 12.361 defined a flabby cosheaf (Y ; R) of i?-modules on Y with 

for open U C Y. Theorem 14.71 defined a flabby 
cosheaf MC hiY : R) of i?-modules on Y with MC h(Y : R)(U) = MCk{U]R) for 
open U CY. Define : Cf{Y;R) ^ MCu{Y\R) by F^>{U) = F^> : 
Cl^'{U] R) MCk{U; R) for all open U CY. This is a morphism of cosheaves 
because F^^ oi^ = i^o ; i?) —>■ MCk{U]R) for open V CU CY, 

where i : V ^ U is the inclusion. We now have a diagram of cosheaves on Y 

• • • — R) CfiY; R) tkt.iY; R) • • • 

|t“J' |T“‘’ (4-15) 

• • • ^ MCk+i{Y; R) MCk{Y; R) MCk-iiY; R) ^ , 


where the rows are complexes, which commutes because d o F^Y = o 

d : Cl^'{U-,R) —>■ MCk-i{U; R) for [/ CY open. Note that on the top row 
; i?) = 0 for fc < 0, but on the bottom row MC hiY ; i?) = 0 if A: > dimT. 

4.2 M-cohomology Mif* (y; i?) 

We now discuss M-cohomology MF[*{Y-,R), the dual cohomology theory to 
M-homology in M.ll As in homology is compactly-supported, but coho¬ 
mology is not (though compactly-supported cohomology is). Because of this, 
in M-cochains MC*{Y; R) we need to allow infinite sums [YiMi: Si,ti] 

satisfying a local finiteness condition over Y. 

As specifying and working with the relations on such infinite sums would be 
complicated, we proceed in two stages. First we define spaces VMC^iY ; R) by 
generators and relations, using only finite sums. We show U i—>■ 'PMC^{U\R) 
for open U C Y forms a strong presheaf VMC^iY^R) on Y. Then we de¬ 
fine MC^{Y-,R) to be the sheafification of VMC^{Y-,R), and MC^{Y;R) = 
MC^{Y\R){Y) to be its global sections. By sheaf theory, the required locally 
finite sums make sense in MC^{Y ; R). 

Definition 4.18. Let T be a manifold, of dimension m. Consider quadruples 
{V,n,s,t), where E is a manifold with corners (object in Man'^), and n € N, 
and s : V ^ K" is a smooth map (morphism in Man*^), and t : V T is a 
cooriented submersion (i.e. a pair {t,Ct) of a submersion t : E —>■ T in Man'^ 
and a coorientation ct for t, usually left implicit), such that (s, t) : V ^ R" x Y 
is proper over an open neighbourhood of {0} x E in R" x Y. 

Define an equivalence relation ~ on such quadruples by (E, n, s, t) ^ {V, n', 
s' ,t') if n = n' , and there exists a diffeomorphism / : E —>■ E' with s = s' o f 
and t = t' o f such that the coorientations satisfy Ct = Ct' o cf, where c/ is the 
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natural coorientation on / from Assumption l3.17T ei. Write [V,n,s,t] for the 
^-equivalence class of (y,n,s,t). We call [V,n,s,t] a generator. 

For each k € Z, define the M-precochains VMC^(Y ; R) to be the i?-module 
generated by such [V, n, s, t] with with dim V + k = m + n, subject to the 
relations: 

(i) For each generator [V, n, s, t] and each i = 0,... ,n we have 

[y, n, s,t] = (—X R, n-I-1, o TTy] in VM{Y; R), (4.16) 

where writing s = (si,..., s„) : y ^ R" with Sj : V ^ R for j = 1,..., n 
and TTy : y x R ^ y, ttr : y x R R for the projections, then 

s' = (si o TTy, . . . , Si o TTyjTTK, S^+l O TTy, . . . , S„ O TTy) : y X R -)■ R”+\ 


and toTTy has coorientation CtoTw = Ctoc^,^, where Ct is the given coorienta¬ 
tion on t : y Y, and is the coorientation on Try : y xR ^ y induced 
by the standard orientation on R, as in Assumption 13.17f dl.if 1.Ikl. 

(ii) Let / be a finite indexing set, Oi G i? for i G /, and [y,n, Si,ti], t G / be 
generators for VMC^iY ; ii), all with the same n. Suppose there exists an 
open neighbourhood A of {0}xy inR”xy, such that (si, ti) : yi —j-R^xF 
is proper over X for all i G I, and the following condition holds: 

{*) Suppose {x,y)GX, such that for all zGi and vGVi with {si,ti){v) = 
(x, y), we have that v gV° and 

T„(si, U) : T,V° T,R" © TyY 

is injective. This implies that (si, ti)\v.° is an embedding near v G V°. 
Hence (si, ti) : 1^ —)• R” x F is injective near each v in (si, ti)~^{x, y), 
so {si,ti)~^{x, y) has the discrete topology, and thus is finite as {si,ti) 
is proper over X. Note too that TyV° is a vector space of dimension 
m + n — k and df|„ : TyV° TyY is cooriented, since t|y° : y,° ^ y 
is a cooriented smooth map of manifolds by Assumption 13 .1 Th 1. We 
require that for all (m + n — fc)-planes P C TcR" © TyY with itt^y '■ 
P TyY cooriented, we have 


H a, 

iG/, :{si,ti){v)^{x,y), T^{si,ti)[T.^V°]^P 

Tv{si,ti) : TvV° P is coorientation-preserving 


H a, 

iGl, v^V°:{si,ti){v)^{x,y), T^{si,ti)[T^V°]^P 
Pv{si,ti) : TvV° P is coorientation-reversing 


in R. 


(4.17) 


Then 

J2a^[V,,n,s„U]=0 in VMC'^{Y-R). 

iGl 
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As in Remark we see that if [V,n,s,t] is a generator in VMC^{Y; R) 
and ct is the given coorientation for t, we have 

[V, n, s, {t, -Ct)] = - [V, n, s, {t, ct)] , (4.18) 

and if [Vi, n, si, ti], [V 2 ,n, 52 ,^ 2 ] are generators in VMC^iY] R) then 

[Vi nR 2 ,n, Si ns 2 ,ti nt 2 ] = [Ri,n,si,ti] + [V 2 ,n,S 2 ,t 2 ]. (4.19) 

We define differentials, identities, and pullbacks on the VMC^(Y\R). 

Definition 4.19. For each manifold Y and fc G Z, let d : 'PMC'^{Y; R) —>■ 
VMC'^^^{Y; R) be the unique i?-linear map with 

d[V,n,s,t] = [dV,n, s o iy^t o iv], (4.20) 

for all generators [V, n,s,t], where the coorientation ontoiy is Ctoiv = Ct° Ciy, 
for Ct the given coorientation on t, and Ciy the coorientation for iy : dV V 
from Assumption 13. 1 Ti hl. We show that d is well-defined by an almost identical 
proof to that of Proposition 14.31 in il7.ll the differences being in the properness 
conditions, and in using coorientations rather than orientations. We show that 
d o d = 0 as for d in Definition 01 

Define the identity precocycle Idy = [P, 0, 0, idy] in VMC^{Y;R). Here 
t = idy : Y ^ Y has the coorientation from Assumption l3.17T el. and (s,t) : 
F —>■ K.° X F is proper. We have didy = 0 as dY = 0. 

Suppose / : Fi —>• F 2 is a smooth map of manifolds. For each fc G Z, define 
the pullback f* : 'PMC^{Y 2 ] R) —S' VMC^{Yi; R) to be the unique i?-module 
morphism acting on generators [V, n, s, t] of (F 2 ; R) by 

f*[V,n,s,t] = [V',n,s',t'] := [F Xt^y^ j Fy n, s o Try, TTyJ , (4.21) 

where V = V Xt,Y 2 j is the fibre product in Man"^, which exists by Assump- 
tion l3.16l c'l as F 2 is a manifold and t a submersion, with projections Try : F' —>■ F 
and ttyi : F' —>■ Fi. Here t' = Try^ : F' —>• Fi is a submersion by Assumption 
I3.16r c'l , and has a coorientation cy determined by the given coorientation ct on 
t : F —>■ F 2 by Assumption 13.171 11 . Proposition 14.201 shows /* is well-defined. 

From (14.201) and (14.211) we see that /* o d = d o /* : VMC^{Y 2 ',R) —>■ 
VMC*^^^{Yi\R). As F 2 Xidy^.Ya./ we see that /*(Idy 2 ) = Idy^. 

If 5 : F 2 —F 3 is another smooth map of manifolds then as 


(F Vg p Y 2 ) ^ ^1; 

we see from (IFTTIi that (5 o f)* = f* o g* : VMC’^{Yr,R) VMC’^(Yi;R). 
Also idy is the identity. Thus, pullbacks /* are contravariantly functorial. 

The next proposition is proved in 47.51 

Proposition 4.20. /* : 'PMC^{Y 2 \R) —>■ VMC^iYyR) above is well-defined. 
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The following proposition is proved in N7.6I The proof is similar to that of 
Theorem lO in ^ 

Proposition 4.21. Let Y he a manifold and R a commutative ring. Then: 

(a) Suppose T,U CY are open sets. Write i : T CiU ^ T, i' : T CiU ^ U, 
j : T ^ T U U, j' : U ^ T U U for the inclusions. Then for all k the 
following sequence is exact: 

0 ^ VMCHTUU; TMC^iTnU; R). (4.22) 

(b) Suppose K <Z Y is closed, U is an open neighbourhood of K in Y, and 

a G VMC^fU] R). Then there exists an open neighbourhood U' of K in U 
and an element f3 G VMC^{Y\R) with i*{a) = where i : U' ^ U 

and j : U' ^ Y are the inclusions. 


Definition 4.22. Let T be a manifold and fc G Z. For all open U Q Y 
define VMC^{Y ■, R){U) = VMC^{U;R), and for all open U' C U C Y define 
puw ■■ VMC\Y;R){U) VMC\Y-R){U') by puu> = i* ■ VMC^{U-R) 
VMC^{U';R), with i : U' ^ U the inclusion. Functoriality of pullbacks /* 
in Definition 14.191 implies that VMC^{Y-,R) is a presheaf of i?-modules on Y. 
Proposition I4.21i al then means that 'P^AC^{Y\R) is a strong presheaf, and 
Proposition 14.2ir bl that VMC^{Y',R) is soft, and hence c-soft, in the sense of 
Definitions 12.301 and 12.381 

Write M.C^{Y-,R) for the sheafification of VA4C^{Y;R). Then Theorem 
I2.39f fl says that MC'^{Y]R) is a c-soft sheaf of i?-modules on Y, and hence 
a soft sheaf of i?-modules, since c-soft sheaves on manifolds are soft. De¬ 
fine the i?-module of (integral) M-cochains MC^{Y;R) to be MC'^fY; R) = 
MC^(Y; R)(Y), the global sections of MC^{Y; R). Since VA4C'^(Y;R)\u = 
VMC^(U]R) for open U CY,we have MC^{Y ;R)\u = R), and hence 

the sheaf MC^iY; R) has MC^(Y; R){U) = MC'^{U- R) for all open U CY. 

As AiC^(Y;R) is the sheafification of the strong presheaf VAiC^ (Y; R), 
Theorem 12.391 applies. So Theorem 12.39r el gives a canonical isomorphism 


MC’^(Y-,R) ^ 


^m 


U : U Q Y open, U is compact 


VMC^iU-,R), 


(4.23) 


where the right hand side is the inverse limit of VMC^(U]R) over all open 
U CY with closure U compact in Y. Such U are partially ordered by inclusion, 
and \iU' CU CY are open with U, U' compact and i : U' ^ U is the inclusion 
then Definition 14.191 defines i* : VMC^(U\ R) —>• VMC^(U'-,R), which we use 
to define the inverse limit. 

Write n : VMC^{Y-,R) — >■ MC^{Y-,R) for the natural projection coming 
from sheafification. We will use the same notation for elements of VMC^{Y ; R), 
such as generators [V, n, s, t], and for their images under 11 in MC'^(F; i?). So we 
have the identity cocycle Idv G MC^(Y; R), the image of Idv G VMC^iY ; R). 
Applying 11 shows that equations (I4.18I1 - (I4.19I1 hold in MC^lY-,R). 
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If V is compact then U = Y is allowed in (14.231) . and 11 : VMC^{Y ; R) —>■ 
MC^{Y; R) is an isomorphism. 

Define d(t/) : VMC’^ {Y■ R){U) VMC’^+\Y; R){U) for open U Q Y 

by d(U) = d : VMC^{U-R) VMC^+^{U-R). If [/' C [/ C r are open 
and i : U' ^ U is the inclusion then Definition 14.191 gives d o i* = o d : 
VMC^{U;R) VMC'^+^{U'-R). Hence d : PMC^{Y;R) VMC’‘+\Y;R) 
is a morphism of presheaves, with d o d = 0, and under sheafification descends 
to a morphism of sheaves d : MC^(Y ; R) —)> MC^^^iY ; R) with dod = 0. Thus 
MC*{Y ; R) = (^MC*{Y ; R), d) is a complex of soft sheaves of i?-modules on Y. 

Define d : MC^{Y-,R) —>• MC^'^^{Y',R) to be the induced action d = d(y) 
on global sections. The differentials d on VMC*(Y] R), MC*{Y\ R) commute 
with projections H : VMC^{Y\ R) MC^{Y\R). Thus d on generators 
\V,n,s,t] G MC^{Y\R) is again given by (14.201) . Define the M-cohomology 
groups (or integral M-cohomology groups) MH*{Y; R) to be the cohomology of 
the cochain complex i?), d). That is, for k define i?-modules 

^ Ker{d-.MC'^{Y;R)^MC>^+HY;R)) 

^ ’ lin{d: MC’^-^(Y;R) ^ MC’^iY-R)) ' 

As didy = 0 in VMC^{Y\R), we have didy = 0 in MC^(Y; R), so Idy in 
MC^{Y;R) defines an identity cohomology class [Idy] G MH^{Y\R). 

Let / : Yi —)• F 2 be a smooth map of manifolds. Then as in 112.51 we 
have a pushforward presheaf /*((PA4C^(Yi; i?)) with f^{J^MC^{Yi\R)){U 2 ) = 
VMC^{Yi]R){Ui) = VMC’^{Ui-,R) for open U 2 C Y 2 with Ui = /"^(C/s) C Yy 
Define a presheaf morphism /jj : 'PA4C^ (Y 2 ; R) —> /* ('PAIC^ (Yi; i?)) on Y 2 by 

h{U2) = f\h, : VMC\Y2;R){U2) = VMC\U2-.R) 

^ MVMC^iYi;R)){U2) =PMC>^{Ui;R). 

Sheafifying induces a morphism /j : A4C^(Y2;i?) —>■ /*(AIC^(Yi; i?)) on Y 2 , 
where f 4 MC'^{Yi-R)){U 2 ) = MC'^{Yi-R){Ui) = MC>^{Ui-R) for Ui = f-^{U 2 ), 
so in particular /,(A4C^(Yi; i?))(Y 2 ) = MC^{Yi; R). 

Define the pullback f* : MC^\y 2 ',R) —> MC^{Yi-,R) to be the induced 
morphism /* = /tj(Y 2 ) on global sections. Then 

/* o n = n o /* : VMC^{Y2]R) MC’^{Yi;R), 

so /* on generators [Y, n, s,t] G MC^(Y 2 \R) is again given by (14.211) . 

Since f~^ is left adjoint to /*, as in (12.201) /j corresponds to a morphism 

/# : /-1(MC"(Y2; R)) MC'=(Yi; i?) (4.25) 

of sheaves on Yi, such that the following commutes 


VMC'^{U2\R) 

VMC^{Ui;R) 


n 

n 


MC^{U2]R) 


project from 
direct limit 


MC'^{Ui]R)= fHui) 
MC'=(Yi;i?)(C/i)" 


{Vf-\MC'^{Y2;R)))iUi) 

sheafify 

- f-\MC\Y2-,R))){Ur), 
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for all open Ui C Yi, U 2 C Y 2 with f{Ui) C U 2 , where Vf~^{M.C'^{Y 2 ;R)){Ui) 
is defined as the direct limit of such MC^{U 2 ',R) in Definition 12.251 

If i ^ is an inclusion of open sets and a € MC^{U;R), we will often 
write a\u' for i*{a) G MC^{U'\R). 

As f\lj^ o d = d o : VMC^{U 2 -,R) ^ VMC'^+^{Ui-R) by Definition 
Km we deduce that f* od = do f* : MC'^(Y 2 ;R) MC'^+^(Yi; R). Hence 

/* : (^MC*{Y 2 ; R),d) —>■ [MC*(Yi; R), d) is a morphism of cochain complexes, 
and induces pullbacks /* : MH^{Y 2 ]R) —>■ MH^{Yi] R) on M-cohomology. 

Since pullbacks f* in Definition 14.191 are contravariantly functorial on M- 
precochains 'PMC’^{Ui]R), we deduce that pullbacks f* are contravariantly 
functorial on both M-cochains MC^{Yi] R) and M-cohomology MH^(Yi\R). 

Remark 4.23. (a) Let \V,n,s,t] be a generator of MC^{Y; R). Regard¬ 
ing it as a global section of MC^{Y\R), Definition 12.261 defines the support 
supp[y, n, s, t], a closed subset of Y. Now s“^(0) is closed in V, so t[s“^(0)] is 
a closed subset of Y as (s, t) is proper near {0} x Y. As for (14.9|) we see that 

supp[H, n, s, t] C t[s“^(0)] C Y. (4.26) 

(b) Consider formal sums ?T-i) Si,ti] in MC^{Y; R), where I is a pos¬ 

sibly infinite indexing set, Oi £ R and [I^, rii, Si,ti] is a generator of MC^{Y; R) 
for i £ I. We call such a sum locally finite if any y £Y has an open neighbour¬ 
hood U such that supp[Hi, n^, Si, tj] fl 17 7 ^ 0 for only finitely many i £ I. By 
(I4.26|) . this holds if fl 17 7 ^ 0 for only finitely many i £ I. This in turn 

holds provided u ie/ ( 0 ) —>■ y is proper. 

By properties of sheaves, if [Vi,ni, Sifii] is locally finite then there 

exists a unique element a of MC^{Y; R) with 

a\u = E^^Ia^[V,,n,,Si,U]\u in i?) (4.27) 

for all open U £Y for which supp[I7 )''t-z) ti] C\U % for only finitely many 
i £ I, so that the sum in (14.271) makes sense as there are only finitely many 
nonzero terms. We will write ai[Vi,ni, Si,ti] = a in MC^{Y; R). As 
manifolds are second countable, only countably many terms in a locally finite 
sum can be nonzero, so we can suppose / is countable. 

Using the ideas used to prove Proposition 14. 21 t bl. one can show that every 
a £ MC'^{Y; R) can be written as a locally finite sum [14, Si, U], and 

we can even take the [14, Uj, Si, U] to be compactly-supported. So an alternative 
way to define MC^{Y\ R) would be as the quotient of the i?-module of locally 
finite sums [Vi,ni, Sifii] by some (rather complicated) relations based 

on Definition I4.18l il.fiib 

Here is the analogue of Lemma 14.51 proved in the same way. 

Lemma 4.24. For any manifold Y we have VMC^{Y;R) = MC^fY; R) = 0 
for k < 0, so that MH^{Y; R) = 0 for k < 0. 
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Definition 4.25. Let F be a manifold, Z C Y open, and i : Z ^ Y the 
inclusion. Define the relative M-cochains MC^{Y,Z\R) for fc G Z by 

MC7'=(y, Z; R) = MC^{Y- R) © MC’^-\Z-, R), 

as in (|2.12l) . and define d : MC^{Y,Z\R) MC^'^^{Y,Z]R) by d(a,/3) = 
(da,r(a) - d/3). Then d o d = 0 : MC^{Y,Z-,R) MC’^+^iY, Z; R), since 

doi* = Tod : MC^{Y-R) MC'^+'^{Z-R), and {MC*{Y, Z-R),d) is a 
cochain complex over i?, the cocone of the morphism i* : [MC*{Y\R),d) —>■ 
(MC'*(Z; i?), d). Define the relative M-cohomology MH^{Y^ Z\ R) to be the 
cohomology group of (MC*{Y, Z;R),d), as in Axiom [^TTT ah 
We have a short exact sequence of cochain complexes 

0^ {MC*-^{Z;R),-d) i {MC*{Y,Z;R),d)C {MC* {Y; R),d) ^ 0, (4.28) 

where d : MC^~^{Z; R) —>■ MC^{Y,Z]R) maps d : /3 i->- (0,/3) and j* : 
MC^iY, Z;R) MC^{Y\R) maps j* : (a, /3) a. Thus in the usual way [69l 
Lem. 24.1] we get a long exact sequence in cohomology 

-^ R) MH’^IY, Z; R) ^ MH’^{Y; R) MH’^{Z- R) ^ , 

where explicit calculation shows the connecting morphisms are pullbacks i* : 
MH^{Y\R) —5> MH^{Z\R) from Definition 14.221 This defines the morphisms 
d: MH^{Z-,R) ^ MH^^^{Y,Z\R) in Axiom Em bL and proves Axiom [^TTT iil. 

Let / : Yi —!> F 2 be a smooth map of manifolds, and Zi C Z 2 C 
F 2 be open with /(Zi) C Z 2 ; for short we will say that / : (yi,Z 2 ) —>■ 
(r 2 ,Z 2 ) is smooth. Define f* : MC>^{Y 2 , Z 2 ] R) MC^{Yi,Zi-R) for k G 
Z by r(a,/3) = (r(a),/lk(/3)), using f* ■ MCHY 2 ;R) ^ MC^Yi^R) 
and : MC^~^{Z 2 ]R) —>■ MC^~^{Zi; R) from Definition 14.221 Functo- 
riality of pullbacks and compatibility with d in Definition 14.221 implies that 
do/* = /* o d : MC^{Y 2 ,Z 2 ',R) —>■ MC^^^{Yi, Zi\ R), so these f* induce 
morphisms /* : MH'^{Y 2 , Z 2 ] R) —t MH^(Yi, Zi\R) on cohomology, as in Ax¬ 
iom o: c). These /* are contravariantly functorial on MC^{Yi, Zi\R) and on 
MH^(Yi, Zi] R), since they are on MC^lYi, R), proving Axiom l^TTl il. Note that 
j* in (|4.28p is pullback by j = id^^ : (F, 0) —>■ (F, Z), as in Axiom l^lTl iiL 
We have a commutative diagram of chain complexes 

0^ (MC*-i(Z2;i?),-d) ^ (MC*(F2,Z2;i?),d) ^ (MC*(F2; i?), d) ^ 0 

\r I Jr 

0^ {MC*-\Zi;R),-d) ^ (A/C*(Fi,Zi;i?),d) ^ {MC*{Yi, R),d) ^ 0, 

which in the usual way [691 Th. 24.2] induces a commutative diagram 

- ^ MH'‘-\Z2;R)MH'‘{Y2,Z2-,R)MH’‘{Y2-,R)MH'={Z2-,R) -- 

l^lzi |/* ^ j/* ^ J-^Izi 

-S- MH^-^{Zi-R) -1 MH'^{Yi,Zv,R)^-^ MH*‘{Yv,R) X MH'^{Zv,R) --, 
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proving Axiom ETTr iii') . 

Our goal is to show that M-cohomology MH*{—; R) satisfies Axiom ETTl so 
that it is canonically isomorphic to ordinary cohomology by Theorem l2.8l So far 
we have defined all the data in Axiom ETW al-f cl. and verified Axiom l^TTr il-liiib 
The next proposition, proved in 117.71 gives Axiom ETTf ivl. the homotopy axiom. 
The main idea is to construct A-module morphisms G : MC’^{Y 2 , Zi, R) —>■ 
MC^~^(Yi, Zi; R) acting on generators by 

G : [V,n,s,t] i— Xt,Y 2 ,g (Yi x [0,1]),n, s o Try,Try, o Try,x[o.i]], 

and show G is a cochain homotopy between /*,/'* : [MG*(Y 2 , Z 2 ; R),d) —>■ 
(MG*(ld,^i;i?),d). 

Proposition 4.26. Suppose Yi,y 2 o,re manifolds, Zi G Yi, Z 2 Q Y 2 are open, 
and g : Yi X [0,1] Y 2 is a smooth map in Man'^ with g{Zi x [0,1]) C Z 2 . 
Define /,/' : Yi ^2 by f{y) = g{y,Q) and f'{y) = g{y,l) for y GYi. Then 
f* = f* : MH'^(Y 2 ,Z 2 -, R) -1 MH^fYi, Zy, R) for all keZ. 

Next we prove Axiom l^rTT vl , the excision axiom. The proof uses only softness 
of the sheaves AiC^ {Y ; R) in Definition 14.221 

Proposition 4.27. Suppose Y is a manifold, Z GY is open, and S G Z is 
closed in Y. Then j* : MH^{Y, Z] R) —>■ MH^(Y \ S, Z \ S; R) is an isomor¬ 
phism for all k G Z, where j : Y \ S ^ Y is the inclusion. 

Proof. To prove j* : MH^iY, Z] R) — 5 > MH^fY \ S, Z \ S; R) is injective, sup¬ 
pose 7 G MH^{Y,Z;R) with j*( 7 ) = 0, and let 7 = [(a,/3)] for (a,/3) in 
MC’‘iY,Z;R), so that a e MC'^{Y-,R), f G MG'^-\Z]R) with 

da = 0 and a\z = df. (4.29) 

Then j*{a, j3) = (a]y\ 5 , P\z\s) is exact in (^MG*{Y \S,Z\S; R),d), so there 
exists (a',/3') G MC^~^{Y \ S, Z \ S; R) with d(a',/3') = that is, 

a' G MC’^-^(Y\S]R) and f G MC'^-'^{Z \ S; R) with 

da'= a]y \5 and oi'\z\s — df = (3\z\s- (4.30) 

As Y \ Z, S are disjoint closed subsets of Y, we may choose an open neigh¬ 
bourhood U oiY\Z in Y with UCiS = 0, since manifolds are normal topological 
spaces. As MC^~^{Z; R) is a soft sheaf by Definition 14.221 and /?' is a section of 
MC^~^(Z; R) over the open set Z \ S' C Z which contains the closed set C7 fl Z, 
there exists /3" G MC^~'^{Z]R) such that for some open neighbourhood V of 
(7 n Z in Z \ S we have f"\v = f'\v, so in particular I3"\ur\z = I3'\unz- 

Now {U,Z} is an open cover of Y, and a'\u G MC^~^{U-,R), f + d/3" G 
MC’^~^{Z]R) satisfy {a'\u)\ur\z = (/?-f d/3")|c/nz in nZ;i?), by 

(|4.30|) and P''\unz = f'lunz. So by the sheaf property of MC^~^iX\R) there 
exists a unique a" G MG^~^{Y ; R) with a"\u = oi'\u and a"\z = 13 + d/3". 
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We have da"\u = da'\u = a\u in MC^{U\R) by (I4.30p and da''\z = d(/3+ 
d/3") = d/3 = a\z in MC^{Z\ R) by (I4.29L so da" = a in MC^{Y-,R) by 
the sheaf property of MC'^{Y;R). Therefore (a",/3") G Z; R) with 

d(a", p") = (a, /3), so 7 = 0, and j* : MH^{Y, Z- R) MH^{Y \S,Z\S;R) 
is injective. A similar proof shows it is surjective. □ 

The next lemma gives Axiom [2Tl)vi), the additivity axiom. The first equa¬ 
tion of (14.311) follows from the sheaf property of AiC^ {Y ; R) in Definition 14.221 
the second equation of (14.311) follows from the first, and this implies (14.321) . 

Lemma 4.28. Suppose Y is a manifold with Y = Ya for A a countable 

indexing set and each Ya open and closed in Y. Let Z G Y be open, and set 
Za = Z nYa- Then for all k ^ 0 we have canonical isomorphisms 

MC\Y-R)^ n MCHYa;R), MC\Y,Z-R)^ Jl MCHYa, Za; R), (4.31) 

a^A a^A 

compatible with the morphisms i* : MC^{Y;R) —^ MC^lYa', R) for a € A 
induced by the inclusions ia ■ Ya ^ Y. Hence we also have 

MH\Y, Z;R)9i H MH^{Ya, Za; R), (4.32) 

aeA 


compatible with i* : MH^{Y, Z; R) -A MH^{Ya, Za', R) for a € A. 

For Axiom [STTT viil . the dimension axiom, observe that when Y is the point 
*, comparing Definitions 14.1114.181 and 14.221 gives canonical isomorphisms 

MCk{*; R) ^ VMC-^{*; R) ^ R), (4.33) 

and these isomorphisms identify d : MCk{*; R) —)• MCk-i{*;R) with d : 
VMC-^{*;R) VMC-’^+^{*;R) with d : MC-^{*;R) -A MC-^+^{*;R). 

Thus we have canonical isomorphisms MHk{*; R) = R) for fc G Z, so 

Axiom I2.7l vii') follows from Theorem 14.121 We have now proved all of Axiom 
\n\ for M-cohomology. So Theorem 12.81 gives: 

Theorem 4.29. M-cohomology is a cohomology theory of manifolds. There are 
canonical isomorphisms MH^{Y;R)'^H^{Y;R), MH^{Y,Z;R)^H^{Y,Z;R) 
for all Y,Z,k, preserving the data f*,d and isomorphisms MH^(*;R) = R = 
H^(*;R), where H*(—;R) is any other cohomology theory of manifolds over R, 
such as singular cohomology H*-^{Y;R) or sheaf cohomology H*(Y, Ry). 

Next we relate M-cohomology to sheaf cohomology in 112.51 

Definition 4.30. Let T be a manifold. Then Example [2/28] defines the constant 
sheaf of //-modules Ry on Y, with RyiU) the //-module of locally constant 
functions s U —J- // for open U GY. Also Definition 14.221 defines a complex 
MC'{Y;R) = (A4C*(Y; R),d) of soft sheaves of //-modules M.C^{Y;R) on Y, 
where AiC^fY ; //) = 0 for fc < 0 by Lemma [4.241 
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We will define a sheaf morphism iy '■ Ry M.C'^{Y\R). For U CY open, 
write U = Ua for the decomposition of U into connected components. 

Then each Ua is open and closed in U, so (14.311) gives 

MC°{Y; R){U) = MC°iU; R) ^ JlaeA MC°iUa; R). (4.34) 

Define an i?-module morphism iy{U) : Ry{U) MC^{Y;R){U) by 

iy{U):s< —EaGA So Wc/,, > (4-35) 

writing s\ua = Sa & R for each a G A, since s is locally constant and Ua is con¬ 
nected, so that Sa Id(7„ G MC°{Ua; R), and J2aeA G riaGA MC°{Ua; R), 

which we identify with A4C^{Y ; R){U) by (14.341) . 

Since Idj/lv = Idy in MC°{V-, R) for open V C U CY, we see that the 
iy{U) : Ry{U) -A MC^{Y; R){U) are compatible with restriction maps puv ■ 
Ry{U) -A Ry{V), Puv ■ MC^ {Y ; R)(U) -a A4C°(T; R)(y), so iy is a morphism 
of sheaves of i?-modules. 

Theorem 4.31. For each manifold Y, the following is an exact sequence of 
sheaves of R-modules on Y : 

0 ^ Ry MC°{Y-R) MC^{Y-R) MC'^{Y-R) ^ ■ . (4.36) 

Hence A4C*{Y;R) = (A4C*(F; i?), d) is a soft resolution of Ry. 

Proof. Equation (14.361) is exact if and only if it is exact on stalks at each y cY, 
and so by Definition 12.221 if and only if 

limd lim d 

0-^ R = Ry,y Ih^ MC° (t/; R) li^ MC^ {U;R) • • • (4.37) 

y ^ U Q Y open y ^ U O Y open 


is exact in i?-modules. As direct limits commute with cohomology, we see that 

( lim d \ 

-^ Ih^ MC*{U;R) > lii§ MC*+\U;R) —*-j 

y G U C Y open y ^ U C Y open 

= li^ MH’‘{U;R). 

y G. U Q Y open 

We may take the limit in (I4.38|) to be over smaller and smaller balls U = 
about y in Y, so that MH°{U; R) ^ R) ^ R and MH’^{U; R) 

= i?) = 0 for fc > 0 by Theorem 14.291 and the last line of (14.381) is 

R when k = 0 and zero for A; > 0. Also iy^y induces a morphism 

(*r,y)* : R = Ry.y —^ lii§ MH°{U; R) ^ R. (4.39) 

y G U O Y open 

By definition of iy we see that (iy,y)* maps 1 i-a- lin^ [/ [Idc/], where [Id[/] G 
MH^(U;R) is identified with 1 G i? under the isomorphism MH^{U;R) = R. 
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Hence (14.391) is an isomorphism. Therefore (14.371) is exact for each y € Y, so 
(I4.36|) is exact, as we have to prove. The last part of the theorem follows from 
Definition 14.221 □ 


The material of )12.5I now gives an alternative proof, via (12.261) , that 

H^{Y]R) ^ H'^{Y;Ry) = {MC*{Y] R), A) = MH^{Y;R). 

If / : Yi —>■ >2 is a smooth map of manifolds, we can form a diagram of 
sheaves of i?-modules on Yi: 

0 ^ rHRv.) f-HMC°{Y2;R)) f-^MC^Y^-, R)) ^ ■ 

-i/« i/« i/« (4.40) 

0- ^Ry, - ’^MC°{YyR) -^— ^MC\Yi-R) —, 

where /** : /“^ (i?^^) —>• Ry^ is the isomorphism defined in ExamDle l2.281 by pull¬ 
back of locally constant functions, and /** : f~^{MC^{Y 2 ;R)) —>■ MC^{Yi]R) 
is as in (14.251) . Then /*(Idy- 2 ) = Idy^ in MC^{Yi]R) and the definitions of 
lYi , ivi, in Definition 14.301 imply that the left hand square of (14.401) commutes, 
and d ood : MC^{U 2 ]R) —>■ MC^^^{Ui-,R) for open Ui C Yi, 
U 2 C Y 2 with f{Ui) C U 2 imply that the remaining squares of (14.401) commute. 

4.3 Compactly-supported M-cohomology MH*^{Y; R) 

Next we define compactly-supported M-cohomology. 

Definition 4.32. Let F be a manifold and fc G Z. Then 1 14.21 defined an R- 
module MC^iY ; R) which is the global sections MC^{Y ; R) = A4C^(Y ; R){Y) 
of a c-soft sheaf of i?-modules MC^{Y]R). Define the compactly-supported 
M-cochains MC^g{Y; R) C MC^{Y\R) to be the i?-submodule of compactly- 
supported global sections of A4C^ (Y;R), as in Definition 12.261 

As in Definition 0221 MC^iY ; R) is the sheafification of the strong presheaf 
VMC^{Y-R). Write VMC^^{Y;R) C VMC'^{Y-R) for the i?-submodule of 
compactly-supported elements in 'PMC^{Y;R), which as in Definition 12.261 
means that VMC^^(Y ; R) is the subset of a G VMC^^lY ; R) such that for some 
compact K CY we have i*{a) = 0 in VMC^iY \K]R), where i :Y \ K ^Y 
is the inclusion. Then Theorem 12. dQf dl says that 

^\vMC^^iY;R) ■■ VMCi{Y- R) MCi{Y- R) (4.41) 

is an isomorphism. This gives an alternative description of MC^^{Y]R) which 
is more explicit, as it does not involve sheafification. 

Note that Lemma 14.241 shows that MC^^(Y ; i?) = 0 for fc < 0. 

Starting with the c-soft sheaf M.C^(Y ; i?), Theorem 12. 34f al defines a flabby 
cosheaf of i?-modules on F, which we will write as M.C ^AY : R). Then by 
definition MC^^{Y ; R) = MC ^AY;R)(Y) is the global sections of MC A(Y ; R), 
and more generally MC ^AY ; R){U) = MC^^{U ; R) for all open U CY. 
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The morphisms d : MC^{Y; R)^MC^^^{Y ; R) from tj4.2l with dod = 0 re¬ 
strict to d : MC^g{Y ; R)^MC^^^{Y ; R) with dod = 0. Hence [MC*g(Y ; R), d) 
is a cochain complex. Define the (integral) compactly-supported M-cohomology 
groups MH*^(Y ; R) to be the cohomology of this cochain complex. 

Write n : MC^^{Y] R) ^ MC^iY\ R) for the inclusion maps. Then do 
n = n o d : MC%(Y;R) —>• MC^^^{Y]R), so they induce morphisms H : 
MH^^{Y]R) —>■ MH^{Y\R) on cohomology, as in Property 12. 13f ab 

If Y is compact then MC^^{Y\R) = MC^(Y-, R), and so MH^^{Y]R) = 
MH'^(Y- R) for all fc G Z, with H : MH^^(Y] R) MH>^{Y-R) the identity. 

Let / : Fi —i> T 2 be a proper smooth map of manifolds, so that M. 2 1 defines 
pullback morphisms /* : MC^{Y 2 \R) MC^{Yi\R). If a G MC^^{Y 2 ]R) C 
MC^{Y 2 ]R) then suppa C Y 2 is compact, so /“^(suppa) C Yi is compact as 
/ is proper. But supp(/*(a)) C (suppa), so f*(a) is compactly-supported 
and lies in MC^^{Yi\R). Write f* : MC^^{Y 2 ] R) —>■ MC^^(Yi; R) for the restric¬ 
tion of/* : MC'^{Y 2 ]R) MC^(Yi-R). Then do/* = f*od: MC^^{Y 2 ]R) 
MC^^^(Yi; R), as this holds for MC*{Yi]R), so the f* induce morphisms 
f* : MH^^{Y 2 ] R) MH^^(Yi;R), as in Property l^liir bL 

Proper pullbacks f* are contrayariantly functorial on MC*^{Yi] R) and on 
MH*^{Yi\R), since pullbacks /* are contrayariantly functorial on MC*(Yi; R). 

If t/ C F is open and i : U ^ F is the inclusion, then as for the mor¬ 
phism auY ■ MC t(Y : R)(U) A4C t(Y : R)(Y) defined in Theorem l2.34l aL 
which is injectiye as A4C ^^(Y : R) is flabby, there is an injectiye pushforward 
: MC^^(U;R) MC^^{Y;R), such that if a G MC^^(U;R) then J*(a) G 

MC^^(Y;R) is the unique element with i^:(a)\u = a and i*(a)|y\suppa = 0. 

We haye do*,, = *„ od : MC^^(U ; R) MC^^^iY ; R), as d : A4C t(Y ; R) —>• 
MC^+HY;R) is a morphism of cosheayes, so the i* induce morphisms i, : 
MH^g(U;R) MH^^{Y;R) on cohomology, as in Property 12. 13l cL 

Pushforwards are coyariantly functorial on MC*^(—; R) and MH*^(—; R). 

Now Theorem 14.311 shows that 0 —?> A4C^(Y ; R) A4C^(Y ; R) ■ is a 
soft resolution of Ry- So by the material of 1 12.51 in particular (12.2711 . we haye 
natural isomorphisms for all A: G Z 

H^^(Y, Ry) ^H’^(--- ^MCl(Y; R) A MClt^ (F; i?) A • • •) 

= MHi(Y;R). 


Theorem 4.33. Compactly-supported M-cohomology is a compactly-supported 
cohomology theory of manifolds. As in (14.421) there are eanonical isomorphisms 
MH^^(Y; R) ~ H^^(Y;R) for all Y,k, preserving the data Il,f*,i* deseribed in 
Provertv \2.13i a)-(c) and the isomorphisms MH^^(*; R) = R^ R), where 

iL/s(—; R) is any other eompaetly-supported cohomology theory of manifolds over 
R, such as compactly-supported singular cohomology Hf^^.fY;R) in Example 
12.151 or compactly-supported sheaf cohomology Hf^(Y, Ry) from 112.51 

Proof. We haye already constructed canonical isomorphisms MH^^fY; R) = 
H^^(Y, Ry) in (14.421) . But compactly-supported cohomology theories are known 
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to be canonically isomorphic on sufficiently nice topological spaces (such as 
manifolds), as in the axiomatic characterizations of Petkova |71| and Skljarenko 
m, for instance. Thus MH^^{—;R) is also canonically isomorphic to other 
compactly-supported cohomology theories on manifolds, such as compactly- 
supported singular cohomology. 

That the isomorphisms (14.421) identify n,i* on MH^^{Y\R)^MH^(Y]R) 
and on H*g{Y, Ry), H*{Y, Ry) is immediate from facts about sheaf cohomol¬ 
ogy. That they identify pullbacks /* follows from (14.401) commuting for proper 
smooth / : Pi —>■ ^ 2 , and properties of sheaf cohomology. That they preserve 
isomorphisms R) = R = i?*) follows from the definition of iy in 

Definition 14. 301 when Y = *. This completes the proof. □ 

Definition 4.34. Let y be a manifold, k € Z, and [V,n,s,t] G MC^(Y; R) be 
a generator of MC'^(Y; R), in the sense of Definitions 14.181 and 14.221 We say 
that [y, n, s, t] is a compact generator if s : P —?■ M" is proper over an open 
neighbourhood of 0 in R". This implies that (s, t) : P —>• R." x F is proper over 
an open neighbourhood of {0} x F in R" x F, as assumed in Definition 14.181 

As s is proper near 0 in R", s“^(0) is compact, so Remark |4.23f al implies 
that supp[V', n, s, t] is compact, and [V, n, s, t]GMC^^(Y ; R)(1MC^{Y ; R). 

The next proposition will be proved in H7.81 using the isomorphism (14.411) . 

Proposition 4.35. Let Y be a manifold and k G Z. Then as an R-module, 
MC^^{Y]R) is generated by compact generators [V,n,s,t], subject only to rela¬ 
tions Deftnition D.lSl il.liil applied to compact generators. 

Thus, we could instead have defined MC^^iY ; R) by generators and relations, 
using compact generators, in a very similar way to MCk{Y; R) in ( 14.11 The 
morphisms d,/*,A in Definition 14.321 can all be written explicitly in terms of 
compact generators. For d : MC^^(Y\R) —>• MC^^^{Y-,R)^ for each compact 
generator [F, n, s, t\ in MC^^{Y ; R) we have 

d[V,n,s,t] = [dV,n, s o iy^t o iv], 

as in (j4.20L where s o iy : dV R" is proper near 0 in R" as s is and iy is 
proper, so [9F, n, s o iy^t o iy] is a compact generator. 

For / : Fl —>• F 2 a proper smooth map, we write /* : MC^^iY 2 ]R) 
MC^^iYyR) for compact generators \V,n,s,t] in MC^^(Y 2 ] R) by 

f*[V,n,s,t] = [V',n,s',t'] := [F Xt,y 2 .f Yi,n, s o iry ,Try^], 

as in (14.211) . Then s' = s o Try : F' —)• R” is proper near 0 in R" as s is, and 
TTy : F' —5> F is proper as / : Fi —>• F 2 is. So [F', n, s', t'] is a compact generator. 

For i : U ^ F an inclusion of open sets in manifolds, we write : 
MC^^{U\R)^MC^^{Y ; R) for compact generators [F, n, s, t] in MC’f^{U ; R) by 

u ■■ [V, n, s, t] = [V, n, s, t], (4.43) 
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regarding t as a cooriented submersion t : V ^ U for [V,n,s,t] € MC^g{U]R), 
but as a cooriented submersion t : —5> F for [V,n,s,t] £ MC^^{Y\R). Note 
that despite its simplicity, equation (14.431) does not make sense for non-compact 
generators [V,n,s,t] in MC^{U]R), even if supp[y, n, s, t] is compact, since 
(s,t) : V —>■ M" X [/ proper does not imply (s,t) : V —)■ M" x V proper, so 
[V, n, s, t] may not be a generator of MC^{Y; R). 

4.4 Locally finite M-homology 

We define locally finite M-homology, in a similar way to M-cohomology in H4.2I 

Definition 4.36. Let F be a manifold. Consider quadruples {V,n,s,t), where 
V is an oriented manifold with corners (i.e. a pair (F, oy) with V an object 
in Man*^ and oy an orientation on V, usually left implicit), and n G N, and 
s : V ^ R", t : V ^ Y are smooth maps (morphisms in Man*^), such that 
(s, t) : F —>■ R" X F is proper over an open neighbourhood of {0} x F in R" x F. 

Define an equivalence relation ^ on such quadruples by (V,n,s,t) ~ (F', 
n',s',t') if n = n', and there exists an orientation-preserving diffeomorphism 
f : V ^ V' with s = s' o f and t = t' o f. Write [F, n, s, t] for the ^-equivalence 
class of {V,n,s,t). We call [F, n, s,t] a generator. For each k £ Z, define the 
locally finite M-prechains VMC]^{Y-,R) to be the i?-module generated by such 
[F, n, s, t] with dim F = n-\- k, subject to the relations: 

(i) For each generator [F, n, s, t] and each j = 0,..., n we have 

[V,n,s,t] = (-1)"-*[F X R,n-t l.s'.toTTy] in VM&^{Y-R), 

where writing s = (si,..., Sn) : F —>• R" with Sj : V ^ R for j = 1,..., n 
and Try : F x R —>• F, ttr : F x R R for the projections, then 

s' = (si o TTy,..., Si o 7ry,7rR, Si+i o TTy,..., s„ o TTy) : F X R —5- 

and F X R has the product orientation from Assumption I3.17f fl of the 
given orientation on F and the standard orientation on R. 

(ii) Let / be a finite indexing set, Oi £ R for i £ /, and [Vi,n, Si,ti], i £ I he 
generators for MCkfY; R), all with the same n. Suppose there exists an 
open neighbourhood Ai of {0}xF inR"xF, such that {si,ti) : F —>■ R”xF 
is proper over X for all i £ I, and the following condition holds: 

(*) Suppose {x,y)£X, such that for all i£l and v£Vi with {si,ti){v) = 
(x, y), we have that v £V° and 

T„(s„ U) : nV° T,R" © TyY 

is injective. This implies that (s^, ti)\yo is an embedding near v £ V°. 
Hence {si,ti) : F —> R" x F is injective near each v in (si, ti)~^{x,y), 
so {si,ti)~^{x, y) has the discrete topology, and thus is finite as {si,ti) 
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is proper over X. Note too that V° is an oriented manifold by As¬ 
sumption with dim V° = n + k, so TyV° is an oriented vector 

space of dimension n + k. We require that for all oriented (n -I- k)- 
planes P C T^X © TyY = R" © TyY, we have 

H a* = 

vGV° :{si,ti){v) = {x,y), T^{si,ti)[T^V°]^P 
Tv{si, ti) : Tv^i P is orientation-preserving 

^ (4.44) 

y Qi in R. 

i€l, vGV°:{si,ti){v) = (x,y), T„(si,ti)[T„y.°]=P 
Ttj{si,ti) : TtjV° P is orientation-reversing 

Then 

= 0 mPMCl^iY-R). 

i€l 

These are the same as Dehnition l4.lf il.fii'). except that they have the properness 
conditions of Dehnition l4.18f il.fii'). 

Dehne d : VMC]^{Y; R) VMpp^iY^R) to be the unique i?-linear mor¬ 
phism satisfying (14.31) on generators [V,n,s,t]. As in Dehnition 14.11 it is well- 
dehned, with dod = 0: VMC]^{Y; R) rMpp^{Y- R). 

Let / : Yi —>■ I 2 be a proper smooth map of manifolds. Dehne /* : 
VMC]^{Yi;R) VMC]^{Y 2 ;R) to be the unique A-linear morphism acting 
on generators [V, n, s, t] by (14.71) . We need / proper so that {s,t) : V —>• R" x Id 
proper near {0} x Yi in R" x Yi implies that (s, / o t) : V —>■ R” x Y 2 is 
proper near {0} x Y 2 in R" x Y 2 . Then f^, is well-dehned as in Dehnition 14.61 
with dof,=f,od: VMPpYi-R) ^ VMpp^iY 2 ;R). 

Let y be a manifold and 17 C y an open set, with i : U ^ Y the inclusion. 
Dehne i* : VMC]^(Y; R) —>• 'PMP^{U\R) to be the unique i?-linear morphism 
acting on generators [V,n,s,t] by 

i* : [V,n,s,t] 1 —^ [V',n,s',t'] := [t~^iU),n,s\t-nu),t\t-^u)]. (4.45) 

Then {s,t) : V —>■ R" x Y proper near {0} x y in R" x Y implies that 
('S|t-i(c/),t|t-i(c/)) : t~^{U) ^ R" X 17 is proper near {0} x 17 in R” x 17, so 
the r.h.s. of (14.451) is a generator of VMC]^{U]R). Clearly i* takes relations 
(i),(ii) in PMC]^{Y;R) to relations (i),(ii) in VMC]!{U; R), so is well-dehned. 
Also doi* = i* od : VMC]^(Y] R) VMPP^{U] R), and ii j : U' ^ U is 
another open inclusion then j* oj* = (ioj)* : PMC]^ (Y; R) VMP^{U']R). 

Remark 4.37. (a) Note the difference between generators in Dehnitions 14.11 
and 14.361 above (s,l) : V —>■ R" x y is proper near {0} x y in R" x Y, but 
Dehnition 14.11 requires the stronger condition that s : V ^ R” is proper near 0 
in R". Thus any generator [V,n,s,t] in MCk(Y\R) in Dehnition 14.11 is also a 
generator of VMC]^{Y ; R) above. 

The only difference between relations Dehnition I4.1f il.fiil and Dehnition 
I4.36f il.fiil is that in Dehnition I4.1f iil equation (14.21) must hold for all suitable 
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{x,y) £ X X Y for open 0 £ X CM”, but in Definition I4.36f ii') equation (14.441) 
must hold for all suitable {x,y) £ X for open {0} x Y C X C R" x Y. Hence 
Definition H.lf ibfiil imply Definition l4.36i ibfiib Thus there is a unique i?-linear 
morphism H : MCk{Y; R) ^ VMC]^{Y ; R) mapping H : [V, n, s, t] [H, n, s, t]. 
These H commute with pushforwards /* for smooth proper / : Yi —>■ ^ 2 - 

Actually, when applied only to generators [H, n, s, t] with s : H ^ R" proper 
near 0 in R" as in Definition 14.11 relations Definition I4.1f iil and I4.36f ii') are 
equivalent, since near s“^(0) the Vi are confined to a compact subset of Y. 

(b) As in Remark 14.41 if [y,n, s,t] is a generator in VMC]^(Y]R) then 


[-V,n,s,t] = -[V,n,s,t], (4.46) 

and if [Vi, n, si, ti], [V 2 , n, S 2 , ^ 2 ] are generators in VMC^^{Y ; R) then 

[Hi nH 2 ,n,si ns 2 ,ti nt 2 ] = [Vi,n,si,ti] + [H 2 ,?t-, 52 ,^ 2 ]- (4.47) 

As in Lemma [4.51 we have VMC]^{Y;R) = 0 for k > dimY. 

Now the dehnition of 'PMC]^{Y ; R) above is similar to that of VMC^{Y ; R) 
in M.21 The use of orientations/coorientations and submersions is different, 
but the other details including submersion conditions and relations (i),(ii) are 
the same. Pullbacks i* for open Inclusions i : U ^ Y also have Identical 
definitions. Because of this, some results and proofs for VMC^{—] R) translate 
immediately to results and proofs for R) with only cosmetic changes. 

In particular, as for Proposition l4.211 and its proof in gm we can show: 

Proposition 4.38. Let Y be a manifold and R a commutative ring. Then: 

(a) Suppose T,U CY are open sets. Write i : T n U ^ T, i' : T Cl U ^ U, 
j : T ^ T U U, j' : U ^ T U U for the inclusions. Then for all k £ Z the 
following sequence is exact: 


0 


VMC]^{TUU-,R) — 


PMC]f{T;R) 

®VMC^^{U;R) ' 


VMC]^{Tr]U-,R). 


(b) Suppose K C Y is closed, U is an open neighbourhood of K in Y, and 
a £ VMC]^(U ; R). Then there exists an open neighbourhood U' of K in U 
and an element (3 £ VMC]^{Y; R) with i*{a) = where i : U' ^ U 

and j -.U' ^Y are the inclusions. 


The next definition follows Definition 14.221 closely. 

Definition 4.39. Let Y be a manifold and k £ Z. For all open U Q Y 
define PMC^^fY; R){U) = PMC]^{U;R), and for all open U' C U C Y define 
puu' ■■ VMCl{Y-R){U) -£ VMCl{Y-R){U') by puv = i* ■ VMC]^{U;R) -£ 
VMC]^(U'; R), with i : U' ^ U the inclusion. Functoriality of pullbacks i* 
in Definition 14.361 implies that PA4C[((Y;i?) is a presheaf of i?-modules on Y. 
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Proposition 14.381' a') then means that VMC^l{Y; R) is a strong presheaf, and 
Proposition I4.38r bi that PA4C*/(F; i?) is soft, and hence c-soft. 

Write A4C*/(F;i?) for the sheafification of 'PA4C^^{Y; R). Then Theorem 
I2.39f fi says that A4C^^{Y;R) is a c-soft sheaf of i?-modules on Y, and hence a 
soft sheaf, since c-soft sheaves on manifolds are soft. Define the i?-module of 
{integral) locally finite M-chains MC]^(Y ; R) by MC]^{Y ; R) = A4C^l(Y; R)(Y), 
the global sections of A4C*/(F;i?). Since VMC^^{Y;R)\u = VMC^^{U] R) for 
open U C F, we have Ad&l{Y\ R)\u = A4C)f (D; i?), and hence the sheaf 
A4Cfc(F; R) has MC'lfY] R){U) = MC]!{U; R) for all open U CY. 

As MC^lfY; R) is the sheafification of the strong presheaf T’AdC*/(F; A), 
Theorem 12.391 applies. So Theorem 12.39l el gives a canonical isomorphism 




U : U Q Y open, U is compact 


rMC]^iU-R), 


(4.48) 


where the right hand side is the inverse limit of VMC]^{U;R) over all open 
U QY with closure U compact in F. Such U are partially ordered by inclusion, 
and if D' C 17 C F are open with U, U' compact and i : U' ^ U is the inclusion 
then Definition 14.361 defines i* : VMC'^^{U-,R) —5> R), which we use 

to define the inverse limit. 

Write n : VMC^^{Y\R) MC^^lY-,R) for the natural projection coming 
from sheafification. We will use the same notation for elements of VMC^^ (Y; R), 
such as generators [V,n,s,t], and for their images under If in MC]^{Y;R). 
Applying 11 shows that equations (I4.46I) - (I4.47I) hold in MC]!{Y;R). 

If F is compact then C7 = F is allowed in (I4.48L and 11 : VMC^^lY^R) —>■ 
MC]!{Y ; R) is an isomorphism. 

The morphisms d : VMC]^(U;R) — >■ VMC]^_^(U; R) in Definition 14.361 for 
open U CY with d o d = 0 induce presheaf morphisms d : VMC^^iY; R) —>■ 
T’A4C*/_i(F ; R) with dod = 0, and under sheafification these descend to sheaf 
morphisms d : A4C)f (F ; R) —>• MC^^_i(Y ; R) with d o d = 0. So AIC^^(F ; R) = 
(AlClf (F ;R),d) is a complex of soft sheaves of i?-modules on F. 

Define d : MC]!{Y ; R) —>• MC'[^_^(F; R) to be the induced action d = d(Y) 
on global sections. Then 11 o 9 = 9 o n : VMC^^iY^R) MC^^_^{Y]R), 
so 9 on generators [F, n, s,t] in MC]^(Y;R) is again given by (14.31) . Define 
the (integral) locally finite M-homology groups MH]f{Y ; R) to be the homology 
of (MCi,f(F;i?),9). 

Write n : MC'fc(F; i?) ^ MC'^^iY ; R) for the composition of 
n : MCk{Y;R) VMC'iiY-R), H : VMC]^{Y-R) MC]^{Y-R). (4.49) 


Then no9 = 9on : MCk{Y-, R) —>• MC]^_-^(Y ;R), so we have induced mor¬ 
phisms n : MHkfY ; R) —> MH^^{Y; R), as in Propertv l2.18l al. If F is compact 
then as above (14.491) are isomorphisms, so 11 : MCk(Y] R) —>■ MC]^(Y]R) and 
n : MHk{Y ; R) —>■ MH'^^fY ; R) are isomorphisms. 

If F is oriented with dimF = m, define the fundamental cycle [F] = 
[F, 0, 0,idv] in MCl^{Y; R). Then 9[F] = 0 as 9F = 0, so taking homology 
gives the fundamental class [[F]] C MHlffY; R). 


no 


























Let / : Fi —>■ F 2 be a proper smooth map of manifolds. As in (I4.24L define 
a presheaf morphism /jj : R)) —> VMC^l{Y 2 ]R) on F 2 by 

h{U 2 ) = U\u.)* ■■ U{vmcI{y,-r)){U 2 ) = vm&^{u^-r) 
rMCl{Y2-,R){U2) = VMC]^{U2-, R) 

for open U 2 Q F 2 with Ui = /“^(C/ 2 ) C Yi. Note that / proper implies that 
f\uj ■■ Ui ^ U 2 is proper, so if\ui)* ■ VMC]^{Ui; R) 'PMC]^{U 2 ;R) is well 
defined. Sheafifying induces /j : f^{MC'l{Yi; R)) AAC^l{Y 2 \R) on F 2 , where 
/47WC"(Fi;i?))(C/2) = 7WClf(Fi;A)(C/i) = MC«(C/i;i?) for Ui = f-\U 2 ), so in 
particular /*(A4Cfc (Yi; i?))(F 2 ) = MC]^(Yi;R). 

Define the pushforward /* : MC]!{Yi\R) —>• MC^^{Y 2 ] R) to be the induced 
morphism /* = /tj(F 2 ) on global sections. Then 

/, o n = n o /* : VM&i{Y^-R) MCI\Y 2 -,R), 

so /, on generators [V,n,s,t] S MC]!{Yi \ R) is again given by (14.7p . 

As in (|2.20|) and (14.251) . /j corresponds to a morphism of sheaves on Yi 

/« : MC^i{Y^■R) f-\MC^i{Y2-,R)). 

Since if\u^)*od = do{f\u,), : rMC]^iUi;R)^VMC]^_,iU 2 ;R) for f72 C 
Y open with Ui = f~^{U 2 ) by Definition 14.361 we see that /*o9 = dof^ : 
MC]^ (Fi; R) ^ ^ (F 2 ; R)■ Thus /* : {MC^J (Fi; A), 5) ^ (MC«(F 2 ;R),d) 

is a morphism of chain complexes, and induces pushforwards /* : M (Yi ; R) —>• 
MH]^{Y 2 ; R) on locally finite M-homology. 

Since pushforwards /* in Definition l4.36l are covariantly functorial, we deduce 
that pushforwards /* are covariantly functorial on both locally finite M-chains 
MC]^(Yi;R) and M-homology MH^^{Yi\R). 

If z : U ^ Y is an inclusion of open sets, write i* : MC]!{Y\R) —>■ 
MC]^(JJ] R) for the restriction map pyu ■ A4C)!(Y; i?)(Y) —> M.C^l(Y] R){U) 
in the sheaf MC'/(Y; R). Then H o i* = i* o H : VMC]^{Y; R) MC]^{U; R), 
so i* acts on generators [V, n, s, t] € MC^^(Y ; R) as in (14.451) . 

When a G MC]!{Y; R), we may write a\u for z*(q!) G MC^^{U\R). As 
d : M.C^l{Y]R) —> M.C^l_i{Y ] R) is a sheaf morphism we have i* o d = do 
i* : MC]!{Y; R) —>• MC]^_^{U; R), so the i* induce contravariantly functorial 
pullbacks i* : MH^^{Y]R) MHj!{U;R), as in Property 12.ISf ci. 

Remark 4.40. (a) Let [V,n,s,t] be a generator of MC^^{Y\R). Regard¬ 
ing it as a global section of AICjf(Y;i?), Definition 12.261 defines the support 
supp[y, n,s,t], a closed subset of Y. As for (14.91) and (14.261) . we see that 

supp[y, n, s, t] C t[s“^(0)] C Y. 

(b) Consider formal sums X^ie/ [Vi,ni,Si, ti] in MC]^(Y ; R), where I is a pos¬ 
sibly infinite indexing set, Oi G R and [Vi,ni, Si,ti] is a generator of MC]^{Y ; R) 
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for i G I. We call such a sum locally finite if any y €Y has an open neighbour¬ 
hood U such that supp[Vi, ni, Si, ti]riU 7 ^ 0 for only finitely many i € I. Then 
as in Remark l4.23f bl there exists a unique element a of MC]!{Y ; R) with 

(^\u = Yji^iO-i \Vi,ni,Sifii\\u in MC]^{U;R) 

for all open U CY with supp[foi, Ui, Si,ti]r\U 7 ^ 0 for only finitely many i G I. 
We will write J2iei Si, ^i] = a in MC'^{Y\R). 

The first part of next proposition is the analogue of Proposition 14.351 and 
can be proved as in fl7.8l with only cosmetic modifications. To see this, note that 
MCk{Y; R) in Hd.ll is the analogue of the module in Proposition 14.351 spanned 
by compact generators [V, n, s, t], subject to relations Definition 14. 18f if. fiii. and 
MC]^{Y-, R)cs is the analogue of R) in il4.3l The second part, the 

analogue of (I4.41L follows from Theorem 12. 39f db since as above MC^l{Y ; R) is 
the sheafification of the strong presheaf VMC^liY ; R). 

Proposition 4.41. Let Y be a manifold and k G "L. Then the morphism 
n : MCkiY] R) —)■ MC]^(Y-,R) above is injective, with image the R-submodule 
MC]!{Y ; R)cs of compactly-supported elements a G MC^^iY ; R). 

Also n : VMC]^(Y;R) —>■ MC]^(Y;R) above restricts to an isomorphism 

n|... : PMCl,f(y;R)cs AMCif(y;i?)cs. 

Thus we can regard MCk{Y; R) as an i?-submodule of MC]f{Y ; R). 
Combining Proposition l4.41l with Theorems 12.341 and 14.71 and Definition l4.39l 
yields the following corollary, where the isomorphism (14.501) follows from (12.321) 
and the definition of relative M-chains MCkfY, Y \ {y}] R) in Definition 14.81 

Corollary 4.42. Let Y be a manifold and k G h. Then the flabby cosheaf 
A4C k(Y ; R) of R-modules on Y in Theorem \4:.7\ and the c-soft sheaf M.C^l{Y ; R) 
of R-modules on Y in Definition 14.391 are canonically related as in Theorem 
The stalks M.C^l{Y',R)y for y GY have canonical isomorphisms 

MCi{Y- R)y ^ MCk{Y, Y\{y}; R) (4.50) 

which identify the stalk morphism dy : A4C^l{Y; R)y — 5> A4C^l_i{Y; R)y with 
d: MCk{Y,Y \{y}-,R) MCk-iiY,Y \ {y}; R) from 

We relate locally finite M-homology MH^fY ; R) at the chain level to locally 
finite smooth singular homology i?) in Example 12.201 and to locally 

finite sheaf smooth singular homology ; R) in Example 12.371 

Example 4.43. Let E be a manifold, and let ;R),d) and ; R) 

be as in Example 12.201 so that elements of R) are locally finite sums 

Pi with Pi G R and cr^ : —>■ E a smooth map in Man^ for i G I. 
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As for the morphisms : Cl^^{Y;R) MCk{Y; R) in Example 14.151 define 
i?-module morphisms ; R) MC^^(Y ; i?) for /c = 0,1,... by 

-^If.’ssi '■Yhi^I Pi'^i ' ^ Yhi^I (4-51) 


The r.h.s. of (14.511) is a locally finite sum in MC]^(Y ; R), and so is well-defined 
as in Remark l4.40f bl. 

The argument of (14.131) shows that d o 
MC]^_,{Y;R). 


If,! 


lf,ssi 

Thus we have induced morphisms 


7— ilf,!Mh /^If ,ssi /TT" 7~)\ 

od:Cu' {y]R) 


''k 

rlf,ssi 


H^^’^^\Y-R) 


MHj^{Y] R) ioi k — 0,1,..., which Theorem 14.451 will show are isomorphisms. 

Suppose / : Fi —>■ F 2 is a proper smooth map of manifolds. Then com¬ 
paring (14.511) with the definitions of pushforwards /* on C]^’^^\Ya; R) in 


and MC]!{Ya; R) above, we see that /* o o f^, :C\ 

"“’"“(Yiii?) 


o/, 


(^ 2 ; R), and thus /. o F^’^^ = o /. 


^lf,Mh 




MH]^iY2-,R). 


Example 4.44. Let T be a manifold. Example 14.171 constructed a commutative 
diagram (14.151) of flabby cosheaves ; R), M.C h{Y ; R) on Y. Applying The¬ 
orem [1311b), (c) gives a corresponding diagram of (c-)soft sheaves of i?-modules 
on Y. By Example 12.371 and Corollary 14.421 the soft sheaves corresponding 
to CTHY : R), MC h(Y ; R) a.ve {Y■, R), MC^liY■, R). Thus the commutative 

diagram of soft sheaves corresponding to (14.151) under Theorem 12.341 is 


■Cl;t{Y-,R) 




^If ,ssi 


I 

X^lf.ssi 

■ MC'l^, (Y;R)^ MC‘i(Y; R) MC^i (Y; R) 


1 


£nlf,Mh 

^lf,ssi 


(4.52) 


writing Ejffor the sheaf morphisms corresponding to F^^ in Example 14.171 
By definition, the global sections over Y of ; R), {Y■, R) are 

&i^’^^\Y-,R),MC]^{Y-,R). Therefore taking global sections in (14.521) gives a 
commutative diagram of i?-modules 



^C]^’^^\Y-,R)- 

-^Cl^’f(Y;R)- 

1 plf.Mh 
lf,ssi 

1 plf,Mh 

X ^ lf,ssi 

1 plf,Mh 
X^ If.ssi 

...^MC]:^,{Y-,R)^ 

^Mcuy\R)- 

-XMCjf_,(Y;R)- 

writing 

As (|4.53p commutes, these 


(4.53) 


MC]!{Y; R) induce morphisms : F[^^’^^\Y; R) 

ogy, which Theorem 14.451 will show are isomorphisms. 


:C, 




MF[j!{Y; R) on homol- 


In Example 12.371 we defined morphisms Bq : Clf’‘^‘^‘(Y;R) —k i?) 


Mf ,ssi / 


by extending the morphisms Bo : (Y;R) —> (Y; R) from Example 12.361 

over locally finite sums. Clearly, from the definitions we have 


F, 


,lf,Mh 
If,ssi 


_ plf,Mh -rjlf 

“ ^ lf,ssi ° ^^0 


&^’^‘^\Y-,R) ^ MC]^{Y-,R), 


(4.54) 
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and so the analogue holds on homology. 

Suppose i : U ^ y is an inclusion of open sets. Then as in Property 
I2.18f cl there is a natural morphism i* : Hj!{Y;R) —>■ Hj^{U]R) on locally 
finite homology. In Example 12.371 we noted that for ; i?) this is given 

on the chain level by i* = ayu ■ C^^’^^\Y;R) R), where ayu 

is the restriction morphism in the sheaf (Y ; R) . Since the pullback i* : 
MC]!(Y;R) —>• MC]!{U;R) in Definition 14.391 is also the restriction morphism 
ayu in the sheaf MC^l{Y;R), as (14.521) commutes we see that 


^Ifssi =^ 


° ■■ R) M&iiu- R), 


and so the analogue holds on homology. 


We can now prove the main result of this section: 


Theorem 4.45. Locally finite M-homology is a locally finite homology theory of 
manifolds. That is, there are canonical isomorphisms H^^{Y',R) = MHl^(Y; R) 
for all Y,k, preserving the data 11,/*,f* described in Provertv I2.18l al-fcl and 
the isomorphisms Hq{*;R) = R = MHq{*-,R), where ;i?) is any other 

locally finite homology theory of manifolds over R. 

For locally finite smooth singular homology R) in Example 12.201 

and locally finite sheaf smooth singular homology iJ* ; Jfij in Example 12.371 
the canonical isomorphisms (T ; i?) —?■ MH]^{Y;R) and : 

H^^’^^\Y-,R) ^ MHj!{Y-,R) are as in Examples 14.431 and 14.441 

Proof. Let F be a manifold and y G Y. Taking stalks at y in (14.521) and using 
Corollary 14.421 and its analogue for R) gives a commutative diagram 


• • • — r \ {y}; R) — Ctl\Y, Y \ {y}; R) ■ ■ • 

(4.55) 

..■^MCk{Y,Y\ {y}; R) MCk-i{Y, Y \ {y}; i?) ^ . 

The rows of (14.551) have homology ift’^^^{Y,Y \ {y}; R), ML[^,(Y,Y \ {y};R), 
and the columns of (14.551) induce the natural morphisms {Y, Y \ {y}; R) 
MP[t:{Y, Y \ {y}; R), which are isomorphisms by Theorem 0331 

Thus, regarding (14.521) as a morphism MC^^(Y; R) 

of complexes of soft sheaves of i?-modules on Y, this morphism induces iso¬ 
morphisms on the homology of stalks at y G F for all y G F, so is a 

quasi-isomorphism. As the sheaves are soft, this implies that induces 

isomorphisms on homology of global sections, that is, the morphisms : 

{Y■, R) —^ MF[^^{Y\R) in Example 14.441 are isomorphisms. The analogue 
of (14.541) on homology now implies that the ; R) MF[j!(Y ; R) 

in Example 14.431 are also isomorphisms. 

But locally finite homology theories are known to be canonically isomorphic 
on sufficiently nice topological spaces (such as manifolds), as in Petkova [7T] and 
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Skljarenko m, for instance. Thus MH]!{—;R) is also canonically isomorphic 
to other locally finite homology theories on manifolds. 

To see that the isomorphisms H]^{Y ; R) = MH^^iY ; R) preserve the data If 
in Property 12.18l al. observe that the following diagram commutes 

HfiY; R) -—-- MH^{Y- R) 

n| 

Hf^^\Y- R) - R), 

since the chain-level analogue commutes, both routes mapping a [A^, 0, 0, a\. 

To see that they preserve pushforwards /* and pullbacks i* in Property 
fi.lHf bl.lcl. note that /* 

as in Example 14.431 and 
as in Example 14.441 This 

Combining the proof of Theorem l4. 451 with (12.391) gives a natural equivalence 
in D(Y; R), where uiy is the dualizing complex of Y: 

A4C!!,(r;i?) ~ wy. (4.56) 

In Definition l4.30l we defined a sheaf morphism iy '■ Ry AiC^{Y ; R) fitting 
into an exact sequence (14.361) of sheaves on Y. The analogue for homology is a 
sheaf morphism jy : Oy —?> A4C^(F;i?), where Oy is the orientation sheaf of 
Y from Definition 12.321 and m = dimF. 

Definition 4.46. Let F be a manifold of dimension m. We will define a mor¬ 
phism jy : Oy —A4C)^(F; R) of sheaves of i?-modules on F. As in Definition 
12.321 if [/ C F is open and we write U = U^g/ Ui for 1/^, i G / the connected 
components of U, then elements a of Oy{U) may equivalently be written as 
formal sums a = where ai € R and ojji is an orientation on Ui for 

iGJ CL Define jy{U) : Oy(U) MC^i{Y;R){U) = MC^^{U;R) by 

jviU) > (4-57) 

as in (14.3511 . Here [(C/i, Of/J, 0, 0, idc/J is a generator of MC]^{U] R), since 
(0,id(7.) : Ui ^ 'MP X U is proper, and the r.h.s. of (14.571) is a locally finite 
sum, as in Remark [4.40l bl. and so makes sense in MC]^{U; R). It is easy to 
see that puu' ° jviU) = jy{U') o pmji : Oy{U) —>■ A4Cj^(F; R){U') for all open 
U' C U C Y, so this defines a sheaf morphism jy : Oy —>■ AIC(^(F; R). 

Here is the analogue of Theorem 14.311 Note that A4C*/(F; i?) = 0 for fc > 
m = dimF, as this holds for MCkiY; R) and MC]!{Y-, R). 

Theorem 4.47. For each manifold Y of dimension m, the following is an exact 
sequence of sheaves of R-modules on Y: 

0^Oy^-^MC'i{Y-,R)^MC'i_,{Y-R)^MCl_^{Y-R)^--- . (4.58) 

Hence A4C))^_,(F; i?) = (A4Cm-*(F; i?), 9) is a soft resolution of Oy. 


77!il, iVill T-iir ,iVilJ 

O r,r . = r,r . 

if, SSI If, SSI 

plf,Mh 
^ lf,ssi 


'f. : i7“’^^‘(Fi;R) 


oi* =i* oF 


If.Mh jVlf.ssi 

■ 


If,ssi 


completes the proof. 


MHp{Yr,R) 

\Y-,R) ^ MH^i{U-R) 

□ 
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Proof. Equation (14.581) is exact if and only if it is exact on stalks at each y GY, 
and so by the last part of Corollary 14.421 if and only if 


0 ^ MCUY, Y \ {y}; R) MC^_^{Y, Y \ {y}-R) ^ ■ (4.59) 

is exact. The cohomology of (j4.59ll at MCk{Y,Y \ {y};R) for fc < m is 
MHk{Y,Y \ {y};R) = Hk{Y,Y \ {y};R) by Theorem 14.131 Identifying Y near 
y with R™ near 0, we have Hk(Y, Y \ {y}; R) = K™ \ {0}; i?) = 0 for 

fc < TO by excision, so (j4.59|) is exact at MCkfY, Y \ {y}; R) for k < m. 

We have Oy.y — Or^.o — R- The kernel of the first d in (I4.59P is 

MHm{Y, Y \ {y}; R) ^ H^{Y, Y \ {j/}; R) R™ \ {0}; R) R, 

since MCm+iiY,Y \ {y};R) = 0. Under these isomorphisms, jV,y : Ov.y —^ 
Ker d is identified with id : R ^ R. Therefore (I4.59P is exact for each y G Y, so 
(|4.58|) is exact. The last part of the theorem follows from Definition 14.391 □ 

Here is the analogue of Remark 14.161 

Remark 4.48. Suppose that Y is an oriented manifold of dimension to, not nec¬ 
essarily compact. Then as in ProDertv l2.18l il we have a fundamental class [[U]] 
in ; R). Example 12 . 201 defined this explicitly by choosing a locally finite 

triangulation of Y into smooth TO-simplices tJi : —>■ Y for i G /, and setting 

Ci = 1 if (Ti is orientation-preserving, and = — 1 otherwise. Then 
a locally finite sum in CY^^'(Y; R), and [[F]] = [X^ie/ D ; R)- 

Dehnition 14.391 defined [Y] G MCl^{Y-,R). Using (I4.14|) . Example 14.431 
and a limiting argument we find that [F] = T’//D in MCm{Y;R), 
so [[F]] = Ti*/’j^*'([[F]]) in MHmiY;R). Thus the fundamental class [[F]] in 
MHI^(Y;R) is identified with the usual fundamental class [[F]] G HI^(Y;R) 
by the canonical isomorphism MH^^{Y]R) = H^{Y;R) from Theorem 14.451 
Although the chain ^ C'T®®‘(F;i?) representing [[F]] G R) 

involves an arbitrary choice, the fundamental cycle [F] G MCl^{Y;R) is the 
unique cycle representing [[F]] G MHl^iY; R), asMC)^+i(F;i?)=0. 

We can also give another proof that [[F]] G MH'^^iY ; R) is identified with the 
usual fundamental class in [[F]] G H^{Y;R) using sheaf cohomology and The¬ 
orem |T47l since under the isomorphisms H^{Y ; R) = H^{Y, Oy) — H^{Y, Ry) 
from (12.2911 and Oy = Ry as F is oriented, [[F]] G H^{Y;R) is identified 
with 1 G H°{Y,Ry). 

4.5 Cup products, and cross products on M-cohomology 

In (12.61 we discussed cup and cross products U, x on cohomology. We now define 
these on MH*(Y ; R),MHf^(Y ; R), and prove that they are identified with the 
usual products U, x by the canonical isomorphisms with H*(Y ; R),Hf^{Y ; R). 
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Definition 4.49. Let y be a manifold. Using the notation of ii4.2l for all 
k,l € Z, define i?-bilinear morphisms 

U ; VMC'^ iY;R) X VM&{Y;R) —^ VMC’^+^ (Y; R) (4.60) 

on generators [V, n, s, t] G VMC^{Y ; i?), [U', n', s', t'] G VMC\Y ; R) by 

[U, n, s, t] U [U', n\ s', t'] = (-1)'”[U, n, S, i] := (-1)'" [U U', 

n + n', (si o TTy, . . . , Sn O TTy, S^ O TTy/, . . . , s'^^r O TTyi), t O TTy] . 

Writing Ct,Ct' for the coorientations on t,t', the coorientation on t = t o iry : 
U —>■ F is C( = Ct o Cttv ) where the coorientation Ct^v on Try is induced from cy, 
using Assumption 13. 17l dl. 111. In Proposition 1330] below we show that U is well- 
defined. The sign (—I)*"’ in (14.611) is needed to ensure that U takes relation Def¬ 
inition OH;!) in VMC^{Y-R),rMC\Y-R) to relation (i) in VMC^+\Y-R). 

Given generators [U, n, s,t] G VMC^(Y; R), [V,n', s',t'] G VMC^{Y-,R) 
and [V",n",s",t"] G VMC\Y-,R), we have 

([U, n, s, t\ U \y' , n , s', t']) U [U", n", s", t"\ = (-1)''"' [V Xt,Y,t' V, n + n , 

(si OTTy,...,Sn 0 7ry,s) O TTy,, . . . , s'^, O TTy,),tOTTy] U [V" ,n", s" ,t"] 

= (-1)''" • (-!)'(-+-') [(U xyY,t' u') V", n + n' + n", 

(si o TTy, . . . , S„ o TTy, s'l o TTy,, . . . , s'^, O TTyi,s'l O TTy//, . . . , s"// O TTyii),t O TTy] 

= • (-1)'"' [U Xt,Y,t'o.^, {V XyoY.t" V", n + n' + n", 

(si o TTy, . . . , S„ o TTy, s'l o TTy,, . . . , s'^, O TTy,, s'{ O TTy//, . . . , s"// O TTyii),t O TTy] 

= (-l)('=+')"[U,n,s,t]U [U' Xt,,Y,t" V",n' + n", 

(s'l OTTy,,. . . ,s'^, OTTy,,s'l 0 7I'y",...,s"„ OTTy„),t'oTTy,] 

= [U, n, s, t] U {[V, n', s', t'] U [U", n", s", t"]), (4.62) 

using (14.611) in the first, second, fourth and fifth steps, and natural isomorphisms 
of fibre products in the third. Equation (14.621) implies that 

(aU/ 3 )U 7 = aU(/iU 7 ) in PMC'^+'=+'(r; i?) (4.63) 

for all a G VM0{Y-,R), /3 G VMC'^{Y;R) and 7 G VMC\Y;R). 

Applying d : VMC^+\Y-, R) VMC'^+‘+^{Y- R) to (ILMI) . we see that 

d([U, n, s, t] U [U', n', s', t']) = (-1)'" [d{V Xt,Y,t' V), n + n', 

(si o TTy, . . . , S„ o TTy, s'l o TTy,, ... ,s'^, o TTy,) O iy,t O TTy O Jp] 

= (-1)'” [(l9U) Xtoiv,Y,t' V, n + n , (si oiy O TTgy, . . . , S„ o iy O TTpy, 
s) O TTy,,. . . , s(j, O TTy,),t oiy O TTgy] 

+ ■ (_i)(-+"-D-n [y Xt,Y.t'o^^, (dV), n + n', (si o Try,..., s„ o Try, 

s']^ O iyi O TTgy,, . . . , s(j, o ly, O TTQyi),t O OTTy] 

= [dV,n, soiy,toiy] U [V' ,n', s' ,t'] + (—1)^[U, n, s, <] U [dV' ,n', s' oiy, ,t' oiy,] 
= (d[U, n, s,<]) U [V, n', s', t'] + (-1)'"[U, n, s, t] U (d[U', n', s', t']), (4.64) 
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using (I4.20[) in the first and fourth steps, Assumptions Id-lGr ch I3.17f mi and 
(|3.2L (14.191) in the second, and (14.611) in the third. As (14.641) holds for all 
generators [V, n, s, t], \V', n', s', t'] of VMC^(Y ; R), VMC^iY ; R), we see that 

d(a U/3) = (da) U/3+ (-!)'=« U (d/3) (4.65) 


for all a e VMC^{Y; R) and /3 e VMC\Y; R). 

As in Definition 14.191 the identity is Idy = [F, 0,0,idy] G VMC^(Y',R)- 
Given a generator [F, n, s,t] G VMC’^{Y] R), from (14.611) we have 


Idy U [V, n, s, t] = [Y Xidy,y,i F, 0 + n, (si o Try, ..., s„ o Try), t o Try] 
= [V,n,s,t], 


(4.66) 


by natural isomorphisms of fibre products. Similarly [V, n, s, tjUldy = [V, n, s, t]. 
Therefore for all a G VMC^iY ; R) we have 


Idy U a = a U Idy = a. 


(4.67) 


Suppose / : Yi —>■ y 2 is a smooth map of manifolds, so that Definition 
14.191 defines the pullback /* : VMC^{Y 2 ] R) —?■ VMC^{Yi\R). If [F, n, s,t] G 
VMC'^{Y 2 \R) and [F', n', s', t'j G VMC‘(Y 2 ;R) we have 

r ([F n, s, t] U [F', n', s', t']) = /*((-!)'" [F x*,y,y F', n + n', 

(si O Try,..., s„ O Try, s] O Try/, . . . , s(j, O Try/), < O Try]) 

= ( — 1)*"' [(F Xt^yt/ F') XtoTTvTa./ F, n + n', 

(si O Try,..., s„ O Try, s] O Try/,..., Sy O Try/), < o Try]) 

= (-1)*"'[(F Xty^jF) (F' Xj/y^ j F), n + n', 

(si O Try,..., s„ O Try, s] O Try/,..., s]^/ O Try/), t o Try]) 

= Xty^jF,-™, SOTry,Try] U [F' Xj/y^ j F, F, s' O TTy, TTy ] 

= /* ([F, n, s, t]) U /* ([F', n', s', t']), (4.68) 

using (14.611) in the first and fourth steps, (14.211) in the second and fifth, and 
natural isomorphisms of fibre products in the third. Equation (14.681) implies 
that for all a G VMC'^{Y 2 ] R) and /3 G VMC^{Y 2 \ R) we have 

riaUl3)=ria)uril3) in VMC'^+‘ (F; R) ■ (4.69) 


The next result will be proved in )17.9I 
Proposition 4.50. The product U in (14.60^114.611) is well defined. 
Definition 4.51. Let F be a manifold, and k,l Define 

Ufc,; :VMC’^{Y-R)®rVMC\Y-R) ^VMC’^+\Y-R) by 
Ufe,i(C/) = U : VMC’^iU; R) (S)r VMC\U] R) VMC'^+\U; R) 


(4.70) 
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for all open U C Y, where we interpret U in (14.601) with U in place of Y as 
an i?-linear map on VMC^{U; R) i^ir VMC''{U;R) rather than an i?-bilinear 
map on 'PMC^{U\R) x VMC^{U\R). As U in Definition 14.491 commutes with 
pullbacks i* : VMC*{U;R) VMC*{U'\R) for open U' C U C Y with 
inclusion i : U' ^ U, this defines a morphism Uk,i of presheaves of i?-modules 
on Y. Thus passing to sheafifications induces a morphism 

Ufc,, : MC’^{Y-R)®rMC\Y-R) ^ MC’^+\Y-R). (4.71) 

Then taking global sections U = Ufc_/(F) defines i?-bilinear cup products 

U : MC^{Y;R) x MC\Y;R) —^ MC’^+\Y;R). (4.72) 

By construction these satisfy 11(0; U /3) = n(a) U n(^) in MC^~^\Y; R) for 
all a G VMC^(Y]R) and /3 G VMC^(Y]R), and **(7 U 5) = ^*( 7 ) U f*(i5) 
in MC'^+\U-,R) whenever 7 G MC'={Y-R), 5 G MC\Y]R) and D C T is 
open with inclusion i \ U ^ Y, and the morphisms U in (14.721) are determined 
uniquely by these properties. 

Applying If, or by properties of sheafification, we see that equations (14.611) . 
(|4.63l) . (I4.65L (14.671) and (14.691) hold in MC*{—- R) as well as in VMC*{—] R). 

As in 114.21 MC’^{Y] R) is the global sections of a sheaf MC{Y]R) on F, 
and so each a G MC^{Y]R) has a support suppo, a closed subset of Y. Sec¬ 
tion defined the compactly-supported M-cochains MC^^{Y\R) to be the 
i?-submodule of o G MC^{Y\R) with suppo compact. Since cup products are 
compatible with restriction to open subsets, we see that ii a G MC^{Y; R) and 
/3 G MC^{Y ; R) then supp(o U /3) C (supp o) D (supp/3), and so in particular, if 
either supp o or supp /3 is compact, then supp(o U /3) is compact. Therefore U 
in (I4.72p restricts to i?-bilinear morphisms 

U : MC^^{Y;R) x MC\Y-R) MC^+^{Y;R), 

U : MC’^{Y;R) x MCl^{Y-R) MC^+\Y;R), (4.73) 

U : MC^,{Y-, R) X MCUY; R) MC,"+'(r; R). 

Equation (14.651) in MC*(Y; R) implies that U descends to M-cohomology. 
Thus as in (12.451) . from (14.721) and (14.731) we define i?-bilinear morphisms 

U : MH’^{Y-R) X MH\Y-R) — MH^+\Y;R), 

U : MH^^iY-R) x Mij'(y; R) MH^+^iY; R), 

U : MH^^iY-R) x MHi^{Y-R) — MH^+\Y;R), 

U : MHi{Y-R) x MHUy-R) MH^+‘(Y-,R), 

by [o] U [0\ = [o U /3] for o G MC^{Y ; i?), j3 G MC\{Y ; R) with do = d/3 = 0. 

Theorem 4.52. Under the canonical isomorphisms MH^(Y\R) ~ H^(Y;R), 
MH^^(Y; R) = H^^(Y-R) from Theorems 14.291 and 14.331 the cup products in 
(I4.74|) are identified with the usual cup products (12.451) on ordinary (compactly- 
supported) cohomology H*{Y]R), (F; i?). 
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Proof. In tI2.6.2l we explained how to define the cup product on ordinary coho¬ 
mology using sheaf cohomology, and a soft resolution T* of the constant sheaf 
Ry on Y, as in equations (I2.63l) - (l2.65p . We will apply this method to the soft 
resolution A4C*{Y ; R) of Ry given by Theorem 14.311 

Define Lik,i as in (14.711) . As the morphism iy '■ Ry A4C^(Y]R) in Defini¬ 
tion maps 1 !->■ Idy, and (14.671) gives Idy U Idy = Idy, we have 

ly o /u = Uo^o o (iy ® iy) : Ry 'Sir Ry —!■ MC^{Y ; R), 

giving the first equation of (I2.64L where /y : Ry Sr Ry —>• Ry is as in (j2.60l) . 
Equation (14.651) implies that 

d o Uk,i = o (d (8> id_A 4 ci(y./j)) -I- (—1)^ ® d) : 

MC^(Y; R) Sr MC‘(Y; R) A4C'=+'+^(y; R), 

giving the second equation of (12.641) . Hence (I2.65P gives an expression for the 
cup product U under the isomorphism H^fY ; R) = [MC*{Y;R)(Y),d). This 
coincides with the definition [a] U [/?] = [aU/3] of U on MH*{Y ; R) in Definition 
14.511 under the isomorphism H^{Y ; R) = MH^iY ; R). 

So the first line of (I4.74p is identified with the usual cup product on H* {Y\R). 
Using the same argument, but taking compactly-supported sheaf cohomology 
in two or three of the factors, shows that the last three lines of (14.741) are also 
identified with the usual cup products on H*{Y ; i?), Hf^(Y;R). □ 

An alternative proof of Theorem l4.52l for U on MH*(Y ; R) with i? = Z, or 
R a Q-algebra would be to verify axioms (i)-(iii) for cup products on H*{Y ; R) 
in Proposition [2331 where (i),(ii) already follow from (I4.63L ()4.67|) and (14.691) . 

Observe that (MC'*(F; A), d, U, Idy) is a differential graded algebra (dga) 
over R, with graded product U which is associative by (j4.63l) . and Idy which is 
a strict identity by (14.671) . Now in we explained that in homotopy theory 
one often associates a dga (or cdga) (C'*(F; i?), d, U, ly) over i? to a topological 
space Y. This dga has cohomology H*{Y\R), and is unique up to equivalence 
in an oo-category dga^ of dgas. From the dga we can compute invariants of Y 
such as Steenrod squares [5J §VI.15], [3TJ §4.L] and Massey products [57] . 

Theorem 4.53. For each manifold Y, the dga (MC*(Y; i?), d, U, Idy) over R 
is equivalent in dga^ to the ‘usual’ dga over R associated to Y in topology, as 
represented for instance by the singular cochains i?), d, U, ly) with the 

Alexander-Whitney cup product U. 

Therefore topological invariants of Y depending on the dga up to equivalence, 
such as Steenrod squares and Massey products, may be computed using the dga 
(MC'*(Y; i?), d, U, Idy), and will give the correct answers under the canonical 
isomorphism MH*{Y ; R) = H*(Y ; R) from Theorem 14.291 

Proof. We noted in 112.71 that to prove a cochain dga (C'*(Y; i?), d, U, ly) for 
Y is equivalent to the ‘usual’ dga, it is sufficient that (C*(Y; A), d) should be 
the global sections of a soft resolution P* of Ry as in (12.631) . with identity 
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ly = *(1) S and cup product U defined using sheaf morphisms ipk,i ■ 

^ satisfying (12.641) and associativity (12.681) . We showed all this 
in the proof of Theorem 14.521 except for (I2.68|) . which follows from (14.631) . □ 

Remark 4.54. The cup products U on H*{Y; R), H*^{Y; R), and hence on 
MH*{Y; R), MH*g{Y; R) by Theorem 14.521 are associative and supercommu- 
tative with strict identity [ly]. At the cochain level, the cup products U on 
MC*(Y;R),MC*g{Y;R) are associative by (14.631) . with strict identity Idy in 
MC'^{Y ; R) by (14.671) . However, they are generally not supercommutative, that 
is, we can have a U /3 ^ (—1)^*/3 U a for a G MC^{Y ; R) and /3 G MC^iY ; R). 

This is necessary: as in Remark l2.42f ii') and (12.71 for some rings R such as Z 
or Z 2 , it is not possible to define a cohomology theory {C*{Y ; i?), d) computing 
H*(Y ; R) with a supercommutative cup product U defined on cochains, because 
Steenrod squares O §VI.15-§VI.16] are an obstruction to this. If i? is a Q- 
algebra there is no obstruction, and in 1 15.11 we will define rational M-cohomology 
MHq{Y ; R), for which U is supercommutative on cochains MCq{Y ; R). 

The reason U is not supercommutative on MC*(Y;R) is in the defining 
equation (14.61|1 for [V,n, s,t]\j[V',n', s',t'], we set s : H Xt,Y,t' W—to be 

S = (si O Try, . . . , O Try, Sj O Try/, ..., O Try/). 

But \y', n', s', t'] U [V, n, s, t] would involve s : V Xt'x,t V —t R"^" , where 

s = (s'l o Try/, ... ,s'^, o Try/, Si o Try, ..., s„ o Try). 

So even after identifying V V = V V, [V, n, s, t] U \V', n', s', t'] and 

\V', n', s', t'] U [V, n, s, t] still differ by a permutation of the n + n' coordinates 
in the target R”^" of s : H Xt,Y,t' V R"’*’" . 

Using this idea of permuting the n coordinates in the target R" of s : U —?> R" 
in generators [U, n, s, t], we can define a cochain-level involution S of the entire 
cohomology theory MH*{—;R), with S(a U /3) = (—l)^*S(/3) U S(a) for all 
a G MC^{Y-, R) and ^ G MC\Y-, R). 

Definition 4.55. Let F be a manifold. For all fc G Z, define i?-linear maps 
S : VMC’^ {Y;R)^ VMC^ {Y; R) by 

S : [U, n, (si, S 2 ,..., s„), t] 1 —^ (-l)"("-i)/2 ..., si), t] ^ ^ 

for all generators [V,n,s,t] of VMC^(Y;R). This takes relations Definition 
Mi), (ii) to themselves, where the sign (—!)"■(" in (14.751) ensures compat¬ 
ibility with the sign (—1)"-“* in (14.161) . and so S is well-defined. Clearly = id, 
so 5 : VMC^iY- R) rMC^{Y; R) is an isomorphism. 

Then 5 commutes with differentials d : VMC^{Y-, R) VMC^^^{Y-,R) 
and pullbacks /* : 'PMC^{Y 2 ',R) — VMC^(Yi; R) in Definition 14.191 with 
S(Idy) = Idy, so S descends to S : MC^{Y-,R) MC’^{Y; R) in Definition 

14.221 In fact, the involutions S apply to and commute with the whole of the 
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theory of in ii4.2hii4.3l Thus they induce morphisms 

2 , : MH^{Y; R) — MH^(Y-,R) for all Y,k, which as they commute with all 
the structures on cohomology and act as the identity on R) = R, must 

be the identity maps on MH^{Y;R) by the Eilenberg-Steenrod Theorem l2.8l 
Comparing (14.611) and (14.751) . we see that if [E, n, s,t] G VMC^{Y\R) and 
\V', n', s', t'] G VMC^Y ; R) are generators then 

E{[V,n,s,t] U [V',n',s',t']) = ,n', s',t’]) UE{[V,n,s,t]). 

Therefore for all a G VMC^{Y ; R) and /3 G VMC^iY ; R) we have 

2(0 U/3) = (-l)'='2(/3)U 2(a). (4.76) 


Sheafifying, we see that (14.761) also holds in MC*{Y-,R). 

This involution 2 can be understood as some kind of homotopy commutative 
structure on the dga (M(7*(y; i?), d, U, Idv) : it induces the identity on coho¬ 
mology, and therefore (14.761) is a cochain-level identity which implies that U is 
supercommutative on cohomology MH*{Y ; R). 

We can also define an involution 2 at the chain level on (locally finite) M- 
homology Mi7*(-; R), R) in >14.11 and >14.41 in exactly the same way. 

Next we define cross products on M-cohomology: 

Definition 4.56. Let Yi,Y 2 be manifolds. Define ii-bilinear maps 

X : MC''=(Yi; i?) x MC\Y 2 ]R) MC'^+^Yi x Ezl R) 
by ax 13 = (a) U (/3), 

where U on MC*{Yi xY 2 ',R) is as in Definition l4.561 and Try. : Yi x 1^2 ^ for 
i = 1,2 are the projections. Applied to generators [V, n, s, tj G MC^iYi, R) and 
\V',n',s',t'] G MC^{Y 2 ',R), using (14.611) to define the cup product and (|4.21l) 
to give TTy^ ([E, n, s,t]), TTy^ ([E', n', s', t']), and the natural isomorphism 

{{V Xt^Yi,-KYi (^1 ^ ^ 2 )) X-!rv-ixV2TlXy2,7rVixV2 ^t',Y2,TTY2 (^1 ^ ^z)) =VxV, 


we see that 

[E, n, s, t] X [V, n', s', t'] = (-1)''* [E xV',n + n', 

(si O TTy, . . . , Sn O TTy, s'^ O TTy/, . . . , O TTy/),! X t'] . 


(4.78) 


Thus, an alternative way to define x would be to first define x on VMC*{—; R) 
using (14.781) . as for U in (|4.61|) . and then follow the method of Definition 14.491 
Proposition 14.501 and Definition 14.511 

Clearly supp(Q!X/3) C (supp Q;)x(supp /3), so if a, j5 are compactly-supported, 
then so is a X jS. Therefore x in (14.771) restricts to i?-bilinear maps 

X : MC^,^{Yy,R) X MCUY2;R) MC^+\Yi xY2;R). 


122 




























From Idy = [Y, 0,0, idy] and equation (14.781) we see that 


Idyj X Idy^ = Idyjxya- 

If gi : Yi —> Zi and g 2 ■ Y 2 ^ Z 2 are smooth maps of manifolds and 
a e MC^{Zi-R), /3 G MC\Z 2 -,R) then 

(51 X 92 )* {a X /3) = (51 X 92 )* ^ 

= ((51 X 92 )* o TT*z^ (a)) U ((51 X 92 )* o 7 r|^ (/?)) 

= (ttzi o (51 X 92 ))*{ a ) U (ttz, o (51 X 92 ))* iP ) 

= (51 0 7 ryi)*(a) U (32 o 7ryJ*(/3) = {tTy^ o g^a)) U (tt^^ o g*{P)) 

= glia) X 9*2 W), (4.79) 

using (14.771) in the first and sixth steps, (I4.69P in the second, and functoriality of 
pullbacks in the third and fifth. So cross products are compatible with pullbacks. 
Equation (14.651) and the compatibility of d with pullbacks TTy yields 

d(a X fi) = (da) x /3 + (—l)^a x (d/I) 

for all a G MC^{Yi;R) and /3 G MC''iY 2 \ R). Therefore cross products descend 
to cohomology MH*{—; R), Mi7*g(—; R) by [a] x [/3] = [a x /?], giving products 

X : MH^iYi-R) x MH\Y2]R) —^ MH^+\Yi xY2\R), 

, , , , (4.80) 

X : (Yi-R) X MHi^iY2;R) —^ MH ^+‘(Yi x Y2; I?)■ 


From equations (12.541) and (14.771) and Theorem 14.521 we deduce: 

Corollary 4.57. Under the canonical isomorphisms MH^iY-^R) ~ H^{Y;R), 
MH^^{Y]R) = H^^{Y]R) from Theorems 14.291 and 14.331 the cross products in 
(|4.80p are identified with the usual cross products (12.521) on ordinary (compactly- 
supported) cohomology H*{Y ; i?), Hf^iY ; R). 


4.6 Cap products, and cross products on M-homology 

The story for cap products, and for cross products on M-homology, is similar 
to that for U, x on M-cohomology in 114.51 so we will be brief in places. 

Definition 4.58. Let Y be a manifold, of dimension m. For all fc, / G Z, define 
//-bilinear morphisms 

n : VMC’^iY- R) X VMCf{Y-R) VMCf_^iY- R) (4.81) 


on generators [Y, n, s, t] G VMC^{Y ; /?), \V' , n', s', t'] G VMCffY ; R) by 

[Y, n, s, t] n [Y', n', s', t'] = (-1)('+™)"[Y, h, S, i] := (-!)('+-)" [y Xt,y.t, Y', 
n -I- n', (si o Try, ..., s„ o Try, o Try/, . .. , 3 '^, o Try/), t o Try]. (4.82) 
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Here (|4.82l) is apparently the same as (I4.61L except for the sign. In fact in 
(|4.61l) we have dim V = m + n' — I, dim Y = mhy Definition 14. 181 but in (14.821) 
we have dimfo' = n' + Z, dimH = m by Definition 333 so in both cases the sign 
is (—+dimV +dimV)^ from this point of view the signs are the same. 
The signs are needed to ensure (I4.61|) . (I4.82p are compatible with applying the 
relations Definitions 14. 18f ib I4.36f il to [V, n, s, t] and [V, fi, s, i], where the proof 
of compatibility involves the equation, with our orientation conventions 

{V X K) V') X M, 

in manifolds with corners either oriented, or cooriented over Y. 

Equations (14.611) and (14.821) also differ in the orientations/coorientations, and 
submersions: in (I4.6ip . t : V ^ Y and t' ■. V ^ Y are cooriented submersions 
and these ensure V = VXtx,t'V' exists with t : E —>• F a cooriented submersion, 
but in (14.821) . t : D —>• F is a cooriented submersion and V' is oriented, which 
ensure that V = V Xtyy V exists and is oriented. 

By a very similar proof to that of Proposition 14.501 in il7.91 modifying signs, 
orientations/coorientations and submersions as above, we can show (~l in (14.811) - 
(14.821) is well defined. 

As for (I4.62I) - (I4.63I) . we show that if a S VMC^(Y; R), /3 G VMC^{Y-,R) 
and 7 G VMCfiY ; R) then 

(a U/3) n 7 = a ("I (/3 n 7 ) inVMCf_j_i.{Y]R). (4.83) 

As for (li:Ml) - (Hl)H1) . if a e VMC’^{Y- R) and /3 e VMCf{Y- R) then 
d{an/3) = {da)np+{-lfan{dl3) in rMCll^,_^{Y; R). (4.84) 

As for (I4.67L if a S VMC]^(Y-,R) then 


Idv n a = a. (4.85) 

In a similar way to (I4.68l) - (j4.69|) . if / : Fi —>■ F 2 is a proper smooth map 
of manifolds, so that Definitiongives f* : VMC>^{Y 2 ]R) -G RMC’^iY^R) 
and (using / proper) Definition 14.361 gives /* : VMCf{Yi\R) -G VMCfiY 2 ',R), 
we show that if a G VMC^{Y 2 -,R) and /3 G VMCf{Yi\R) we have 

an/4/3) = /,(r(a)n/3) inVM&i_i{Y2-,R). (4.86) 

By Proposition 14.411 the morphisms H : MC^,(Ya] R) —t 'PMC]^(Ya]R) 
embed MC^{Ya\R) as the i?-submodules of compactly-supported sections in 
VMC^^{Ya]R) for a = 1, 2. So we can restrict (~l in (14.811) to 

n : VMC'^{Ya]R) X MCi(Ya]R) MCi-k{Ya]R)- 

Since /* : MCi(Yi; R) —>• MCi{Y 2 ]R) in il4.11 is defined without supposing / 
proper, for (i G MCi{Y;R) equation (14.861) holds without assuming / proper. 

Here is the analogue of Definition 14.511 
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Definition 4.59. Let F be a manifold, and k,l € h. As in (14.701) . define 

Dk.i : VMC'^iY-R) ^RVMCfiY;R) JF; i?) by 

nfe,,(t7) = n : VMC’^{U-R) ®R VMCf{U-R) VMCf_k{U-R) 

for all open U C Y. This defines a morphism Cikj of presheaves of i?-modules 
on F. Passing to sheafifications induces a morphism 

nk,i : A4C'=(F; R) ®r MCf{Y; R) XCf_fe(F; R). (4.87) 

Then taking global sections D = nfc^;(F) defines i?-bilinear cap products 

n : MC’^{Y-R) X MCf(Y-R) — MCf_^,{Y-R). (4.88) 

These satisfy n(a(~l/3) = 11 ( 0 ;) nn(/3) in MCf_j.{Y ; R) for all a G VMC^{Y ; R) 
and /3 G VMCfiY ; R), and i *(7 (~l d) = **( 7 ) H i*{6) in MCf_f^{U-,R) whenever 
7 G MC^{Y\ R), 6 G MCf{Y] R) and ?7 C F is open with inclusion i •. U ^ F, 
and the morphisms D in (14.881) are determined uniquely by these properties. 

Applying 11, or by sheafification, we can show that (I4.82l) - (|4.86l) hold with 
MC*{-\R),MC^^{--R) in place of R),VMC^J{-; R). 

Since MC^^{Y;R) C MC^{Y-R) and MCi{Y;R) C MCl^{Y]R) are the 
i?-submodules of compactly-supported sections, as for (14.731) we may restrict 
(14.881) to i?-bilinear morphisms 

n : MC^{Y-,R) X MCi(Y;R) —^ MCi-k{Y-R), 
n : MCiiY-R) X MCi{Y;R) MCi-k{Y;R), (4.89) 

n : MC^^(Y- R) X MCf{Y- R) MCi-kiY; R). 

Equations (I4.82I) - (I4.86I) hold for these by restriction, where for (14.861) the map 
/ : Fi —!> F 2 need not be proper for the first line of (14.891) . 

Equation (|4.84p implies that (~l descends to (co)homology. So as in p.46p . 
from (j4.88l) - (j4.89|) we obtain i?-bilinear cap products 

n : MH^{Y-R) X MHi{Y;R) — ^ MHi_k(Y]R), 

n : MH^,iY-, R) X MHi{Y- R) MHi_kiY; R), 

i. If If (4-90) 

n : MH'^iY; R) x MHf{Y] R) — MHf_^^{Y- R), 

n : MH^^{Y-,R) X Mijf(F; A) ^ MHi_u(Y-R), 

by [a] n [/3] = [a D /3] for a G MC^{Y ; R), /3 G MCj (F; R) with da = 9/3 = 0. 

Theorem 4.60. Under the eanonical isomorphisms MHk{Y; R) = Hk{Y;R), 
... ,MHj!{Y;R) = Hj!{Y]R) from )14.H - M.41 the cap products in (14.901) are 
identified with the usual cap products (12.461) on ordinary (cofhomology. 

Proof. The proof follows that of Theorem 14.521 applying the method of 112.6.21 
We use the soft resolution MC*{Y\R) of Ry from Theorem 14.311 and the soft 
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resolution ; R) of Oy from Theorem 14.471 where m = dimF, and the 

isomorphism /p : Ry ®r Oy —)> Oy from (12.621) . We have Idv H [F] = [F] by 
dTSSj), where Idy e MC°{Y;R) = MC°{Y;R){Y) and [F] G MC'^{Y;R) = 
A4Cl^(Y ; R){Y). From this we see that 

jy o In = Ho.o o (*v ® jV) : Ry Oy —A4Cj^(F; R), 

the analogue of the first equation of (12.641) . The analogue of the second follows 
from (|4.84p . Hence the analogue of (12.651) gives an expression for l~l at the 
(co)chain level in each line of (j4.90L under the isomorphisms 

H^[Y-R) ^ H'^{MC*{Y-R){Y),d) = MH^{Y-R), 

and so on, using compactly-supported sheaf cohomology for MH^,{Y\ R) and 
MH*^{Y- R). This coincides with the definition [a] (H [/?] = [a n /3] of n on 
MH*{Y- i?),... in Definition HU □ 

Next we discuss cross products on M-homology. 

Definition 4.61. Let Fi, F 2 be manifolds, of dimensions mi, m 2 . For all k, I in 
Z, define i?-bilinear maps 

X : VMC]^(Yy,R) x VMCf{Y 2 \R) VMC'^+iiYi x F 2 ; i?) (4.91) 

on generators [F, n, s,t] G VMC]!{Yi; R), [F', n', s', t'] G 'PMCf{Y 2 ]R) by 
[F, n, s, t] X [F', n', s', t'] = (-l)('+™ 2 )- [F x F', n + n', 

(si O Try,..., s„ O Try, Sj O Try/, . . . , s(j/ O Try/), t xt'\. 

Here (14.921) is apparently the same as (I4.78L except for the sign (—l)(*+"^ 2 )ra^ 
which is related to the sign (—1)*" in (14.781) in the same way the signs (— 1 )(*+™)"- 
in (I4.82P and (—1)*™ in (14.611) are related, as explained in Definition 14.581 
By a very similar proof to that of Proposition 14.501 in 1 17.91 we can show x 
in (14.911) " (14.9211 is well defined. 

As for (14.621) - (14.631) and (14.831) . we show that if Fi, F 2 , F 3 are manifolds and 
a G VMCfiYyR), f3 G MC''= (F 2 ; i?) and 7 G VMCf(Y^- R) then 

(ax 13) x-f = ax (13 xj) in VMCf^^,+i(Yi x F 2 x F 3 ; i?). (4.93) 

As for (IrMP - dTHKI) and (HU, if a G VMC^^{Yi-R), /3 G VMCf{Y 2 -,R) 
then 

d{ax I3) = {da)x (3 + {-l)'^ax{dl3) in 75MC'['+;_i(Fi x F 2 ; i?). (4.94) 

If gi Yi ^ Z\ and 32 : F 2 —^ Z 2 are proper smooth maps of manifolds 
and a G VMC^^(Yi] R), (3 G VMCf{Y 2 ',R) then in a similar way to equations 
(14.68L (14.791) and (14.86P we find that 

(51 X 52 )* (ax/I) = ( 31 ), (a) X ( 52 ) 4 /?) ynVMC't+i{ZixZ 2 -,R). (4.95) 
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When a G MCk{Yi]R) C VMC]!{Yi;R) and /3 G MCi{Y 2 \R) C VMCf{Y 2 ]R) 
then (14.951) holds in MCk+i{Zi x Z 2 ]R) without supposing 51,32 proper. 

In a similar way to (I4.71|) and (I4.87|) . by defining a presheaf morphism and 
sheafifying we can show that there is a unique sheaf morphism 

: MC^l{Yi-R) mRMC^!{Y2-,R) MCl+i{Y^ xY2;R) 
such that for all open Ui CYi and U 2 C Y 2 we have 

x-kAUi X t/2) o (n (g) n) = n o X : vm&Aui-r) ®r vMcf{U2] R) 

^MCi‘+z(C/ixC/2;i?). 


The we define an i?-bilinear morphism 

X : MC]^{Yi;R) x MCf (^ 2 ; R) MC]^^i{Yi x Y 2 ; R) (4.96) 

to be induced by the global sections Xki{Yi XY2). It restricts to 

X : MCAY^-R) X MCi{Y2-,R) MCk+i{Y^ x Fal-R)- (4.97) 

Equations (I4.92l) - (l4.95p descend to the sheafification, and so hold for cross 
products (I4.96I) - (I4.97I) on R), R), where 51,52 need not be 

proper for (I4.95P on MCt,{—\R). Equation (14.941) implies that the products 
(|4.96p - (l4.97p descend to homology, giving i?-bilinear products 

X : MHAYr^R) x MHi{Y 2 ; R) MH^+iiYi x Y 2 ; R), ^ ^ 

(4 98) 

X : M7J“ (El ; i?) X MHf (E 2 ; i?) ^ (^ 1 X^ 2 ;^?), 

by [a] X [/3] = [a x /3] for a G MCj.{Y]R), /3 G MCj (Y; R) with da = dp = 0. 

Using the method of Theorems 14.521 and 14.601 and Corollary 14.571 we prove: 

Theorem 4.62. Under the eanonical isomorphisms MHk{Y; R) = Hk{Y;R), 
MH]^(Y;R) = Hj!(Y;R) from Theorem,s 14.131 and 14.451 the cross products in 
(14.981) are identified with the usual cross products (12.531) on ordinary (locally 
finite) homology H^,{Y] R), H^(Y; R). 

4.7 Poincare duality and wrong way maps 

In 112.81 we explained that if Y is an oriented manifold of dimension m, it has a 
natural fundamental class [[E]] G H^iY ; R), and as in (12.461) . cap product with 
[[E]] induces Poincare duality isomorphisms 

Pd : H^,(Y-, R) ^ Hm-k{Y-R), Pd : H^Y-, R) ^ hI_AY-, R), 
given by Pd : a 1 —a D [[E]]. 

As in 114.41 we have a natural fundamental cycle [E] = [E, 0,0, idy] in 
MCK^(Y; R), with homology class the fundamental class [[E]] G MH^^{Y]R). 
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As in ii4.61 cap products are also defined on (co)chains in M-(co)homology. 
Therefore we may define Poincare duality morphisms at the (co) chain level 


Pd : MCiiY; R) MC^_k{Y; R), Pd : MC'^(Y; R) 

by Pd : a i —> a fl [F]. 


MC]i_,{Y;R), 

(4.99) 


These then induce isomorphisms Pd : MH^g{Y; R) — >• MHm-k{Y; R), Pd : 
MH’^(Y-R) MH^l_^{Y-R), which are identified with the usual isomor¬ 

phisms (12.691) by the identifications MH^{Y; R) = H^,{Y; R), ... in H4.1P114.4I 
Combining the expressions [F] = [F, 0,0, idy] for the fundamental cycle and 
(14.821) for the cap product, we see that the Poincare duality morphism Pd in 
(14.991) is given on generators [V, n, s, t] of MC^^{Y ; R) or MC^iY ; R) by 


Pd : [F, n, s, t\ i—^ [F, n, s, t]. 


(4.100) 


Here on the l.h.s. of (|4.100|) for [F, n, s,t] G MC^{Y;R), t : F —>• F is a coori¬ 
ented submersion, but on the r.h.s. of (14.1001) for [F, n, s, t] G MCl^_f.{Y;R),V 
is oriented, with orientation oy obtained by combining the coorientation ct on 
t :V ^Y and the given orientation oy on F, as in Assumption 13.17f cl. 

Also as in H2.81 if / : F —)> Z is a (perhaps proper) cooriented smooth map of 
manifolds, then we can define ‘wrong way maps’ f',fu which have the opposite 
functoriality that one expects, covariant on cohomology and contravariant on 
homology. We now show that if / is a submersion, we can define /', f\ naturally 
at the (co)chain level on M-(co)homology. 

Definition 4.63. Let F, Z be manifolds of dimensions to, n, and f : Y Z he 
a proper cooriented submersion. Define f\ : MCk{Z; R) —)• MCk-n+m{Y\ R) to 
be the i?-linear morphism given on generators [V,n,s,t] of MCk{Z\R) by 



as in (14.211) . Here the fibre product V' = V Xt,z,f Y exists by Assumption 
I3.16f cl as / is a submersion, and we give V the orientation induced by the 
orientation on F and the coorientation on /, as in Assumption I3.17T 11. Also 
s : F ^ R" is proper near 0 G K", and Try : F' —>■ F is proper as / is, so 
s' = s o TTy : F' — )• R" is proper near 0 G R", as required for [F', n, s', t'\ to be a 
generator of MCk-n+m{Y ; R). An almost identical proof to that of Proposition 
14.201 in H7.51 shows that f\ : MCk{Z; R) —>• MCk-n+miY ; R) is well defined. 

From (14.3|) and (I4.10ip we see that 

/, o a = a o /, : MCk{Z- R) MCk-n+m-iiY-, R). 

Thus the f\ descend to morphisms f\ : MHk{Z; R) — 5> MHk-n+m{Y', R). 

If Z is oriented, so that combining the orientation on Z with the coorienta¬ 
tion on / gives an orientation on F, then comparing equations (14.211) . (I4.100|) 
and (|4.101l) we see the following diagram commutes on generators [V,n,s,t] of 
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^(Z\R), and so commutes: 


R) --- MCkiZ- R) 

\r /ij (4.102) 

MC^-'^iY-,R) -^ MCk-n+m{Y-R). 

This induces a corresponding commutative diagram on M-homology. 

Comparing this with the second diagram of (I2.70|) . and noting that the 
canonical isomorphisms MH^(Y',R) — H^(Y]R), MH*^(Y] R) = H*^{Y;R) 
from ED and M.4I identify pullbacks /* and Poincare duality isomorphisms 
on M-(co)homology and ordinary (co)homology, we see that the morphisms 
f\ : MHk{Z\ R) ^ MHk-n+m{Y ; R) above are identified with the usual wrong 
way morphisms f\ : Hk{Z\R) Hk-n+m{Y', R) in 112.81 bv the isomorphisms 
MH^Y-R) ^ H^{Y;R) and MH^Z-R) H^Z-R) from EH By an argu¬ 
ment involving compactly-supported cohomology twisted by orientation bun¬ 
dles, we can show this is also true without assuming Z oriented. 

In a similar way, by the ideas used to construct /*, /* in 114.11 - 114.41 we can 
also define morphisms /i : MC^^{Z;R) M; R) without assuming 
/ proper, given on generators [V,n,s,t] in MC]^{Z-,R) by (I4.10ip . and we can 
define f' : MC^^(Y]R) M{Z■, R) for general cooriented submersions 
f : Y ^ Z and f : MC^{Y;R) MC'^-'^+'^{Z]R) for proper cooriented 
submersions f :Y ^ Z acting on [V, n, s, t] € MCj{Y\ R) by 

/'[y,n,s,t] = [V,n,sJ ot\, 

as in EH), and all of these descend to M-(co)homology, and are identified with 
the usual wrong-way morphisms f\, /■ on ordinary (co)homology. 


5 Other forms of M-(co)homology 

We now describe several modifications of the theory of integral M-(co)homology 
in El Section [5. II defines rational M-homology and M-cohomology MH^{Y] R), 
MHq{Y ;R),. .., which is defined over a Q-algebra R, and has better symme¬ 
try properties than integral M-(co)homology, including the fact that the cup 
product U is supercommutative on M-cochains MCq{Y; R). 
Section ISH discusses de Rham M-homology and M-cohomology 

; R),..., a combination of M-(co)homology and de Rham cohomology 
in which the (co)chains [V, n, s,t,w] include an exterior form ui on V. Section 
I5.3l extends 11^ 115.2l from manifolds Y to effective orbifolds, and 115.41 generalizes 
M-(co)homology to a bivariant theory, in the sense of [55] and 112.101 

5.1 Rational M-homology and M-cohomology 

In El we defined integral M-homology and integral M-cohomology MH^,(Y; R), 
MH*(Y ; R), MH*g(Y ; R), MH^{Y ; R) for Y a manifold and R a commutative 
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ring, such as the integers R = Z. As in Remark [4.541 the cup product U on 
MC*{Y\R) is associative, but not supercommutative. As in Remark \2A2V ii). 
for some rings R such as Z, Z 2 (though not Q-algebras) we cannot make U 
supercommutative on cochains, as Steenrod squares are an obstruction to this. 

We now discuss a variation on ijU called rational M-homology R), 

rational M-cohomology MHq(Y; R), compactly-supported rational M-cohomol- 
ogy MH*^ q(F; i?), and locally finite rational M-homology ; R). There 

are three main differences with (21 

(a) The base ring R is now required to be a Q-algebra, e.g. i? = Q, R or C. 

(b) We include an extra relation (iii) in the definitions of rational M-chains 
MC2{Y; R), M-precochains VMCq{Y; R) and locally finite M-prechains 
VMC'^''^(Y ; i?), in the analogues of Definitions 14.11 HTTSl and 

(c) The cup product U on MCq(Y-, R), MC*^^q{Y ; R) is supercommutative. 

We need i? to be a Q-algebra as for generators [V, n, s, t] with maps s : V ^ 
R", some proofs involve averaging over the action of the symmetric group Sn 
permuting the coordinates (xi,..., x„) of R", so l/|S'n| = 1/n! must lie in R. 

The theory is intended for applications in which it is an advantage that U 
(and similar operations, such as cross products x) are supercommutative. 

We now explain how to modify the material of 2] to define rational M- 
(co)homology M7J?(y;R), MH^(Y;R), MH*^^^{Y-R), MH^^’^iY-R). The 
changes are mostly cosmetic, requiring very little additional work. For the 
whole of 115.11 fix a Q-algebra i?, and a category Man'^ satisfying Assumptions 

EIMIIllof 231 

5 . 1.1 Rational M-homology i?) 

We begin with rational M-homology MH^{Y ; R). 

Definition 5.1. Let F be a manifold. As in Definition 14.11 define generators 
[V, n, s, t] to be ^-equivalence classes of quadruples (V, n, s, t). For each k £ Z, 
define the rational M-ehains MCf^iY ; R) to be the R-module generated by such 
[V, n, s, t] with dim V = n + k, subject to the relations Definition 14.ll ib In') used 
to define MCk{Y-, R), and the additional relation: 

(iii) For each generator [V,n,s,t] with s = (si,...,s„) : F —>■ R" and each 
permutation cr € of 1, 2,..., n we have 

[F,n, (si,S 2 ,...,s„),t] =sign(CT) • [F, n, (s„(i), s„( 2 ),..., s^(„)), t] 

in MC2{Y; R), where sign : Sn {±1} is the usual group morphism, 
which is characterized by the property that for each a £ Sn-, the diffeo- 
morphism R” -)• R" mapping (xi,X 2 ,...,x„) 1 -^ ixc(i),Xcr( 2 ), ■ ■ ■ ,Xcr(n)) 
multiplies the orientation on R" by sign(cr). 
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As in Definition 14.11 define an i?-linear map d : MC^iY ; R) ^MC2_i{Y ; R) 
by (|4.31) . To show that d is well defined, we just have to add to the proof of 
Proposition l4.3l in tl7. li the obvious fact that d maps relation (iii) in MCf^{Y ; R) 
to relation (iii) in MC2_i{Y; R). 

The proof in Definition 14.11 shows that d o d = 0. Define the rational M- 
homology groups MH^{Y\R) to be the homology of (MC^iY; R),d). 

Definition 5.2. Let D be a manifold and /c G Z. Then MCf^{Y ; R) in Definition 
IS.ll is the quotient of MCk(Y\ R) in Definition 14.II bv relation (iii). Hence there 
is a natural, surjective i?-module morphism 

li: MCk{Y-R) ^ MC2{Y-R), H : [H, n, s, t] ^ [H, n, s, t]. (5.1) 

This commutes with differentials d on MC*(—;i?), MC®(—;i?), and so induces 
morphisms on homology 

n-. MHk{Y-R) ^ MH2{Y-R). (5.2) 

Similarly, define an i?-linear map l : MC^iY ; R) —> MCk(Y] R) by 

l-:[V,n,{si,. . . , Sn), ^ X! (S-tCI), 5^(2), • ■ ■ , S<T(n)), t] ■ (5.3) 

The factor ^ exists in i? as i? is a Q-algebra. Then t maps relation Definition 
14.H i) for n, i in MC^iY ; R) to the average over = 0,..., n of relation Defini¬ 
tion |T3](i) for n,i' in MCk{Y; R). Also t maps Definition 14. If iii in MC^iY^R) 
to an average over S'„ of Dehnition D.lf ii') in MCk{Y ; R). And the r.h.s. of (15.3p 
is unchanged under Definition 15.If iiil. Hence l is well defined. 

As i commutes with differentials d on MC'®(—; i?), MC'*(—; i?), it induces 
morphisms on homology 

6 : MH2{Y; R) MHk{Y- R). (5.4) 

By equations and (15.31) and Definition 15.If ijil we see that 

Uo L{[V,n,s,t]) = sign(CT)- [V,n, (sa(i), s<t(2), ■ • ■ ,s,T(n)),i] = [V,n,s,t]. 

' creSn 

Hence H o i = id : MC^iY ; R) — > MC^iY ; R), and t is a right inverse for H. 
This gives a canonical splitting 

MCk{Y; R) ^ MC2(Y; R) © MC^iY; i?)^, (5.5) 

where MC2{Y\R)^ = Ker(n : MCk{Y\R) MC2{Y;R)). The splitting 
(15.51) is preserved by 9, as H, t commute with 9, so induces a splitting 

MHk{Y-R)'^ Mh2{Y-R)(BMh2{Y-R)^. (5.6) 
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Theorem l4.12l savs that MHk{*; i?) = 0 for 0 fc G Z, so that R) = 

0 for 0 ^ fc G Z by (I5.6L and R) = R, where 1 G i? is identified with 

the cohomology class [[*]] of [*] G MCo{*]R)- In the splitting (15.5L [*] lies 
in MC2i*',R) Q MCo{*; R), so in (15.61) [[*]] lies in C MHq{*;R), 

giving R) = R- This proves: 

Corollary 5.3. The analogue of Theorem 14.121 holds for rational M-homology. 

To show /* : MCk(Yi] R) —>■ MCk(Y 2 ] R) in Definition 14.61 is well defined 
on MCfflYi\R) we note that /* obviously takes relation (iii) in MC^iYi; R) to 
relation (iii) in MCfflY 2 ]R). The rest of M.ll and the proofs of Propositions l4.3l 
and Theorem 14.71 in (17.1b i l7.3l need no changes in the rational case. Therefore as 
in Theorem 14.71 the complex of rational M-chains {MC’^iY■, R),d) is the global 
sections of a complex ( A4C 9(Y■,R),d) of flabby cosheaves of i?-modules on Y. 
Also, as for Theorem 14.131 we have: 

Theorem 5.4. For any Q-algebra R, rational M-homology Mh 2{—;R) is a 
homology theory of manifolds. There are canonical isomorphisms MH^fY ; R) = 
Hi.{Y ; R), MH^iY, Z]R) = Fl^fY, Z\ R) for all Y, Z, k, preserving the data /*, 9 
and isomorphisms R) = R = Ho{*;R), where H^,{—;R) is any other 

homology theory of manifolds over R, such as singular homology ;i?). 

The morphisms 11, t on M-homology in (15.21) and (15.41) commute with the iso¬ 
morphisms Hf{Y; R) ^ MHk{Y- R), Hf(Y; R) ^ MH^iY; R) from Example 
14.151 and so are the canonical isomorphisms MHk{Y ; R) = MH2(Y ; R). 

5.1.2 Rational M-cohomology MHq(Y; R) 

Next we discuss rational M-cohomology MHq{Y ; R). 

Definition 5.5. Let F be a manifold, of dimension m. As in Definition 14.181 
define generators [V, n, s, t] to be ^-equivalence classes of quadruples (V, n, s, t). 
For each fc G Z, define the rational M-precochains VMC^{Y\R) to be the R- 
module generated by such [V,n,s,f\ with dimC k = m n, subject to the 
relations Definition Id.lSl il.fii'l used to define VMC'^(Y; R), and the additional 
relation Definition 15.1f iiil (though note that the notion of generator [V,n,s,t] 
we use now is different to that used in Definition EH). 

Define differentials d : VMC^{Y;R) —>■ VMC^^(Y]R) with d o d = 0, 
the identity precocycle Idy = [F, 0,0, idy] in VMCq{Y]R), and pullbacks f* : 
VMCq{Y 2 ] R) —)> VMCqIYi^R) by smooth maps of manifolds / : Fi —F 2 
as in Definition 14.191 To show d, /* are well-defined, we add to the proofs 
of Propositions 14.31 and 14.201 in 117.11 and 117.51 the obvious fact that d, /* map 
relation (iii) in the domain to relation (iii) in the target. 

The proof of Proposition 14.211 in 117.61 needs no changes in the rational case. 
As in Definition 14.221 we define a c-soft strong presheaf VMCq(Y;R) of R- 
modules on F by VM.Cq(Y; R){U) = VMCq^U; R) for all open DCF, and 
puu' ■■ VMC^iY;R)iU) ^ VMC’f^{Y-R){U') is puu' = i* ■ VMC^{U-R) ^ 
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VMCq{U'', R) for all open U' C U QY, with i : U' ^ U the inclusion. Then 
we define A4Cq{Y;R) to be the sheafification of VMCq(Y; R), and we define 
the rational M-cochains MCq{Y; R) to be the global sections MCqiY-, R){Y). 
Then we have M.Cq{Y ; R){U) = MCq{U; R) for all open U CY. As in (14.231) . 
we may write MCq{Y ; R) as an inverse limit 

MC^iY; i?) = 14 m ^ ^ ^ ^ ^ VMC^iU; R). 

As in Definition 14.221 differentials d, identities Idy and pullbacks /* de¬ 
scend to MCq{—',R) with d o d = 0. Define the rational M-cohomology groups 
MHq(Y ; R) to be the cohomology of the cochain complex [MC^{Y ; i?), d). 

As in Definition 15.21 we can define i?-linear morphisms 

n : VMC'^iY] R) VMC^{Y- R), l : VMC^{Y- R) VMC’^{Y- R) 

by the same formulae as in (EH) and (lOD . and these induce morphisms 

IV-. MC’^{Y-R) ^ MC^{Y]R), l : MC^{Y; R) ^ MC'‘{Y-R). (5.7) 

They satisfy If o i = id, and commute with d and so descend to M-cohomology. 

The rest of >14.21 and the proofs of Propositions 14. 21l and l4.26] in iJTl need 
no changes in the rational case. Therefore as in Definition 14.221 and Theorem 
14.311 the complex of rational M-cochains [MCq{Y; R),d) is the global sections 
of a complex (^MCq{Y ; i?), d) of soft sheaves of i?-modules on Y, which is a soft 
resolution of Ry- Also, as for Theorem l4.291 we have: 

Theorem 5.6. For any Q-algebra R, rational M-cohomology is a cohomol¬ 
ogy theory of manifolds. There are canonical isomorphisms MHq(Y; R) = 
H^(Y ; R), MHq(Y, Z; R)'^H^{Y, Z\ R) for all F, Z, k, preserving the data /*, d 
and isomorphisms MFIq(*;R) = R ^ FI^(*',R), where FI*{—;R) is any other 
cohomology theory of manifolds over R, such as singular cohomology Hf-fY^R) 
or sheaf cohomology F[*{Y, Ry). 

5.1.3 Compactly-supported rational M-cohomology MHf^,^{Y-R) 

The rational analogue of 44.31 requires only cosmetic changes. In Definition 
14.321 we define the compactly-supported rational M-cochains q{Y; R) C 

MCqfY; R) to be the i?-submodule of compactly-supported global sections of 
MCq{Y;R), and then we define compactly-supported rational M-cohomology 
MHf^ QfY ; R) to be the cohomology of [MCfg Q{Y ; i?), d). Then as in Theorem 
14.331 compactly-supported rational M-cohomology is a compactly-supported co¬ 
homology theory of manifolds, so there are canonical, functorial isomorphisms 
R) - H^,fY-R) for all F, k. 

The rational analogue of Proposition 14.351 says that if F is a manifold and 
k gZ, then as an i?-module, MC^^ qfY ; R) is generated by compact generators 
[V,n,s,t], subject only to relations Definition 14. ISl il.lii') and Definition 15.1 I ni') 
applied to compact generators. Its proof in 47.8l reauires only cosmetic changes. 
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5.1.4 Locally finite rational M-homology MH^’^{Y;R) 

Again, the rational analogue of M.4I requires only cosmetic changes. We first 
define locally finite rational M-prechains as in Definition 14.361 

but imposing the additional relation Definition iii). Proposition 14.381 holds 
in the rational case. As in Definition 14.391 we define a c-soft strong presheaf 
VMCf^{Y-,R) of i?-modules on Y by VMCl’'^(Y-, R){U) = VMCf^{U-R) 
for all open D C D, and puv ■ VMCl'^{Y-R){U) VMCl'^{Y-R){U') 
is puu' = i* ■■ VMCf^iU; R) VMCf^{U'; R) for all open U' C U C 
Y, with i : U' ^ U the inclusion. Then we define A4C)!’'®(T; i?) to be the 
sheafification of V[Y; R), and we define the locally finite rational M- 
chains MC^l’'^{Y\ R) to be the global sections MC^l''^{Y\ R){Y). As in (14.481) . 
we may write MC^^’'^{Y ; R) as an inverse limit 


MC]^’^{Y-,R)^]^ 


U : U Q Y open, U is compact 


VM&l'^{U]R). 


We define the locally finite rational M-homology groups MH^J’'’^{Y ; R) to be 
the homology of [MC^J’‘‘^{Y-,R),d). As in Theorem 14.451 locally finite ratio¬ 
nal M-homology is a locally finite homology theory of manifolds, so there are 
canonical, functorial isomorphisms MH^J’'^{Y ; R) = H^^{Y ; R) for all Y, k. 


5.1.5 Cup, cap and cross products, and Poincare duality 

The analogues of fl4.5l - )14.7l and the proof of Proposition |4?50] in fl7.9l also require 
only cosmetic changes in the rational case. Thus we define cup products U, cap 
products ("1, cross products x, and Poincare duality morphisms Pd on rational 
M-(co)chains and rational M-(co)homology, which as in Theorems 14.52114.601 
14.621 and Corollary 14.571 agree with the usual U, fl, x, Pd under the canonical 
isomorphisms MH^fY ; i?) = Hk{Y] R),.... 

The maps D : MC^Y; R) MC${Y; R), D : MC*{Y- R) MC^{Y; R) in 
jUD and (Ell) preserve the products U, (H, x at the (co)chain level. However, the 
maps L : MCf{Y-R) MC^Y-R), l : MC^{Y-R) —5- MC*(Y-R) in (lOll 
and (EH) do not preserve U, (H, x at the (co)chain level, since the averaging over 
Sn in (|5.3I) is not compatible with the definitions of U, (~l, x in >14.5P)14.6I 

The most important new feature is that if T is a manifold of dimension m 
and \V,n,s,t] G VMCq{Y-, R), [V',n', s',t'] G VMCq{Y;R) are generators, so 
that dim V = m -\- n — k, dim V' = m n' — I, then 

[V, n, s, t] U \V', n, s', t'] = (-1)'" [V V, n n, 

(si o -Ky, . . . ,SnO TTy, O TTyf, . . . , s'„, O TTy/), t O TTy] 

= (-1)'” • (_i)("-fc)("'-0 . [W v,n + n', 

(s'l o -Kyi, . . . ,s'n, o TTy/, Si O TTy, . . . , S„ O TTy), t' O TTy/] 

= {-lf^[V',n',s',t']U[V,n,s,t], (5.8) 
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where we use (14.611) in the first and third steps, and in the second step we use 
the natural isomorphism of manifolds with corners cooriented over Y 


V Xt,Y,t' V = (_l)(dinit^-dimy)(dimy'-dimV) y! ,Y,t V, 

by equation (13.31) and Assumption l3.17T ml. and we apply relation Definition 
15. If hi) to [V Xtx,t' F', n + n', (si OTTy,..., SnOiry, s[ottv', • ■ •, o Try/), to Try] 
in VMC^^^iY'.R) with permutation a G 5'„+„/ mapping 

cr : (1, 2,..., n, n + 1,..., n + n') i—>■ (n + 1, n + 2,..., n + n', 1, 2,..., n), 

which has sign(cr) = (—I)""'. 

By equation (15.8p . for a G VMC^iY ; i?), /3 G VMCq(Y ; R) we have 

aU/3= (-l)'='/3Ua. 

This descends to a in MCq{Y-,R) or MC^^^q{Y; R) and j3 in MCq{Y-,R) or 
MCpg q(F; i?). So we have: 

Proposition 5.7. For any Q-algebra R and any manifold T, the cup products 
U on (compactly-supported) rational M-cochains MCq{Y; R), MC)^ q{Y; R) are 
supercommutative, at the cochain level. 

Similarly, under the natural isomorphisms 


MC*^{Y^ X ^2; R) = MC*^{Y2 X Fi; i?), 

MC^{Yi X Y2]R) MC^{Y2 X Yi-R), 


the cross products on rational M-(co)chains are supercommutative: 

X : MC^{YyR) X MC4(F2;i?) ^ MC^+\Yi xY2;R), 

X : MC2{Yr,R) X MCf (^ 2 ; R) xY2;R). 

Note the contrast with integral M-cochains: as in Remark 14.541 the cup 
product U is generally not supercommutative on MC*{Y\R), MC(^{Y ; R) even 
if i? is a Q-algebra. We can now enhance Theorem 14.531 in (14.51 to work with 
cdgas over R rather than dgas over R, yielding: 

Theorem 5.8. For any <Q-algebra R and manifold Y, the cdga (MCq{Y; R), 
d, U,Idy) over R is equivalent in cdga^ to the ‘usual’ cdga over R associated 
to Y in topology, as represented for instance by Sullivan’s cdga Apl(Y; R) of 
polynomial differential forms on Y with coefficients in R, as in [501 §10(c)], |5D] . 
or by the de Rham cdga (C'dp^(F; K.), d, A, ly) from Example 12.121 when R — 'E.. 

Therefore the rational homotopy type of Y, and topological invariants of Y 
depending on the cdga up to equivalence, such as Massey products, may be com¬ 
puted using the cdga (MC'q(F; i?), d, U, Idy) , and will give the correct answers 
under the canonical isomorphism MFIXIY ; R) = F[*{Y ; R) from Theorem 15.61 
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5.2 De Rham M-homology and M-cohomology 

We now define variants of M-(co)honiology called de Rham M-(co)homology 
MH^^{Y ; ;R),..., which include exterior forms w on F in gener¬ 
ators [V,n, and generalize de Rham cohomology in Example 12.121 This 

works for homology as well as cohomology. For simplicity we take the base ring 
to be i? = R, although we could extend to R any R-algebra in the obvious way. 
As R is a Q-algebra we include the analogue of relation Definition [STjiii) in ^5.11 
throughout, which makes cup products supercommutative on cochains. 

For the whole of 1 15.21 fix a category Man*^ satisfying Assumptions 13.121 - 
13.181 of 113.31 and Assumption 13.211 in 113.41 which defines fc-forms w G on 

manifolds with corners V G Man'^. 

5.2.1 De Rham M-homology MH^^{Y;M.) 

Here is the analogue of the first half of Definition 14.11 

Definition 5.9. Let F be a manifold. Consider quintuples (F, n, s, t, w), where 
V is an oriented manifold with corners (i.e. a pair {V,ov) with V an object in 
Man'^ and oy an orientation on V, usually left implicit), and u = 0,1,..., and 
s : V —>■ R” is a smooth map (morphism in Man'^), and t : V Y is a smooth 
map, and cu G fiP(V) is a p-form on V for p = 0,1,..., as in Assumption 13.211 
such that the continuous map slsuppc,; : suppw ^ R” is proper over an open 
neighbourhood of 0 in R". 

Define an equivalence relation ~ on such quintuples by {V,n, s,t,uj) ~ {V, 
n', s', t'yUj') if n = n', and there exists an orientation-preserving diffeomorphism 
/ : F —)• F' with s = s' o f and t = t' o f and f* (w') = lu. Write [F, n,s,t, ui] for 
the ^-equivalence class of (F, n, s,t,w). We call [F, n, s,t,a;] a generator. 

For each fc G Z, define the de Rham M-chains MC')?^(F;R) to be the R- 
vector space generated by such [F, n,s,t, uj] with dim F = n -|- A: -|- deg w, subject 
to the relations: 

(i) For each generator [F, n, s, t, uj] and each f = 0,..., n we have 

[F, n, s, t,uj] = (—1)"“*[F X R, n -I- 1, s', f o Try, -Kyia})] 

in ; R), where writing s = (si,..., s„) : F —>■ R” with Sj : F ^ R 

and Try : F x R —)• F, ttr : F x R R for the projections, then 

s' = (si o TTy,... ,Si o Try, ttr, Si+i o Try,..., s„ o Try) : F X R —s- R”+\ 

and F X R has the product orientation from Assumption Id.lTf fl of the 
given orientation on F and the standard orientation on R. 

(ii) Let / be a finite indexing set, G R for i G /, and [1^, n, s^, Wi], z G / 
be generators for MC'))^(F;R), all with the same n. Suppose there exists 
an open neighbourhood X of 0 in R", such that Si|supptJi : suppwi R" 
is proper over X for all z G /, and the following condition holds: 
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(*) Suppose r] G (7°° (A”+^r*(]R"' x Y)) is an (n + fc)-form on K." x Y 
with supp r] C K xY ioi some compact subset K C X C R". Then 

/ {si,ti)*{ri) Auji = 0 in R. (5.9) 

Here {si,ti)*{rj) Aui is a form of degree n + Zc + degWi = dimT^ on Vi, 
with supp[(si,ti)*(77) A LUi] C (sj,ti)“^[supp? 7 ] n suppwi by Assump¬ 
tion [T2TDc). Since 7rRn(supp77) C if C X C R" for AT compact and 
Si|suppi.c;i : supp Wi -G R" is proper over X, we see that {st, ti)* (ij) Auii 
is compactly-supported, so Jy {si, ti)*{ri) A oji is defined in R by As¬ 
sumption [32B)e), and (15.9p makes sense. 

Then 

[Vi,n,Si,U,uji\ =0 in MC^^(Y-,R). 
iei 

(iii) For each generator [V, n, s, t, cu] with s = (si,..., s„) : H —>• R" and each 
permutation cr e iSn of 1,2,..., n we have 

[V, n, (si, S 2 ,..., s„),t,a;] = sign(cr) • [V, n, (sa(i), Sa( 2 ), • • ■, s,^(„)), t,uj] 

in where sign : Sn -A {±1} is the usual group morphism. 

Remark 5.10. (a) Relations (i),(iii) above are just Definition |4T](i) and Defini- 
tion l5.1f iiil. with forms uj added in a trivial way. Relation (ii) replaces Definition 
ll.H iil. but is significantly different. So to generalize SjHand Hh.ll to de Rham M- 
(co)homology, the main task is to rewrite the material using Definitions 14. ir iil . 
Il.isr iil and ^..^bf ijl in a nontrivial way, in particular the proofs of Propositions 
14.3114.201 and 14.501 and Theorem 14.121 in H7.ll H7.41 H7.51 and H7.91 using relation 
Definition 15.9f iil and its M-cohomology analogue instead. 

As an example, in Definition 15.111 below we show that d on MC'*^(T;R) is 
well defined, the analogue of the proof of Proposition 14.31 in EH The proof is 
rather easier in the de Rham case. 

(b) As in Remark 14.41 here are some easy consequences of relation (ii). If 
[V, n, s, t, w] is a generator in MC^^iY ; R) then 

[-V,n,s,t,uj] = -[V,n,s,t,uj], 

where —V is V with the opposite orientation, if a, 5 S R then 

a[V, n, s, t, w] -I- b[V, n,s,t, uj'] = \V,n, s,t,auj -\- bio'], (5.10) 

and if [Vi, n, si, ti, wi], [V 2 , S 2 , ^ 2 ,^ 2 ] are generators then 

[Rini/ 2 ,n,Sins 2 ,Hnt 2 ,wiUa; 2 ] = [lA, n, si, ti, wi]-I-[R 2 , n, S 2 , t 2 , ^ 2 ]- (5.11) 

Note that (15.101) implies that we can write a general element of MC^(Y ; R) 
as Si,ti,LiJi], omitting our usual factors G R. 
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(c) Let V be oriented of dimension m and [y,n, G MC^^(F;R) with 

k ^ m. Suppose X is an open neighbourhood of 0 in R" such that slsuppw : 
suppw —>• R." is proper over X (this is part of the definition of [F, n, s, t, w]) and 
(s, t) : V ^ R” X y is a submersion over X xY (this is an extra assumption). 

Give R" X Y the product orientation from the standard orientation on R" and 
the orientation on y, as in Assumption 13 .1 7f fL fkb The orientations on V and 
R" X y induce a coorientation on (s, t) : V ^ R" x Y, as in Assumption 13 .1 7f cL 
Then (s,t)|g-i(x) : s~^(Ar) —>■ A x y is a cooriented submersion, and 
is a form on s“^(A) with (s,t)|supptj|^_i(^j : suppa;|s-i(x) A x y proper, 

so Assumption I3.2ir fi defines a pushforward form ((s, t)| 5 -i(x))*(w|s-i(jf)) on 
A X y of degree dimy — fc ^ 0. We claim that 


[V,n,s,t,uj]= [A X y,n,7rx,7rr, ((s,t)|s-i(x))*(wU-i(x))]- (5.12) 


This holds by Dehnition l5.9l' iiL where if rj is an (n + A:)-form on R" x Y with 
supp ry C A X y for some compact A C A C R" then equation (13.121) yields 



and this is equivalent to Definition 15. 9f iilf*l for (|5.12l) . 

(d) The signs in many formulae in this section, such as (15.9L (I5.12L (I5.13p . 
(I51B . (lOOll . ([523, (15241) . (lA^ . (15271) . (15291) . (lA32l) . (lA36l) . (lA3l) . and 
(I5.50p . depend on separate orientation conventions for homology and for coho¬ 
mology. Our conventions were chosen to make the signs in (j5.9p . (15.121) . (15.191) . 
(|5.20p . (|5.25p . (I5.29P and (|5.32p equal to 1. It seems that any convention must 
give ugly-looking signs somewhere, such as in (|5.22l) . (15.271) . (|5.39l) and (|5.50p . 

Following the second half of Dehnition l4.ll we dehne d on MC^^(Y ; R), and 
de Rham M-homology MH^^{Y;M.). 

Definition 5.11. Define d : MC'^^(y;R) —>■ MC')?:l^]^(y; R) to be the R-linear 
map such that for all generators [V, n, s, t, w] of MC'^^{Y ; R) we have 

d[y, n, s, t,uj] = [dV^ n, s o iy ,t o iv ^ *y(‘^)] + (-1)"''’^[V',s, t, dw], (5.13) 

where the orientation on dV is induced from that of V as in Assumption l3.17f hb 
To show this is well defined, we have to show it takes relations (i)-(iii) in 
MC'))^(y;R) to relations (i)-(iii) in MC^^^(Y;R). For (i),(iii) this is obvious. 

For (ii), suppose that i[Vi,n,s^,U,u}i] = 0 in MC^^(Y;R) by (ii), 

where (ii)(*) holds for some open 0 G A C R". We will show that 

a* [914, n, St o iy ., ti o iy ., (w^)] 



(5.14) 
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Let 77 G ^r*(K."' X Y)) be an {n + k — l)-form on R" x Y with 

suppry C K X Y ior compact K C X C R". Then Assumption 13.2lf s') gives 




Wi). 


(5.15) 


Rewriting this using Assumption 13. 21f aLfbi yields 

[ (si oivJ*(77) Aiy.(wi) + (- 1 )"'+'' f isi,ti)*{r]) A{duJi) 

JdVi JVi 

= [ isi,ti)*{dri) AuJi. 

JVi 

Multiplying (I5.15|) by ai and summing over i G I yields 

/ (si oiyJ*(?7) Ajy.(wi)+^(-l)"+''ai / {si, U)*{t]) A (duji) 

* 6 / JdVi JVi 

= '^ai J {si,ti)*{dri) AuJi. (5.16) 


The r.h.s. of (15.161) is zero by Definition 15.Ql iilf*! for 
with d ?7 in place of 77 . So the l.h.s. of (15.161) is zero, which proves Definition 
I5.9f iilf*l for the l.h.s. of (15.141) . Thus relation (ii) in MC')?^j(F;R) says that 
(15.141) holds. Hence d takes relation (ii) in MC'^^(y;R) to relation (ii) in 
R), and is well defined. 

For any generator [V, n, s, t, w] in MC^^iY ; R) we have 

d o d\y, n, S, t, w] = n,S oiy O igy, toiyO igy, igy O iy{uj)] 

+ (—1)”+*“^[9F, n,s oiy,to iy,d o iy{uj)] 

_l_ (— 1 )"+*^[ 9 F, n,soiy^to iy, 7y(dcc)] + (— 1 )"’+^(— 1 )"+*^“^[F, n, s,t,do dw] 
= n,SOiyOigy,toiyO igy, igy O iy{uj)], (5-17) 


where in the second step, the second and third terms cancel as do 7 (^(w) = iy{duj) 
and deg(da;) = degw + 1, and the fourth term is zero as d o d = 0. Apply 
Dehnition l5.9l iil to [d^V,n,s oiy oigy ,toiv oigy ,i*gy oiy{oj)\. Equation (15.9|) 
for suitable 77 G (7°° (A"+'=T* (R” x Y)) becomes 


/ {soiyoigy,toiyoigy)*{r])A{iv°idv)*{t^)=d. (5.18) 

Jd'^v 

Assumptions I3.14l cl and I3.17f il give an orientation-reversing diffeomorphism 
try : d^V d^V with Oy = ida 2 y and 7y o igy o ay = iy o igy. Using ay we 
see that the l.h.s. of (15.181) is minus itself, proving (15.181) . So Definition l5.9f iilf*l 

holds for Si,ti,UJi] = [d‘^V,n, soiy oigy,toiyOigy,i*gy oi y(a;)] , 

and (ii) gives [d'^V, n,s oiy o igy, t o iy o igy, igy o iy{uj)] = 0, and thus (I5.17|) 
yields d o d\y, n, s, t, cu] = 0 . 
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Hence aoa = 0 : MC^^{Y-,R) MCl%{Y-,R), and {MCt^{Y-R),d) is 

a chain complex. Define the de Rham M-homology groups MH^^{Y;R) to be 
the homology of this chain complex. 

If Y is compact and oriented with dimH = m, define the fundamental cycle 
[y] = [y, 0,0,idF, If] G ^^(^^^(y;]!). Here V = Y has the given orientation, 
and s = 0 : y is proper as Y is compact, and ly G D°(y) is as in 

Assumption I3.211 al. We have d\Y] = 0 by (15.131) as dY = 0 and dly = 0, so 
passing to homology gives the fundamental class [[y]] G MH^{Y;R). 

Here is the analogue of Lemma HTSl It holds since in Definition 15. 9f ii') ('*'). if 
fc> dimy then C'“(A”+'=T*(R" x y)) = 0 , so (*) holds trivially, and (ii) says 
that any element Qi [Vi,n, Si,ti,u!i] in is zero. 

Lemma 5.12. For any manifold Y we have = 0 for k > dimy, 

so that MFI^^(Y;R) = 0 for k > dimy. 

Here is the analogue of Definition 14.61 

Definition 5.13. Let / : Hi —>■ y 2 be a smooth map of manifolds. Define the 
pushforward /* : ^^(^^^(yi;]^) MC^^{Y 2 ;R) for fc S Z to be the unique 

R-linear map defined on generators [V,n,s,t,uj] of MCk{Yi;R) by 

/4y,n, s,t,w] = [V,n,s,fot,uj]. (5.19) 

To show /* is well-defined, we must show that it maps relations (i)-(iii) in 
AdCk(Yi]R) to relations (i)-(iii) in MCk(Y 2 ;R). For (i),(iii) this is obvious. 
For (ii), suppose ai[Vi,n, Si,ti,uji] = 0 in MCkiYi;R) by relation (ii) 

using open 0 G X C R". Suppose rj € (7°° (A”+''T* (R” x y 2 )) with supp?? C 
K X Y 2 for some compact subset K C X C R". Then (idR" x /)*(??) lies 
in C“(A”+'=r*(R” X Fi)) with supp(idRn x f)*{r)) Q K x Yy so dH]) with 
(idR" X f)*{ri) in place of rj yields 

'^ai [ (si,ti)* o (idR" X/)*(? 7 ) Awi = 0 . 

But this is (15.91) for X]ie 7 Si, / o tj, Wj], so Definition [SjlKii) implies that 

Sie/ Si, f o ti,u:j\ = 0 , and f* maps (ii) to (ii), and is well defined. 

Equations (15.131) . (15.191) give /*o9 = dof^ : ^^(^^(yiiR) —>■ MC^^i(Y 2 -,R). 
So the/* induce pushforwards/* : MH^^{YyR) MH^^{Y 2 -,R) on homology. 
If 5 : y 2 —> Fa is another smooth map of manifolds then (g o /)* = g* o /*, on 
both de Rham M-chains MC'*^(yi;R) and M-homology MH^^(Yi;R). Also 
(idy)* is the identity on both MC'*^(y;R) and MH^^(Y-,R). 

The material in (14. II from Theorem 14.71 down to Lemma 14.111 and the proofs 
of Theorem 14. 71 in (17.2l and Proposition l4.9l in (17.31 all require only very straight¬ 
forward modifications for the de Rham case, and we leave the details to the 
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reader. For instance, in equation (17.101) in ii7.2l we should instead write 


: MC®(T U [/; R) ^ MCi^{T; R), 
n?u(7 : [V,n,{si,.. . ,Sn),t,uj] I—5- X (-00,0], n + 1, 

(si O . . . , S„ O TTj-qy), f O TTt-^(T) + '^(-oo,0])) ^ ° ’’’i" ^T) j ^(-1 (T) (‘^)] • 

Therefore the complex of de Rham M-chains (MC'^^(F; R), 9) is the global 
sections of a complex ( AdC f^fF: R). 9) of flabby cosheaves of R-vector spaces 
on Y, as in Theorem 14.71 and we have notions of relative de Rham M-chains 
MC^^{Y, Z]'M.) and M-homology MH^^(Y, Z]'R) for open Z CY. 

Here is the analogue of Theorem 14.121 proved in 118.11 

Theorem 5.14. We have = 0 for all 0 ^ k G Z. There is 

a canonical isomorphism MiJg^(=i=;R) = R identifying the fundamental class 
[[*]] £ Mwith 1 £ R. 

As for Theorem 14.131 we deduce: 

Theorem 5.15. De Rham M-homology is a homology theory of manifolds. 
There are canonical isomorphisms MH^^{Y ; R) = Hk{Y ; R), MH^^(Y, Z-, R) = 
Hk(Y, Z',M.) for all Y,Z,k, preserving the /*,9 and isomorphisms 
= R = i7o(*;R), where i7,(—;R) is any other homology theory of manifolds 
overM, such as singular homology ;R). 

Example 5.16. Let T be a manifold and fc £ Z. Define R-linear maps 
: MCfc(F;R) ^ MC'^’^(y;R), 

F™ : MC2{Y-, R) ^ MCt^{Y- R) by (5.20) 

s, t] I— [V, n, s, t, ly] on generators [F, n, s, t]. 

We will show in Proposition 15 .1 71 below that these are well defined. 

Comparing (|4.3p . (|5.131) and (15.201) and noting that dly = 0 we see that 
F^^'^od = 9 oFdRMh . MCk{Y;R) MC')?Ri(y;R), and similarly for 
so (15.201) induces morphisms 

^ MiJfe(y;R) ^ MHt^iY-,R), ^ 

F^h : Mh2{Y; R) ^ (F; R). 

These morphisms in (15.211) extend to relative homology, and 

commute with pushforwards /* and continuation maps 9 : MCl(Y, Z;R) —>■ 
MCl_,iZ;R). Since ^ ^ F^Mh ^ 

MiJo(*;R) ^ F^RMh : M7J®(*;R) ^ are compat¬ 

ible with the isomorphisms MHq{*-,R) = Mh2{*',R) = MF[2^{*-,R) = R. 
Thus by the last part of Theorem 12.31 the morphisms (15.211) are the canonical 
isomorphisms from Theorem 15.151 
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We can compose : MCk(V;R) MC^^{Y;R) in (IH:^ with the 

morphisms F^h ; Cf {Y;R) MCk{Y;R), : Cf{Y;R) MCk{Y;R) 
from Examples l4.15l and l4.17l to get explicit morphisms of chain complexes lifting 
the isomorphisms Hf{Y-R) ^ MH^^{Y;R), Hf{Y;R) ^ MH^^{Y-,R) given 
by Theorem 15. 151 

The next proposition will be proved in >18. 21 
Proposition 5.17. in (15.201) above are well defined. 

5.2.2 De Rham M-cohomology 

Here are the de Rham analogues of Definitions 14.181 and 14.191 

Definition 5.18. Let F be a manifold, of dimension m. Consider quintuples 
{V, n, s, t, w), where H is a manifold with corners (object in Man'^), and n G N, 
and s : y ^ M" is a smooth map (morphism in Man*^), and t : V F is a 
cooriented submersion (i.e. a pair (t, Ct) of a submersion t : F —>■ F in Man'^ 
and a coorientation ct for t, usually left implicit), and lo G DP(y) is a p-form 
on V for p = 0,1,..., as in Assumption 13.211 such that the continuous map 
(s, Olsuppi..; : suppw —>• K” X F is proper over an open neighbourhood of {0} x F 
in R” X F. 

Define an equivalence relation ~ on such quintuples by (F, n, s,t,a;) ^ (F', 
n', s',t',uj') if n = n', and there exists a diffeomorphism / : F —>■ F' with 
s = s' o f and t = t' o f and /*(w') = oj such that the coorientations satisfy 
Ct = Cfi o cf, where c/ is the natural coorientation on / from Assumption 
I3.17r el. Write [F, n, s,t,a;] for the ^-equivalence class of (F, n, s, t, w). We call 
[F, n, s, t, w] a generator. 

For each k G Z, define the de Rham M-precochains 'PMC^^{Y;R) to be the 
R-vector space generated by such [V,n,s,t,uj] with with dimF + k = degw + 
m + n, subject to the relations: 

(i) For each generator [F, n, s, t, w] and each i = 0,..., n we have 

[F, n, s, t, oj] = (—Ij^^^jF X R, n + 1, s^, t o Try, 7r(>(a;)] 

in VMC^^iY ; R), where writing s = (si,..., Sn) : F —>■ R" with Sj :V ^ 
R and ny ■ V xR—)-F, 7rR:F xR—)-R for the projections, then 

s' = (si o TTy,..., Sj o 7ry,7rR, Si+i o TTy,..., o TTy) : F X R —s- R"+\ 

and toTTy has coorientation CtoTw = Ctoc^rv > where Ct is the given coorienta¬ 
tion on t : F ^ F, and is the coorientation on Try : FxR —)• F induced 
by the standard orientation on R, as in Assumption 13 .1 7f dl . 1 f 1. Ikl. 

(ii) Let J be a finite indexing set, G R for i G I, and [Vi,n, Si,ti,uji], 
i G I he generators for VMC^^{Y\R), all with the same n. Suppose 
there exists an open neighbourhood X of {0} x F in R" x F, such that 
(si, tijisupptji : suppoTi —>■ R" X F is proper over X for all i G I, and the 
following condition holds: 
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(*) Suppose V is an oriented manifold of dimension I, t' : V' ^ Y is 
smooth, and r] e x V')) with supp ?7 a compact 

subset of (idRn x C K" x V'. Then 

dega;i+deg^i(deg ^ 

(5.22) 

/ (s* o7’'V'i,7r\/')*(77) A7ry.(wj) = 0. 

Here the hbre product Vi V exists in Man'^ by Assumption 

13.161' cH as ti : Vi —>■ y is a submersion, with dimension 

dim Vi + dim V' — dim Y = (deg uji + m + n — k)Yl — m 

= deg uji + I Y n — k, 

and Assumption 13.17( 11 gives it an orientation by combining the 
coorientation ct^ on ti and the orientation on V'. By suppry compact 
in (idK" x and (si,fi)|suppa;i : suppo;* R" x H proper 

over X, and equation (13.81) . we see that (si o Try, Try')*( 77 ) A Try. (wi) 
is compactly-supported in Vi XyV, so that (15.221) is well defined by 
Assumption I3.21f el . 

Then 

[Vi,n,s^,ti,uji] = 0 in 'PMC^^{Y;R). 

iGl 

(hi) For each generator [V^, n, s, t, a;] with s = (si,..., s„) : H —>• R" and each 
permutation cr e iSn of 1,2,..., n we have 

[V, n, (si, S 2 ,..., Sn),t,uj] = sign(cr) • [V, n, (s^(i), s<^( 2 ), - ■., s,^(„)), t,uj] 

in VMC^^{Y;M.), where sign : Sn —>■ {±1} is the usual group morphism. 

As in Remark |5.10f bl. some consequences of relation (ii) in 'PMC^^{Y;M.) 
are equations (I5.10l) - (|5.11|) and the analogue of (14.18^ : 

[V, n, s, {t, -Ct),oj] = - [V, n, s, {t, cj), w]. (5.23) 

Definition 5.19. For each manifold Y and fc £ Z, as in equation (I5.13P let 
d : VMCIIyi{Y;R) —>■ (Y;M.) be the unique R-linear map with 

d[V,n,s,t,uj] = [517, n, sozy, tozy, iy(a;)]-I-(—n, s, t, dw], (5.24) 

for all generators [V, n, s, t, w], where the coorientation on toiy is Ctoiv = CfOCi^, 
for ct the given coorientation on t, and Ciy the coorientation for zy : dV —>■ V 
from Assumption I3.17f hl. We show that d is well-defined with d o d = 0 by 
similar proofs to those for d in Definition 15.111 
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Define the identity precocycle Idy = \Y, 0,0, idy, ly] in VMC^^{Y ; R). Here 
t = idy : Y ^ Y has the coorientation from Assumption l3.17T ei. and {s,t) : 
F —>• R° X F is proper. We have didy = 0 as dY = 0 and dly = 0. 

Suppose / : Fi —>• F 2 is a smooth map of manifolds. For each fc G Z, define 
the pullback f* : VMC^^{Y 2 ;M.) —>• (Fi;R) to be the unique R-linear 

map acting on generators [V,n,s,t,uj] of 'PMC^^(Y 2 ;R) by 

f*[V,n,s,t,uj] = [V',n,s',t',uj']:= [F Fy n, s o Try, Try^, Try (w)], (5.25) 

where V = V Xt^y^j Fp is the fibre product in Man"^, which exists by Assump- 
tion lS.lbT cl as F 2 is a manifold and t a submersion, with projections Try \V' 
and TTyj : F' — 5 > Fi. Here t' = Tryj : F' —>■ Fi is a submersion by Assumption 
I3.16f cl , and has a coorientation ct' determined by the given coorientation ct on 
t : F —>■ F 2 by Assumption 13.17^ 1 . 

To show that f* is well defined (the analogue of Proposition 14.201) . we have 
to show that it maps relations Definition I5.18f il-('iii') in PMC,fjp(F 2 ; R) to re¬ 
lations (i)-(iii) in 'PMC'lp,(Fp; R). For (i) this is obvious, as (F x R) Xto 7 i-vF 2 ./ 
Fi = (F Xtx 2 j ^ 1 ) X and for (hi) it is also obvious. For (ii), suppose 
Sie/ [Vi,n,Si,ti,uJi] = 0 in 'PMCjj^(F 2 ;R) by relation (ii), using open { 0 } x 
F 2 C A 2 C R’" X F 2 . Define Xi = (idR^ x f)-\X 2 ) C R” x Fy Then Xi is an 
open neighbourhood of {0} x Fi in R" x Fp. 

Let V' be an oriented manifold of dimension I, t' : V' —>■ Yi be smooth, and 
77 G C'“(A'+’"-'=r*(R’" X F')) with suppT? compact in (idRn x t')”^(^i)- Then 



(5.26) 


using the natural isomorphism (F Xy^ Fi) Xy^ F' = F Xy^ F' of fibre products 


in the first step ^ ^ FT/. n o. t. /.,.1 — n in 'DA/rr’k (y' 2 ;R) 



with f ot' in place of t' in the second. But (15.261) is condition (ii)(*) for 



in PMC'jjp(Fi;R). Hence f* takes relation (ii) in T^MC^p, (F 2 ; R) to relation (ii) 
in ■pMC',Jp,(Fi; R), and /* is well defined. 

From (15.241) and (15.251) we see that /* o d = d o /* : T’MC^^(Y 2 ;'M.) 



If 5 : F 2 —F- F 3 is another smooth map of manifolds then as 
(F Xiy^g Y2) X-j^Y^ y^ j Y\ = F Xfy^gof Fp, 
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we see from (15.251) that {g o /)* = f* o g* : 'PMC'jj^(F 3 ;R) —>■ VMC^^{Yi;M.). 


Also idy is the identity. Thus, pullbacks /* are contravariantly functorial. 

The material in 114.21 from Proposition 14.211 down to Lemma 14.281 and the 
proofs of Propositions 14.211 and 14.261 in 117.61 - 117.71 all require only very straight¬ 
forward modifications for the de Rham case, and we leave the details to the 
reader. For instance, in equation (17.731) in 117.61 we should instead write 



(.Sl O TTy, . . . , Sn ® '^V1 f ^ '^V T ^( —oo,0]); ^ ® ; ^\/(^)] ' 


Thus, as in Definition l4.221 we define a soft, strong presheaf VMC\^{Y ; R) of 
R-vector spaces on Y, with open U C 

Y. We write M.C\^{Y ; R) for the sheafification of VM.C\^{Y ; R), a soft sheaf of 
R-vector spaces on Y, and we define the de Rham M-cochains MC'^j^(y;R) = 
A1 C^r(T;R)(T) to be its global sections. Then MC'^^{Y;R){U) = MC^^{U;M) 
for all open U CY, and as in (14.231) we have a canonical isomorphism 


MC'dV(r; R)- 14 m 




U : U O Y open, U is compact 


We write 11 : VMC^^iY ; R) —>■ MC^^iY ; R) for the projection coming from 
sheafification, and we use the same notation for elements of VMC^-^{Y\R), 
such as generators [V, n, s, t, w], and for their images under 11. So we have 
the identity cocycle Idy € the image of Idy S T’MC'°j^(y; R). 

Equations (|5.10p . (j5.11|) and (|5.23p hold for generators in MC'jj^(F;R). 

Differentials d on VMC^^{Y ; R) descend to differentials d : ; R) —>■ 

MC^+\Y-,R) with do d = 0, given on generators by (j5.241) . We define the de 
Rham M-cohomology groups fo be the cohomology of the cochain 

complex (MC'jj^(F; R), d). Then Idy in MC'jj^(F;R) defines the identity coho¬ 
mology class [Idy] € Mi7°p,(y;R). 

If / : Yi —>■ y 2 is a smooth map of manifolds, then pullbacks f* on M- 
precochains descend to pullbacks f* : MC^^(Y2',R) — MC^^{Yi;R), given 
on generators by (15.251) . These satisfy /* o d = d o /* : —t 

®)> induce pullbacks f* : MH^^{Y2;R) —S' MH^^{Yi;R) 

on de Rham M-cohomology. Both pullbacks are contravariantly functorial. As 
in Definition 14.251 we define relative de Rham M-cochains Z; R), d) 

and relative de Rham M-cohomology MH^^(Y, Z;R), for Z CY open. 

Continuing in m.‘2\ from Lemma 14.281 note that the de Rham analogue of 
(|4.33|) is not obvious. The isomorphism R) = 'PMC^^{*;R) holds, as 

presheaves on a point * are sheaves, so sheafifying does not change anything. 
For the isomorphism VMC^^{*;R) = MC^^{*-,R), define a morphism 



(5.27) 
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on generators [V,n, s,t,uj] in R). Equation (15.271) is actually the 

Poincare duality morphism for Y = *, as in M.Tl and may be written as Pd : 
a !->• [a] n [*] for the cap product (~l defined in (j5.50l) below. 

We claim that Pd in (I5.27|) is well defined, and an isomorphism. Up to 
sign, it gives a 1-1 correspondence between generators of and 

generators of R). Also Pd maps relations (i),(iii) in R) to 

relations (i),(iii) in MC'^^(*;R). But there is apparently a difference between 
the image under Pd of Definition I5.18l iil for and Definition 

I5.9f iil for MC^^{*;R). 

In fact relation (ii) in and MC'^^(=i=;R) are equivalent under 

Pd. For Definition 15.181 1111*1 with V' = * and t' = id* reduces to Definition 
I5.9f iilf*l. so that Definition I5.18l iilf*l implies Definition I5.9l iilf*l. But also, 
when Y = *, in the situation of Definition 15. ISl iil 1*1 we have 


^(_l)ideg..+deg.;.(deg..-l)/2^^ f o TTy,, TTy,) * (^) A (cd, ) 

iG/ 

= V(-l)("-'=)deg-.+deg-ddeg^.-l)/2^^ f ^ ^ 

ZG/ 

= / Cd, A (ttvJ* o (s.oTTv^TTvnv) 

ZG/ 

= (^^j^o(s,o7rv„7ryO*(r/)Acd„ (5.28) 

JVi 


using p.l2|) in the third step. Since the last line of (I5.28|) is (15.91) with o 

{siOTTVi, T^V'Yil) in place of r] applied to Pd(^jgj ai [Vi,n, Si, ti, Wi]) , Definition 
15.91 111 1*1 implies Definition 15. ISl iil 1*1 under Pd. 

Thus Pd is a well defined isomorphism, and the de Rham analogue of (I4.33|) 
holds. Also 9 o Pd = Pdod by equations (15.131) . (I5.24p and (I5.27p . so we have 
canonical isomorphisms MiJ)?^(*;R) = Mi7^(*;R) for fc G Z, and Axiom 
I2.7l viil for de Rham M-cohomology follows from Theorem l5.14l As for Theorem 
14.291 from Theorem 12.81 we deduce: 


Theorem 5.20. De Rham M-cohomology is a cohomology theory of manifolds. 
There are canonical isomorphisms MH^^(Y]R)^H^(Y',R.), MH^^(Y, Z;M.) = 
H^{Y, Z; R) for all Y, Z, k, preserving the /*, d and isomorphisms R) 

= R = i7°(*;R), where iJ*(—;R) is any other cohomology theory of manifolds 
over R, such as singular or de Rham cohomology 77^* (T; R), R). 

As in Definition l4.30l we define a sheaf morphism iy '■ Ry —S' M.C\^iY ; R) on 
each manifold Y by (14.351) . where now the Idt^^ G R) are as above. 

Then as in Theorem 14.311 we may show that 


0-^ Ry ^ MCl^{Y- R) ^ MC\^{Y- R) ^ MCl^{Y- R) - 


is an exact sequence of sheaves on T, so that A4C*j^(y;R) = (AlC2j^(y; R), d) 
is a soft resolution of Ry. 
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Here is the analogue of Example 15.161 


Example 5.21. Let F be a manifold and fc G Z. Define R-linear maps 
: rMC'^{Y;R) PMC^^{Y-,R), 

: VMC^{Y- K) ^ VMCt^{Y- R) by (5.29) 

: [V, n, s, t] I—^ [H, n, s, t, ly] on generators [V, n, s, t]. 

We prove these are well defined following the proof of Proposition 15.171 in 
118.21 but with one extra step. The issue is to show that take rela¬ 

tion Definition 14. ISl ii'l in VMC^{Y ;R) to Definition 15. ISl iil in VMC^^{Y ;R). 
Now Definition l5.18l iil involves a smooth map t' : V' ^ Y, which does not occur 
in 118.21 The proof of Proposition IT^Ol in 117.51 shows that t'* : VMC!f{Y]R) —>■ 
VMC^{V'-,R) maps relation (ii) in VMC^{Y-R) to (ii) in T’MC',^(P';R). We 
then use the argument of 118.2l to show that this pullback of (ii) in VMC^iV'] R) 
implies Definition l5.18l iilf*l for this f' : P' —)• Y, so that do map 

relation (ii) to relation (ii), and are well defined. 

Comparing (14.211) and (15.251) . we see that commute with pull¬ 
backs f* on VMC^{—] R) and ; R). Therefore they induce morphisms 

: rMC'^{Y;R) PA4C^R(r;R), 

: FM4(F;R) ^ FMC^r(F;R) 

of presheaves on F, so sheafifying gives morphisms 

F^^^ : A4C''(F;R) ^ MC^r(F;R), 

: M4(F;R) ^ MC^r(F;R) 

of sheaves on F, and taking global sections gives R-linear maps 

F^Mc ^ iR) ^ MCdV(F; R), 

F®“- : MC^{Y;R) MC^^^{Y;R). 

Comparing (I4.20L (15.241) and (I5.29P and noting that deg ly = dlv^ = 0we 
see that F^RM'^od = doF^RM': : FMC"=(F; R) ^ VMC^+\Y; R), and similarly 
for Fq^^'^. These descend to the sheafifications, so (15.301) induces morphisms 

F®M- : MHHY;R) MHI^(Y;R), ^ 

F®“^ : MH^iY; R) ^ MH^^iY; R). 

These F^Mc^^dRMc 

in (|5.31|1 extend to relative cohomology, and commute with 
pullbacks /* and continuation maps. Also : M7J°(*;R) —)■ MH^^{*-,R), 

Fq^^'^ : M7Jq(*;R) —>• Mi7°j^(*;R) are compatible with the isomorphisms 
MH°{*-R) ^ MH^{*;R) ^ ^ R. Thus by Theorem EH dOTI) 

are the canonical isomorphisms from Theorem 15.201 
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Example 5.22. Let E be a manifold of dimension m, and let the de Rham 
cochains K), d) and cohomology be as in Example 12.121 

For fc = 0,1,..., define 


■■ C^R{y-, K) ^ R) by ^ 

F^i^-:io^[Y,0,0,idY,io]. 

Here t = idy : Y ^ Y has the coorientation Cid,, from Assumption l3.17T el. 
and uj G Cjj^(y;K) = is a fc-form on H = Y, and (0, idF)|suppw : 

suppw ^ ]R° X y is automatically proper, so that \Y, 0,0, idy, w] is a generator of 
VMC\^{Y- R) (and hence MCl^{Y- R)) by DefinitionThus EdR^'" is well 
defined. Equations (15.101) and (15.241) imply that is R-linear, with 

d = doF^RMc . c'fcj^(y.R) MC^+\Y;R), so E^™^ induces morphisms 

: ^dR(i^; R) ^ MHl^iY; R) (5.33) 

on cohomology. These extend to relative cohomology, and commute with pull¬ 
backs /* and continuation maps. Also : F[^^{*;R) —>■ ME°j^(=i=;R) is 

compatible with the isomorphisms 7Jjj^(*;R) = R = A/7Jjj^(=i=; R). Thus by 
Theorem 12.81 (15.331) are the canonical isomorphisms from Theorem 15. 201 

Examples 15. 211 and 15. 221 show that we can think of de Rham M-cohomology 
MiJjR(—; R) as a common generalization of rational M-cohomology MHq{—; R) 
and de Rham cohomology 

5.2.3 Compactly-supported de Rham M-cohomology 

Section 14.31 extends to de Rham M-cohomology in a straightforward way. As 
in Definition 14.321 for Y a manifold and fc G Z, we define the compactly- 
supported de Rham M-cochains MC^g jj^(y;R) to be the R-vector subspace 
MC^g dR(^; E MC'jj^(y; R) of compactly-supported sections of A4CdR(^) 1^)- 
Then ; R) is the global sections of a flabby cosheaf A4C ^„ jp fF; R) 

of R-vector spaces associated to the c-soft sheaf MC^^^{Y ; R) by Theorem l2.341 
The morphisms d : M(7jp(y;R) AfC^j^^(y;R) from H5.‘2.‘2\ restrict to d : 
MC^sAKiY-^^) ^ ^^C'cs!dR(^;R) with do d = 0. Hence {MC:,,,^{Y-R),d) 
is a cochain complex. Define the compactly-supported de Rham M-cohomology 
groups MH*^ dR(^i ^e the cohomology of this cochain complex. 

Suppose / : Yi —>■ 12 is a proper smooth map of manifolds. Then the 
pullback /* : M(7jp(y2;R) -ii^C'jp(Yi;R) from 115.2. 2l restricts to the pullback 
f* : MC'^g_jj^(y' 2 ; R) —>■ ETC^g ,jj^(yi; R). These satisfy d o /* = /* o d, and so 
induce f* MH^^^^^{Y 2 ;R) -A M as in Property [2l^ bL 

If D C y is open and i: E ^ y is the inclusion, then as for the morphism 
auY ■ A4C ^„,dp_(y: RflEl — AIC ^„_dpfy;Rl(y~) defined in Theorem D.ddl aL 
there is an injective pushforward i* : MC^g ^p. (E; R) -A ME^gdR(y;R), such 
that if a G M(7^g dR(E;R) then G AfC^g ^^(y; R) is the unique element 
with it:{a)\u = a and E(a)|Y\suppa = 0- These satisfy d o E = E o d, and 
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so induce u : as in Property 12. Idf ci. Since 

AtC*j^(y; R) is a soft resolution of Ry by 115.2.21 as in Theoreni l4.33l we deduce: 

Theorem 5.23. Compactly-supported de Rham M-cohomology is a compactly- 
supported cohomology theory of manifolds. As in (14.421) there are canonical iso¬ 
morphisms M ; R) = H^sfY ; R) for all Y, k, preserving the data 11, f*,i* 
in Provertv I2.13f al-('c') and the isomorphisms R) = R ~ i/°g(*;R), 

where ;R) is any other compactly-supported cohomology theory of mani¬ 
folds over R, such as compactly-supported singular cohomology {Y ; R) in 

Examvle 12.151 or compactly-supported de Rham cohomology 7?*gjj^(T;R) in 
Example 12.171 

Example 5.24. (a) The morphisms : MC’^{Y-,R) MC^j^(y;R) from 

Example 15.211 for k € Z restrict to morphisms 

^cs.dRMc ^ mC^,{Y; R) ^ MCi^^^iY; R). (5.34) 

These satisfy d o o d, and so induce morphisms 

^cs:dRMc ^ MH^iY- R) ^ R). (5.35) 

Since l|5.34|) comes from a morphism : MC* (T; R) — MC^^{Y ; R) of soft 

resolutions of Ry acting as the identity on Ry , facts about sheaf cohomology 
imply that (|5.35p are the canonical isomorphisms from Theorem 15.231 

(b) The morphisms F^^^^ : C^j^(T;R) ^ MC'jj^(T;R) from Example l5.22l for 
k G restrict to morphisms 

These induce morphisms 

which are the canonical isomorphisms from Theorem l5.23l 

Let y be a manifold, k and [V, n, s, t, uj] S MC'jp, (T; R) be a generator 
of MC'jj^(y;R), in the sense of 115.2.21 We say that [V,n,s,t,u}] is a compact 
generator if s|supped : suppw —>■ R” is proper over an open neighbourhood of 
0 in R". This implies that (s,t)|supped : suppo; ^ R" x T is proper over an 
open neighbourhood of {0} x T in R" x Y, as assumed in Definition 15.181 By 
a similar proof to that of Proposition l4.35l in 117.81 we can show: 

Proposition 5.25. Let Y be a manifold and k & h. Then as an R-iiector 
space, jj^(y; R) is generated by compact generators \V,n, s,t,u}], subject 

only to relations Definition I5.18l il-liiil applied to compact generators. 
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5.2.4 Locally finite de Rham M-homology R) 

Here is the de Rham analogue of Definition 14.361 It follows Definition l5.91 except 
for the properness conditions, which match those in Definition 15.181 

Definition 5.26. Let L be a manifold. Consider quintuples (H, n, s, t, to), where 
V is an oriented manifold with corners (i.e. a pair {V,ov) with V an object in 
Man^^ and ov an orientation on V, usually left implicit), and n = 0,1,..., and 
s : H —>■ R." is a smooth map (morphism in Man"^), and t : V ^ Y is a smooth 
map, and to € is a p-form on V for p = 0,1,..., as in Assumption 13.211 

such that (s, t)|suppi.j : suppw —>• R." x F is proper over an open neighbourhood 
of {0} X r in R’" X r. 

Define an equivalence relation ^ on such quintuples by (V,n, s,t,a;) ~ (V\ 
n', s', t'yUj') if n = n', and there exists an orientation-preserving diffeomorphism 
f :V ^V' with s = s' o f and t = t' o f and f* (w') = uj. Write [V, n,s,t, w] for 
the ^-equivalence class of {V,n, s,t,uj). We call [V,n, s,t,uj] a generator. 

For k Gh, define the locally finite de Rham M-prechains R) to 

be the R-vector space generated by such [V, n, s, t, w] with dim V = n+k + degoj, 
subject to the relations: 

(i) For each generator \V, n, s, t, to] and each z = 0,..., n we have 


[V, n, s, t, uj] = (—1)" '[D X R, n -I- 1, s', t o tt^, tt^(w)] 


in 7^MC^^’‘^^(F;R), where writing s = (si,...,s„) : F —>• R" with Sj : 
F —>■ R and 7ry:F xR— J-F, TTRrF xR^-R for the projections, then 



and F X R has the product orientation from Assumption I3.17l fi of the 
given orientation on F and the standard orientation on R. 

(ii) Let / be a finite indexing set, G R for i G /, and [Vj, n, s^, w^], 

J G / be generators for R), all with the same n. Suppose 

there exists an open neighbourhood X of {0} x F in R" x F, such that 
(si, ti)|supptJi : suppwi —>■ R" X F is proper over X for all i € I, and the 
following condition holds: 

{*) Suppose r] G (7°° (A"+'=r*(R” x F)) is an (n -b /c)-form on R" x F 
with supp T] a compact subset of A C R" x F. Then 



(5.36) 


Here {si,ti)*{r]) A Wi is a form of degree n + k + degWj = dimF on 
Vi, with supp[(sj,ti)*( 77 ) A Wj] C (si,ti)“^[suppp] n suppw* by As¬ 
sumption [T2T](c) . Since (si, fi)|suppi.c;i : suppwi R” x F is proper 
over X and supp 77 C A is compact, we see that (si,ti)*(??) A is 
compactly-supported, so fy (si,ti)*(r/) A is defined in R by As¬ 
sumption [32He), and (15.361) makes sense. 
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Then 


in 



(hi) For each generator [V, n, s, t, w] with s = (si,..., s„) : F —>• R" and each 
permutation tr G of 1, 2,..., n we have 


[V, n, (si, S 2 ,..., Sn),t,uj] = sign(cr) • [V, n, (s^(i), s<^( 2 ), - ■ •, s^(„)), t,uj] 
in ; R), where sign : Sn {±1} is the usual group morphism. 


Define d : —>■ R) to be the unique R-linear 

map satisfying ( 15 . 131 ) on generators [V,n, s,t,uj]. As in Definition 15.111 it is 
well-defined, with dod = 0: VMCf^^{Y- R) ^ (y;R). 

Let / : Yi —^ >2 be a proper smooth map of manifolds. Define /* : 
'PMC'^^’‘^^(Yi;R) ^ VMC^I'‘^^{Y 2 ]M.) to be the unique R-linear morphism act¬ 
ing on generators \V,n,s,t,u}] by (|5.19l) . We need / proper so that (s, t)|supp(.j : 
suppw —>■ R" X Yi proper near {0} x Yi in R" x Yi implies that {s, f ot)\suppui ■ 
suppw ^ R” X Y 2 is proper near {0} x I 2 in R” x 12- Then /» is well-defined as 
in Definition Erl with do f, = f,od: VM&^^‘^^{Yi-R) VM&^:^^iY 2 ]R). 

Let y be a manifold and {7 C y an open set, with i : U ^ Y the inclu¬ 
sion. Define i* : 7^MC^^’'^^(y; R) to be the unique R-linear 

morphism acting on generators [V, n, s, t, uj] by 



(5.37) 


Then (s, t)|supp(.c; : supp w —>• R" x y proper near {0} x y in R" x y implies that 
(s^^0lsupp^.c;' : suppw' —>• R” X {7 is proper near {0} x [/ in R" x [/, so the r.h.s. 
of (15.371) is a generator of 'PMC^^’‘^^({7; R). Clearly i* takes relations (i)-(iii) in 
'PMC'^^’‘^^(y; R) to relations (i)-(iii) in 'PMC'^^’‘^^(17; R), so is well-defined. Also 
doi* = i*od : VM&^-^^(Y-R) iPMC'^b‘\^(17;R), and if j : U' ^ U is another 
open inclusion then j* oi* = {io j)* : ’'^^(y; R) ^ 

If y is oriented with dimy = m, we define the fundamental prechain [y] = 
[y, 0,0, idr, Ir] in VMCl^'^^iY; R). 

All the rest of >14.41 from Remark 14.371 to Remark 14.481 extends to the de 
Rham case in a straightforward way, and we leave the details as an exercise. As 
in Definition 14.391 we define a soft, strong presheaf PA4Cjf’‘^^(y; R) on Y with 
VM&l’‘^^{Y;M.){U) = for open U CY. Write AIC)f’‘^’^(y; R) 

for the sheafification of 7^AICjf’‘^^(y; R), a soft sheaf of R-vector spaces on Y, 
and we define the locally finite de Rham M-chains MC^^’'^^{Y ; R) to be its global 
sections AICjf’'^^(y; R)(y). As in (14.481) we have a canonical isomorphism 


^^W.dR(y;R) 


U : U Q Y open, U is compact 
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There are natural projections 11 : R) —>■ R), and 

we use the same notation for elements of R), such as generators 

\V,n,s,t,uj\, and for their images under If in R). Differentials 9, 

pushforwards /*, and pullbacks i* in Definition 15.261 descend to ; R) 

by sheafification. We define the locally finite de Rham M-homology groups 
Mij“’'^^(r;R) to be the homology of R), 9). 

Pushforwards /* and pullbacks i* descend to homology. There are injective 
R-linear maps If : ; R) ; R) mapping If : [V, n, s, t, to] i->- 

[V,n, s,t,to] on generators, which also descend to homology. Eventually, as in 
Theorem 14.451 we prove: 

Theorem 5.27. Locally finite de Rham M-homology is a locally finite homology 
theory of manifolds. That is, there are canonical isomorphisms (T; R) = 
R) for all Y,k, preserving the data If,/*,f* deseribed in Frop- 
ertv I2.18r al-fcl and the isomorphisms = R = Mwhere 

;R) is any other locally finite homology theory of manifolds overM.. 

Following the method of Example 15.211 we may define R-linear maps 
: MC[f(y;R) ^ 


acting on generators [V, n, s, t] of VMC]^ (d^; R), 'PMC^^''^lY ; M) by 

77!lf,dR,Mh 7-ilf,dRMh r-r?- ii v FT/’ i 1 

These commute with the d, f*,i*, and on homology induce 

plf,dRMh , A/f Tn)'i 

-^lf,QMh ■ (bjRj 


rlf.dR/ 


which are the canonical isomorphisms from Theorem 15.271 We may compose 

if.dRMh ,,_pif.Mh pif.Mh 


F, 


ifMh with the morphisms Fjfggj ■ from Examples l4.4.^ and l4.44l to get 


TTrlfjdRMh y^ir,ssi/-^ i 


F 


SSI 

lf,dRMh 


lf,ssi 

-ylf ,SS1 ^ 

Mf ,ssi / 


MC 




lf,dR(y;, 

lf,dR/ 


MCl'^^lY- 


which also induce the canonical isomorphisms on homology. 


5.2.5 Cup, cap and cross products and Poincare duality 

Here is the analogue of Definition 14.491 

Definition 5.28. Let F be a manifold. For k,l G Z, define M-bilinear maps 

U : VMC^^{Y;R) x VMC‘^^{Y;R) VMC^+‘{Y;R) (5.38) 
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on generators [V,n, s, <, w] g7^MC'jj^(F; R), \y',n',s',t',uj']&'PMC\^-^{Y\'R) by 

[y, n, S, t, w] U [V, n', s', t', Co'] = (_l)"'+deg<^(/+n')+dega; deg<^' 

_ (_^)„i+deg^(J+n')+deg<. deg^' ^ ^ O TTy, . . . , Sn O TTy, 

s'l O'Kyi,..., s'^, 0Tryi),t0Try,Try{uj) A7ry,(a;')]- (5.39) 


Writing Ct,Ct' for the coorientations on t,t', the coorientation on t = t o iry : 
V —>■ y is C( = Ct o c,rv j where the coorientation c.^-^ on Try is induced from 
Cf, using Assumption 13. lyr db fib In Proposition 15. 291 below we show that U is 
well-defined. 

Given [V,n,s,t,uj] S VMCi^^{Y;R), [V,n', s',t',u}'] G VMC^^{Y-,R) and 
[V", n", s", t", uj"]eVMC\^(Y-, R), as in (1^ . KMh and we have 


([y, n, s, t, Lo\ U \V', n', s', t', uj'\) U \V", n", s", t", uj"\ 

= \V, n, s, t, a;] U ([y^ n , s', t',uj'] U \V", n", s", t", ui"\), 

\V, n,s,t,uj] U \V', n', s',t', uj'] = (— n',s',t', oj'] U [F, n,s,t,u!], 
d([y, n, s, t, ui] U \V', n', s', t', w']) = (d[y, n, s, t, w]) U \V', n', s', t', u)'] 
+ {-^y\^,n,s,t,u:] U {A\V',n',s',t',Lo']), 

Idy U \V, n,s,t,uj\ = [V, n, s, t, w] U Idy = [V, n, s, t, w], 


(5.40) 

(5.41) 

(5.42) 

(5.43) 


using Definition l5.18l iiil to prove (15.411) . Equations (I5.40I) - (I5.43I) imply that for 
all a G VMC^^{Y-,R), /3 G VMC^^(Y;R) and 7 G PMC^j^(y;K) we have 


(a U /3) U 7 = a U (/3 U 7 ), (5.44) 

aU/3 = (-l)^'=/3Ua, (5.45) 

d(Q; U /3) = (da) U /3 + (—l)'^a U (d/3), (5.46) 

Idy U a = a U Idy = a. (5-47) 


Suppose / : Yi ^ ^2 is a smooth map of manifolds, so that Definition 15.191 
defines the pullback /* : VMC^^{Y 2 ',R) —)• VMC^^{Yi;R). If [V,n, s,t,uj] G 
'PMC^^{Y 2 ',R) and [V,n', s',t',u}'] G VMCl^^{Y 2 ',R) then as in (14.681) we have 

f*{[V, n, s, t, uj] U [V, n', s', t', w']) = f*{[V, n, s, t, w]) U f*{[V', n', s', t', w']). 

Hence for all a G 'PMC^p. (1^2) R) and /3 G (1^2) R) we have 

r(aU/3) = r(a)ur(/3). (5.48) 


Here is the analogue of Proposition 14.501 It will be proved in (18.31 
Proposition 5.29. The product U in (|5.38p - (15.391) is well defined. 
Here is the analogue of Definition 14.511 
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Definition 5.30. Let F be a manifold, and k,l € h. As in (14.701) . define 

Uk,i : rMC'^^{Y;R) mVMC^^^{Y-R) 1PA4C^+'(F; R) by 

UkAu) = U : VMC^AU; R) vmc\au-, R) ^ 'PMcI+^ {u- k) 

for all open U QY. Then Ufc_/ is a presheaf morphism, so sheafifying induces 
Ufc.z : A4 C^r(F;K) ®r AtC^R(F; R) ^ AtC^+'(F; K), 
and taking global sections U = Ufe^;(F) defines R-bilinear cup products 
U : MCdV(F;R) x MC'r(F;R) ^ MC^+^{Y;R), 
which as in (|4.73|) restrict to 

U : MC,\dR(>^;R) X MC''r(F;R) ^ R), 

U : MCd"R(F;R) x MCi.dR(>^;R) ^ R), 

u : MC,\dR(^;R) X MC',,dR(5^;R) ^ mc^^^%{y-,r). 

Equations (I5.44I) - (I5.48I) extend to sheafifications, and hold on ;R). 

Note in particular that U is supercommutative on MC^iiY ; R) by (|5.45l) . as dis¬ 
cussed in Remark r4.54l Equation (15.461) in MCA^iX ; R) implies that U descends 
to M-cohomology. Thus as in (14.741) . we define R-bilinear morphisms 

U : X M77'r(F;R) ^ M77^"+'(F;R), 

u : MiJ,\dR(y; R) X mh \ ay -. R) ^ , 

, , . (5.49) 

!dR(^) R)i 

U : Mff,\dR(y;R) X Mi7',,<iR(F;R) ^ R), 

by [a] U [/?] = [a U /3] for a G MC^^{Y ; R), /3 G MCjj^(F; R) with da = d/3 = 0. 
Examples 15.211 and 15.221 defined morphisms of cochain complexes 

: (MC^(F;R),d) ^ (MQ^r(F;R), d), 

^’dR^" : (Q*R(F;R),d) ^ (MC(;R(F;R),d), 

inducing the canonical isomorphisms on cohomology, and Example 15.241 dis¬ 
cussed the compactly-supported versions. Comparing equations (14.611) . (I5.29E 
(|5.32|) . and (|5.39E we see that commute with cup products, and 

also map identities Idy to identities Idv, so they are morphisms of cdgas over 
R. Thus as for Theorems 14.521 H351 and we deduce: 

Theorem 5.31. Under the canonical isomorphisms MFjr(F;R) = F^(F;R), 
MF^gdR(^)R) — from Theorems 15.201 and 15.231 the cup products in 

(|5.49p are identified with the usual cup products (12.451) on ordinary (compactly- 
supported) cohomology F* (F; R), H*^ (F; R). 


154 










































Theorem 5.32. For any manifold Y, the cdga R), d, U, Idy) overR 

is equivalent in cdga^ to the ‘usual ’ cdga over R associated to Y in topology, 
as represented by the de Rham cdga (F; R), d, A, ly) from Examvle 12.121 
or by Sullivan’s cdga Apl(F;R) of polynomial differential forms on Y. 

Therefore the real homotopy type of Y, and topological invariants of Y de¬ 
pending on the cdga up to equivalence, such as Massey products, may be com¬ 
puted using the cdga (F; R), d, U, Idy), and will give the correct answers 

under the canonical isomorphism Mi7jj^(F;R) = i7*(F;R) from Theorem \5.‘2{}[ 

As in Definition 14.561 we define cross products on de Rham M-cochains 

X : MC' 5 r(Fi;R) x MC'^r,(F2;R) ^ MC^+^Y, x F2;R) 
by ax P = TTf^ (a) U {(3), 

and these are compatible with identities, pullbacks and differentials, restrict 
to compactly-supported cochains jjr(—; R), and descend to cross prod¬ 
ucts on cohomology ; R), jr(—; R), which are identified with 

the usual cross products (12.521) on ordinary (compactly-supported) cohomol¬ 
ogy iJ*(F;R),i?*g(F;R) under the isomorphisms Mi?jR(F;R) = i?*(F;R), 
dR(^j — ^csO ^) from Theorems 15.201 and 15.231 as in Corollary 14.571 

The material of il4.6l on cap products, and cross products on M-homology, 
extends to de Rham M-(co)homology in a very similar way to the material above, 
and we leave the details to the reader. The analogues of equations (I4.81l) - (l4.82p 
defining cap products on a manifold F with dim Y = m are to define 

n : 7’MC'^r(F;R) x T’MC'f’‘^^(F; R) —^ VMCf_:f^iY;R) 
on [V,n,s,t,oj]erMCl^^{Y-R), [V',n', s',t', oj'] € iPMCf’‘^’^(F; R) by 
[F, n, s, t, tv] n \V', n', s', t', uj'] 

= ('_ 2 ^')n(i-l-'m)-l-deg(.j(/-|-n')-|-deg(.j(degw-l)/ 2 ry n § f U}] 

^ ’ ’ ’ ’ (5.50) 

:= ^_ 2 ^^n(/-|-m)-|-degi^(i-|-n')-|-degaj(degi^-l )/2 V', U + n', 

(si 0 7ry,...,s„0 7ry,Si 0 7ry/,...,s(j, OTTv'),toTTv,TTf{uj) A7ry,(a;')]- 

The analogues of equations (I4.91P " (I4.92I) defining cross products on mani¬ 
folds Fi,F 2 of dimensions mi, m 2 are to define 

X : T-MCfc’‘^^(Fi;R) x PMCf’‘^^(F2;R) —^ VM&^f^iYi x F2;R) 

on [V,n,s,t,oj] G ’“^^(Fi; R), [V ,n', s',t', oj'] G iPMCf’‘^^(F 2 ; R) by 

[F, n, S, t, w] X [V, n', s', t', Uj'] = (_l)’^(i+'n 2 )-hdega;(/-Hn') y F', U -f u', 

(si OTTy, . . . ,S„ 0 7ry,Si O TTy/, . . ■ , s'^, O 7 ry.),t X t',7Tf{uj) A 7ry,(w')]. 

The de Rham analogues of Theorems 14.601 and 14.621 hold. 
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The material of M.7l on Poincare duality and wrong way maps also all extends 
easily to the de Rham case, where as in (I4.99L for Y an oriented manifold of 
dimension m we define Poincare duality morphisms 

Pd : ^ Pd : MC^^iY;R) ^ 

by Pd : a i —> a fl \Y\, 

for [F] = [F, 0, 0, idy, ly] in MC^^^^iY- R) as in 

5.3 M-homology and M-cohomology of effective orbifolds 

We now extend the theories of M-(co)homology, rational M-(co)homology, and 
de Rham M-(co)homology MH^:(Y; R),..., MH^^{Y] R) in lHl- tl5.21 from F 
a manifold, to F an effective orbifold. Orbifolds were discussed in il2.9l and 
Assumption 13.221 in il3.5l explained the modifications to Assumptions l3.12H3.18l 
and 13.21] needed for the extension to orbifolds. 

We have chosen to work in the ordinary category Orbeff of effective orbifolds 
defined in tl2.9.1l Here are some comments about this: 

(i) As in Remark I2.45f al , if F is a noneffective orbifold, there is a natural 
effective orbifold F®® with a projection tt : F —>■ F®® which is a homeo- 
morphism of topological spaces, so the (co)homology of F and F®® is the 
same, and we lose little by restricting to effective orbifolds. 

(ii) As in 1 12.9.11 there are many ways of defining categories or 2-categories 
of orbifolds, not all equivalent. Our Orbgff is quite crude, in that it is a 
category rather than a 2-category, and its morphisms are continuous maps 
satisfying conditions, rather than continuous maps plus extra data. 

This means that Orbes has some bad differential-geometric behaviour, 
e.g. pullbacks f*{E) of orbifold vector bundles i? —>■ F by morphisms 
/ : X —>• F in Orbgff cannot be defined. But to compensate for this, 
Orbeff has good topological behaviour, which means it is easy to extend 
results on (co)homology of manifolds to effective orbifolds, as in >12.9.31 

For most other categories or 2-categories of (not necessarily effective) orb¬ 
ifolds Orb in the literature, there is a forgetful functor H : Orb —Orbeff, 
so that our (co)homology theories pull back from Orbeff to Orb. 

(iii) Because of the bad differential-geometric behaviour in (ii), we adopt re¬ 
strictive notions of submersions f : X ^ Y and transverse morphisms 
g : X ^ Z, h : Y Z in Orbgff, explained in >12.9.21 including conditions 
on how /, g, h act on orbifold groups. These restrictive notions are used 
in the orbifold version of Assumption 13.161 and to define M-cohomology. 

This means, for example, that projections to quotient orbifolds tt : F —>■ 
[F/G], and from tangent bundles of orbifolds tt :TX X, do not count 
as submersions. But it ensures that fibre products X Xg^z,hy of transverse 
morphisms g, h exist in Orbeff, in the sense of category theory, which will 
be needed to dehne pullbacks in M-cohomology. 
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The category Orbeff and the results of tl2.9l were designed to ensure that 
5j4}-Sj5]2] extend from manifolds to effective orbifolds with very little extra work. 
For the large majority of the material, we simply replace ‘manifold’ by ‘effective 
orbifold’ throughout, and no further nontrivial changes are required. 

The only things we have to be careful about are those issues, discussed in 
Properties 12.55112.571 in tl2.9.3l involving special properties of (co)homology of 
manifolds, rather than topological spaces. These are (a) fundamental classes of 
manifolds in homology; (b) the expression (12.291) for homology of manifolds in 
terms of cohomology of the orientation sheaf; and (c) the material in )12.8I on 
Poincare duality and wrong way maps /',/!• 

For the whole of US.31 fix a 2-category Orb^jj- of ‘effective orbifolds with 
corners’ satisfying Assumption I3.22l a')-fe') in 113.51 (the orbifold analogue of 
Assumptions 13.121 - 13.181) when we are discussing (rational) M-(co)homology in 
>15.3.11115.3.71 and Assumption 13.22f al-(fl (the orbifold analogue of Assump¬ 
tions [XIIMIIHI and [XU]) when we are discussing de Rham M-(co)homology in 
>15.3.81 For simplicity, objects X in Orb^jj will be called effective orbifolds with 
corners, and morphisms / : A —^ F in Orb^jj- will be called smooth maps. 

5.3.1 M-homology R) of effective orbifolds Y 

Fix a commutative ring R throughout. All the definitions, results, and examples 
in >14.11 (though not Remark 14.21 as we explain in Remark 15.341 below), and the 
proofs of Propositions 14.3114.91 and Theorems 14.7114.121 in >17.1P>17.41 generalize 
to effective orbifolds immediately, with no nontrivial changes. 

So, in Definition 14. 11 we take Y to be an effective orbifold (object in Orbeff), 
and we define generators [V,n,s,f\ to be ^-equivalence classes of quadruples 
(V,n,s,t), where V is an oriented effective orbifold with corners (i.e. a pair 
(V,ov) with V an object in Orb^jj and oy an orientation on V, usually left 
implicit), and n = 0,1,..., and s : V ^ K." is a smooth map (morphism in 
Orb-fj) which is proper over an open neighbourhood of 0 in K”, and t : V ^ Y 
is a smooth map (morphism in Orb^jj). 

We go on to define the complex of M-chains {^MCkiY;R),d), and its homol¬ 
ogy, {integral) M-homology MH^{Y-,R). If F is a compact, oriented effective 
orbifold with dimF = m we define the fundamental cycle [F] = [F, 0,0,idy] in 
MCm{Y', R), and fundamental class [[F]] G MHm{Y]R). 

In Definition 14.61 we define pushforwards /* on M-chains and M-homology 
when / : Fi —5> F 2 is a smooth map of effective orbifolds (morphism in Orbgff). 
Theorem 14.71 defines a complex MC .(Y: R) of flabby cosheaves on F. 

From Definition 14.81 through to Theorem 14.121 we prove that MH^:{—;R) 
satisfies the analogue of Axiom [2Tl for effective orbifolds, and so is a homology 
theory of effective orbifolds in the sense of Definition 12.521 Thus Theorem 
12.53f a') implies the analogue of Theorem 14.131 

Theorem 5.33. M-homology is a homology theory of effective orbifolds. There 
are canonical isomorphisms MHk{Y; R) = Hk{Y-,R) and MHk{Y,Z\R) = 
Hk{Y, Z; R) for all effective orbifolds F, open suborbifolds Z GY and k G 1, 
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preserving the data /*,9 and isomorphisms MHq(*; R) = R = Hq{*;R), where 
H^{—]R) is any other homology theory of effective orbifolds over R, such as 
singular homology Hlf—;R). 

Remark 5.34. Only one issue in >14. II needs modification for the orbifold case, 
which is Remark l4.2l where we suggested that if R has characteristic 2, e.g. R = 
Z 2 , then we could define MCt:{Y ; R) and MH^{Y ; R) using generators [V, n, s, t\ 
in which V is unoriented. We noted that this would require an unoriented version 
of Assumption 13.1 Tf nl . saying that if A e Man*^ is compact with dim A = 1, 
then the number of points in dX is zero modulo 2. This would be needed, for 
example, for the proof in >17.11 that d is well defined on MCt,{Y; R). 

There is a problem in extending this to orbifolds if objects in Orbes and 
are allowed to have orbifold singularities in real codimension 1, as is 
permitted in Definition 12.441 and discussed in Property I2.55f b'). For example, 
A = [[—1,1]/{±1}] is a compact, unoriented orbifold with boundary, with orb¬ 
ifold singularities in codimension 1, but dX is one point, so the above unoriented 
version of Assumption 13 .1 Tl nl fails. 

5.3.2 M-cohomology MH*{Y;R) of effective orbifolds Y 

Fix a commutative ring R. All the definitions, results, and examples in >14.21 
and the proofs of Propositions 14.201 14.211 and 14.261 in >17.51 - >17.71 generalize to 
effective orbifolds immediately, with no nontrivial changes. 

So, for Y an effective orbifold (object in Orbgff) and R a commutative ring, 
we define the complexes of M-precochains {VMC*{Y-, R),d) and M-cochains 
(^MC*(Y\ R),(fj, and (integral) M-cohomology MH*(Y] R). The generators 
[V, n, s, t] of VMC^{Y; R), MC^{Y; R) are ^-equivalence classes of quadruples 
{V,n,s,t), where V is an effective orbifold with corners (object in Orb^jf), 
s : y ^ R" a smooth map (morphism in Orb^jj) for n = 0, 1, ..., and t : V ^ Y 
a cooriented submersion (submersion in Orb^jj, with an implicit coorientation 
Ct), with (s,f) : V —>■ K" x Y proper near {0} x A in R" x Y. 

For / : Yi —>■ A 2 a smooth map of effective orbifolds (morphism in Orbefr) 
we define pullbacks f* on M-precochains, M-cochains and M-cohomology. The 
definition involves fibre products V Xt,Y 2 ,f Yi, which exist in Orb^jf as t,y are 
transverse since f is a submersion, generalizing the definition of submersions and 
transverse morphisms in Orbgff in >12.9.21 

From Definition 14.251 through to Lemma [4.281 we prove that MH*{—; R) 
satisfies the analogue of Axiom 1^771 for effective orbifolds, and so is a cohomology 
theory of effective orbifolds in the sense of Definition 12.521 Thus Theorem 
I2.53r bl implies the analogue of Theorem 14.291 

Theorem 5.35. M-cohomology is a cohomology theory of effective orbifolds. 
There are canonical isomorphisms MH^{Y\R) ~ H^{Y\R), MH^(Y,Z\R) = 
H^(Y,Z;R) for all effective orbifolds Y, open suborbifolds Z CY and k € 'Z, 
preserving the data /*, d and isomorphisms MH^(*; R) = R ^ R), where 

H*(—'R) is any other cohomology theory of effective orbifolds over R, such as 
singular cohomology H*fY;R) or sheaf cohomology H*(Y, Ry). 
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As in Definition 14.221 for each effective orbifold Y we define a complex 
MC*{Y\R) of soft sheaves of i?-modules on Y, and as in Theorem 14.311 we 
show that MC'iY ; R) = {^MC*{Y ; i?), d) is a soft resolution of Ry- 

5.3.3 Compactly-supported M-cohomology of effective orbifolds 

All of il4.3l and the proof of Proposition 14.351 in >17.81 also generalize to ef¬ 
fective orbifolds immediately, with no nontrivial changes. Thus for effective 
orbifolds Y G Orbes we define (integral) compactly-supported M-cohomology 
MH*^{Y; R), with pullbacks /* by proper morphisms / : Ti ^ T 2 in Orbes, 
and as in Theorem 14.331 we prove: 

Theorem 5.36. Compactly-supported M-cohomology is a compactly-supported 
cohomology theory of effective orbifolds. There are canonical isomorphisms 
MH^^iY\R) = H^^{Y\R) for all effective orbifolds Y and k G Z, preserving 
the data Il,f*,i* in Provertv I2.13l al-lcl and the isomorphisms MH^^{*;R) = 
R = H°^{*;R), where Hf^(—;R) is any other compactly-supported cohomology 
theory of effective orbifolds over R, such as compactly-supported singular coho¬ 
mology g;(y; i?), or compactly-supported sheaf cohomology Hf^fY, Ry). 

5.3.4 Locally finite M-homology of effective orbifolds 

For locally finite M-homology in >14.41 from Definition 14.361 through to Defini¬ 
tion |T3ni the material extends from manifolds to effective orbifolds with only 
trivial changes. Thus, for an effective orbifold Y we define the complex of lo¬ 
cally finite M-chains (^MCl^{Y■, R), d), and (integral) locally finite M-homology 
MH]f(Y ; R), with pushforwards /* by proper morphisms / : Fi —)• F 2 in Orbeff. 

We define a complex MC^l(Y]R) of soft sheaves of i?-modules on F, with 
MC^^(Y] R)(U) = MC)f(U;R) for open U CY, and we show as in Corollary 
14.421 that the complex A4C ,(Y ; R) of flabby cosheaves on Y from >15. 3. H and the 
complex {Y ; R) of soft sheaves on Y above are canonically related as in 
Theorem 12.341 As for Theorem 14.471 we prove: 

Theorem 5.37. Locally finite M-homology is a locally finite homology theory 
of effective orbifolds. That is, there are canonical isomorphisms H^^(Y;R) = 
MH)^(Y ; R) for all effective orbifolds Y and fc G Z, preserving the data 11, f^,,i* 
in Provertv I2.18f a')-fcl and the isomorphisms Hq(*-,R) = R = MHq(*-,R), 
where T[f(—',R) is any other locally finite homology theory over R. 

Since the equivalence (Y',R) — ujy in (12.391) also holds for orbifolds Y 
as in (12.78p . as for (14.561) we have a natural equivalence in D(Y-,R), where ujy 
is the dualizing complex of Y: 

MC^1,(Y-,R) ^ujy. (5.51) 

For the last part of >14.41 the morphism jy : Oy —A4C)^(F; R) in Definition 
I4.46l is well defined for any effective orbifold Y and commutative ring R, although 
as in Property 12. Shf al Oy is not locally constant if Y is not locally orientable. 
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But the proof of Theorem 14.471 relies on the fact that Hk{Y, Y \ {j/}; i?) = 0 for 
k < m for Y a manifold of dimension m and y €Y. If instead Y is an effective 
orbifold, this holds only if i? is a Q-algebra. Thus we get the following weakened 
analogue of Theorem 14.471 

Theorem 5.38. For each effective orhifold Y of dimension m, and each Q- 
algebra R, the following is an exact sequence of sheaves of R-modules on Y : 

MC^l,{Y- R) ^ R) ^ _2(y; R) ^ . 

Hence ] R) = (^A4Cm-*(Y-, R),d) is a soft resolution of Oy ■ 

5.3.5 Cup, cap and cross products 

The material of H4.51 - H4.6I on cup, cap and cross products on M-(co)homology, 
and the proof of Proposition 14.501 in gm extend to effective orbifolds with 
almost no significant changes. 

The one point which needs attention is the proof of Theorem 14.601 in H4.6I 
This used the facts in H2.6.2I that if T is a manifold of dimension m then ojy — 
Oy [m] , and the cap product may be defined using the isomorphism (12.621) 

In ■ Ry Oy Oy, 

applied to the soft resolution AiC* {Y ; R) of Ry from Theorem 14.311 and the 
soft resolution A4Cj^_,(F; i?) of Oy from Theorem 14.471 

When Y is an effective orbifold of dimension to, then if R is not a Q-algebra 
we may no longer have ujy — Oy [to], as in Propertv l2.56l cl. and M.C^^_,{Y ; K) 
may no longer be a soft resolution of Oy, as in Theorem 15.381 

There is an easy solution: as in H2.6.21 equation (|2.6211 is the specialization 
to manifolds of a quasi-isomorphism (12.61|) 

In '■ Ry ®r wy —wy, 

which works for sufficiently nice topological spaces, including effective orbifolds, 
and as in (15.511) we have ~ wy. So the proof of Theorem 14.601 

extends to orbifolds if we use ujy in place of Oy[TO], and (12.611) in place of 
(|2.62|) . and (15.511) in place of Theorem 14.471 We should probably restrict to R 
a noetherian ring to use results on the dualizing complex wy. 

Thus, we may define cup, cap and cross products U, D, x on M-(co)homology 
of effective orbifolds, at the (co)chain level, by the formulae (14.61L (14.78|) . (14.82p . 
(|4.92p . and they induce products U, D, x on (co)homology which are identified 
with the usual cup, cap and cross products by the canonical isomorphisms of 
M-(co)homology with ordinary (co)homology, as in Theorems 14.52114.60114.621 
and Corollary [4371 

As in the manifold case in Remark 14.541 for integral M-cohomology of ef¬ 
fective orbifolds the cup product U is associative but not supercommutative on 
M-cochains. The analogue of Theorem 14. 531 holds, saying that for each effective 
orbifold Y and commutative ring R, the dga (MC*(T; i?), d, U, Idy) over R is 
equivalent in dga^ to the ‘usual’ dga over R associated to Y in topology. 
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5.3.6 Poincare duality and wrong way maps 

The material of ii4.7l on Poincare duality and wrong way maps /i, /' needs mod¬ 
ification for the orbifold case. Let V be an oriented effective orbifold, and i? a 
commutative ring. Then as in (I4.99L we can define morphisms 

Pd : MCt{Y-R) MCm-k{Y-R), Pd : MC\Y-R) MCl_^{Y-R), 

by Pd : a i—>■ a D [F]. 

These then induce morphisms 

Pd : MHiiY-R) MH^_k{Y-,R), 

7 If (5.52j 

Pd : R) R), 

which are identified with the usual morphisms (12.691) by the identifications 
MH^(Y;R) ^ H4Y;R),... in But as in Property ^Um Y) in 

)12.9.3l in the orbifold case equation (15.521) are isomorphisms if i? is a Q-algebra, 
but may not be otherwise. 

Following Definition 14.631 if Y, Z are oriented orbifolds of dimensions m, n, 
f : Y — ^ Z is a proper submersion, and i? is a commutative ring, we may 
define morphisms f\ : MCk{Z]R) MCk-n+m{Y]R) by (I4.101L which pass 
to morphisms f\ : MCk{Z; R) —5> MCk-n+m{Y]R) on homology. Equation 
(j4.102p commutes, and so induces a commutative diagram on (co)homology: 

R) --- MHkiZ- R) 

\r /ij (5.53) 

MH^f’^iY; R) - — -^ MHk-n+m{Y-R). 

If i? is a Q-algebra, the rows of (I5.53|) are isomorphisms, so /i = Pd o/*oPd~^ in 
the usual way. But if R is not a Q-algebra, then f\ may not be determined by /*, 
and its (co)homological meaning is unclear. The same applies to the morphisms 
/! : MC]^{Z-R) ^ f : MC^Y-R) ^ MCt^+^{Z;R) and 

f- : MC^{Y] R) R) in 

5.3.7 Rational M-(co)homology of effective orbifolds 

Following 115.3.11 - 115.3.61 we can extend the theory of rational M-(co)homology 
MH2(Y;R),MH^{Y;R),... in 115.11 for manifolds Y and Q-algebras R to the 
case when Y is an effective orbifold. This includes the extra relation Definition 
I5.1f iiil in the definitions of M-(co)chains MC2{Y; R),..., and has the nice 
property that the cup product U is supercommutative at the cochain level. 

This extension to the orbifold case involves no new issues that we have 
not already discussed for the integral M-(co)homology case in 115.3.11 - 115.3.61 
Actually, because R is now a Q-algebra, most of the problems discussed in 
115.3.11 - 115.3.61 go away, since as in Property I2.56f cl we have ujy — Oy[m] for Y 
an effective orbifold of dimension m when i? is a Q-algebra. 
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5.3.8 De Rham M-(co)homology of effective orbifolds 


Following H5.3.11 - il5.3.71 we can extend the theory of de Rham M-(co)homology 
M ... in US.21 for manifolds Y to the case when Y is 

an effective orbifold. Again, the extension to the orbifold case involves no new 
issues that we have not already discussed in il5.3.1Fil5.3.6l and as R is a Q- 
algebra, most of the problems discussed in 115.3.1F115.3.6I go away. 

5.4 Extending M-(co)honiology to a bivariant theory 

In il2.10l we discussed Fulton and MacPherson’s notion of bivariant theories [55], 
which are a mixture of homology and cohomology. Example 12.601 defined a 
bivariant theory H*{g ■. Y Z\R) ior smooth maps of manifolds g : Y ^ Z 
extending homology H^{Y ; R) and compactly-supported cohomology H*^{Y ; R). 
We said that bivariant theories for manifolds do not really give anything new, 
the power of the theory is its applications to singular spaces. 

At the level of (co)homology, for manifolds Y we can extend M-homology 
MH^,{Y]R) in M.ll and compactly-supported M-cohomology MH*^{Y\R) in 
il4.3l to a bivariant theory exactly as in Example 12.601 by using twisted versions 
of MH*^{Y\R),MH^,{Y]R) in (12.851) . This would be isomorphic to Example 
12.601 and yield nothing new. 

We will now explain how to define a kind of (partial) bivariant theory 
MC*{g : Y Z\R) at the level of (co)ehains, which generalizes M-chains 
MCt:{Y ; R) and compactly-supported M-cochains MCf^iY ; i?). It is partial be¬ 
cause we define MC*{g : Y —> Z] R) only for submersions g :Y ^ Z, not for all 
smooth maps. This is intended for applications in which it is useful to be able 
to mix homology and cohomology at the (co) chain level. 

For example, in Fukaya-Oh-Ohta-Ono’s theory of Lagrangian Floer co¬ 
homology [55], one studies moduli spaces A4k+i{J, fi) of J-holomorphic maps 
u : T, ^ S from a prestable holomorphic disc E into a symplectic manifold {S, oj) 
with boundary u(9E) in a Lagrangian L (Z S, and fc-|-I boundary marked points 
giving ‘evaluation maps’ ev^ : Affc+i( J, /3) —>■ L for i = 1,..., fc -|- I. We need to 
define a ‘virtual (co)chain’ [AIfc+i(J,/3)]virt in the (co)homology of 

Now k of the marked points are ‘inputs’, associated to homology, and one is 
an ‘output’, associated to cohomology. So at the (co)homology level, the virtual 
(co)chain should live in (g)Q iL*(L;Q), which is the bivariant group 

H*{TTk+i '■ —?■ T;Q) from Example 12.601 Thus, to define Lagrangian Eloer 

cohomology in the most functorial way, it may be helpful to have a ‘bivari- 
ant chain complex’ (C'*(7rfc+i : > L;Q),d) with cohomology H*{Trk+i : 

Rk+i construct [AIfc+i(J,/3)]virt in C'*(7rfc+i : —>• L;Q). 

As in fjH fix a commutative ring R, and a category Man'’ satisfying As¬ 
sumptions I3.12113.l3 of H3.31 

Definition 5.39. Let g '■ Y Z he a. submersion of manifolds, with dimE = I, 
dim Z = m. Consider quadruples (V, n, s, t), where E is a manifold with corners 
(object in Man'’), and n = 0,1,..., and s : V ^ R" and t : V ^Y are smooth 
maps (morphisms in Man'’), such that g o t : V Z is a submersion, we are 
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given a coorientation Cgot for got (which we leave implicit), and s : 1^ —>■ K." is 
proper over an open neighbourhood X of {0} in R". 

Define an equivalence relation ~ on such quadruples by (V, n, s, t) ^ (V\ n', 
if n = n', and there exists a diffeomorphism f : V ^ V with s = s' o / 
and t = t' o f such that the coorientations satisfy Cgot = Cgot' o c/, where c/ 
is the natural coorientation on / from Assumption 13.171 61. Write [V,n,s,t] for 
the ^-equivalence class of {V,n,s,t). We call [V,n,s,t] a generator. 

For each A: S Z, define the {integral) M-bichains MC^{g : Y —>■ Z;ii) to be 
the i?-module generated by such [V, n, s, t] with dim V + k = m + n, subject to 
the relations: 

(i) For each generator [V,n,s,t] and each f = 0,..., n we have 



where writing s = (si,..., s„) : V —> R." with Sj : 1^ —^ R for j = 1,..., n 
and TTv '-V xR—xR— )-R for the projections, then 


., s„ o TTy) : y X R —>■ R"’*’^, 


(si o TTy, . . . , Si o TTy, TTr, Si +1 O TTy, . . 


S 


and g o t o Try has coorientation Cgotoirv = Cgoi o , where Cgot is the 
given coorientation on g o t : V —tZ, and Ct^y is the coorientation on 
TTy : X R — >■ F induced by the standard orientation on R, as in Assump¬ 


tion I3.17f dl , (f), (k). 


(ii) Let / be a finite indexing set, Oi € R for i G I, and [Vi,n, Si,ti], i G I he 
generators for MC^{g : Y — >■ Z;R)^ all with the same n. Suppose there 
exists an open neighbourhood A of {0} in R”, such that Si : Fj —>■ R" is 
proper over X for all i G I, and the following condition holds: 

(*) Suppose {x,y) G X xY with g{y) = z G Z, such that for all i G / and 



is injective. This implies that {siRi)\v° is an embedding near v G V°. 
Hence (si, : Vj —>• R" x F is injective near each v in (sj, ti)~^{x, y), 
so {siRi)~^{x,y) has the discrete topology, and thus is finite as Si is 
proper over X. Note too that TyV° is a vector space of dimension 
m + n — k and (ig\y o dt|^ : TyV° — >• T^Z is cooriented, since g o t\vp : 
V° Z is a cooriented smooth map of manifolds by Assumption 
I3.17f il. We require that for all (m -I- n — fc)-planes P C T^R" © TyY 
with d^ly o TTTyY '■ P ^ TzZ cooriented, we have 




Gi in R. 


iel, veVi-.{si,ti){v) = (x,y), T„(si.ti)[T„yS]=P 
Tv{si,ti) : TyV° P is coorientation-reversing 
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Then 

^ a, [V„ n, s„ U] =0 in MC'^ig ^ Z- R). 
iei 

Remark 5.40. (a) When g : Y Z is tt : Y —!>=i=, coorientations CTrot for 
Trot :V ^ * are equivalent to orientations ov for V, and relations (i),(ii) above 
reduce to Definition Id.ir il.liil. Hence from Definition 14.II we see that 

MC^{-k :Y MC-kiY\R). (5.54) 

When g : Y Z is idy : Y ^ Y, generators [V,n,s,t] in Definition 15.391 
are ‘compact generators’ of MC^{Y\R) in the sense of Definition 14.341 and 
relations (i),(ii) above are Definition 14.ISr ibliil applied to compact generators. 
Hence Proposition 14.351 implies that 

MC’^iidy :Y^Y-,R)^ MC^^{Y-R). (5.55) 

(b) For generators [V, n, s, t] in Definition 15.391 we required s : V ^ K" to be 
proper near 0 in K", giving a theory generalizing MC^,{Y-, R) and MC*^{Y ; R). 
There are two alternative properness conditions we could have imposed: 

(i) (s, t) : H —>■ M” X Y should be proper near {0} x H in R" x H; or 
(ii) {s, g o t) : V ^ R" x Z should be proper near {0} x Z in R" x Z. 

In both cases, as in 114.21 we first define M-prebichains VMC^{g : Y —>■ Z\R), 
and then make MC^{g -.Y —>■ Z; i?) by sheafifying VMC^{g\u : U ^ Z; R). In 
case (i) this would yield 

MC('5)(7r ■.Y^*;R)9^ MC^1,{Y-R), 

MC'fi)(idy -.Y ^Y-R)t^ MC’^{Y- R), 

and in case (ii) it would yield 

MCfii)(^ : y ^ *;i?) ^ MC-kiY;R), 

MC'(')i)(idy ■.Y^Y;R)^ MC'^{Y-R). 

We can extend these to bivariant theories as below, with differences on the 
properness requirements on morphisms for defining pushforwards and pullbacks. 
Here (i) corresponds to the bivariant theory defined by Fulton and MacPherson 
in §3.1], and (ii) to that defined in [521 §3.3.1]. 

(c) We restrict to g : Y Z a. submersion, since otherwise it would not be 
reasonable to require g o t : V —^Ztobea submersion in the definition of 
generators [V,n,s,t] in Definition 15.391 

Definition 5.41. Let g '■ Y —>■ Z be a submersion of manifolds. Define d : 
MC^{g : Y Z; R) ^ MC^^^{g :Y —>■ Z; i?) to be the i?-linear map satisfying 

d[V,n,s,t] = [dV,n, s o iy o iv], 
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for all generators [fo,n,s,t], as in (14.31) and (14.201) . This is well-defined as in 
Proposition 14.31 and satisfies d o d = 0 as in Definitions 14.11 and 14.191 Thus we 
may define the (integral) M-bihomology 


MHHs :Y^Z^,R) = Ker(d : MCy Y^Z,R)^MC-y : 

' lm{d: MC^-^g :Y^Z-R)^MC’^(g-.Y^ZiR)) 

We define products, pushforwards and pullbacks on M-bichains, as in 112.101 

Definition 5.42. Let f : X ^ Y, g : Y —^Zhe submersions of manifolds, 
with dimX = p, dimT = q, and dimZ = r. Define the product 

■ : MC'^if ■.X-)-Y;R)x MC\g :Y ^ Z]R) —^ MC'^+\g of:X^Z;R) 

to be the unique i?-linear map satisfying 

[V,n,s,t] ■ [fo',n',s',<'] = (-l)('+«+’-)"[l/,fi,S,t] := (-l)(^+«+’-)" [fo x/ot.y.t' fo', 
n + n', (si o Try,..., s„ o Try, o Try/,..., s^/ o Try/),t o Try], 

for all [V,n,s,t] G MC^(f ■. X ^Y\R) and \y' ,n', s' ,t'] G MC^g : Y Z]R). 
This specializes to the cup product in (14.611) and the cap product in (14.821) under 
(|5.54|) - (|5.55l) . as in (I2.811) - (I2.82I) . A very similar proof to that of Proposition 
14.501 in 117.91 shows that ‘ ’ is well-defined. 

Let / : A —>■ T be a smooth map of manifolds and g : Y ^ Z a submersion, 
such that g o f : X ^ Z is a submersion. Define the pushforward 

/* : MC'^ig of:X^Z;R)^ MC'‘(g -.Y ^Z;R) 

to be the unique i?-linear map acting on generators [V, n, s, t] by 

f4V,n,s,t] = [V,n,s,fot], 

where the coorientation for (g o f) o t : V Z in [V,n,s,t] G MC^(g o / : 
X Z-,R) is the coorientation for g o (f o t) : V Z in [V,n, s, f o t] G 
MC^(g : Y —>■ Z\R). By (14.71) . when g is n : Y * this specializes to 
/, : MC-k(X; R) —>• XIC-k(Y; R) under (|5.54p . as in (12.831) . This /* is well 
defined as for pushforwards /* on M-chains in Definition 14.61 

Suppose g '■ Y Z is a submersion, and h : Y ^ Z is any proper smooth 
map of manifolds. Then the fibre product Y' = X Xg^z,h Z' is transverse and 
exists in Man, and as in (12.791) we have a Cartesian square 

Y' -^- ^Z' 

ih' ® hi (5.56) 

Y -^--Z, 

with g' a submersion. We call (15.561) an independent square. Define the pullback 
h* : MC^{g :Y ^ Z-,R) —^ MC^{g' : Y' Z'; R) 
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to be the unique i?-linear map acting on generators [V, n, s, t] by 

h*[V,n,s,t] = [V',n,s',t'] := [V Xt,Y,h' Y',n, s o TTvyiry'], (5.57) 

where V = V Xt^Y,h' Y' is the fibre product in Man^^, which exists as 

b"' = 1/ Xt^Y,h' Y' = V Xt^Y,.r (5^ Xg,Z,h Z') ^ ^ Z\ 

and g o t : V Z is a. submersion. Then g' o t' : V' ^ Z' is the projection 
■Kz' '.V ^ Z' in the fibre product V' = V Xgot,z,hZ', so g'ot' is a submersion as 
got is, and the coorientation on got : V ^ Z determines one on g'ot' :V' ^ Z' 
by Assumption ld.!?!' !'). Also h proper and s : F —?> R" proper near 0 in R" imply 
that s' :V' ^ R" is proper near 0. Hence [y',n, s',t'] in (15.571) is a generator 
of MC^{g' : Y' Z’-R). 

Equation (I5.57|) specializes to (14.211) when g :Y ^ Z is idy :Y —>• T, as in 
(|2.84l) . We show h* is well-defined by a very similar proof to Proposition 14.201 
Products, pushforwards and pullbacks are all compatible with the differential 
d on MC'*(g : Y —>■ Z]R), and so descend to products, pushforwards and 
pullbacks on M-bihomology MH*{g : Y Z]R). It is not difficult to show 
that these operations satisfy the axioms for a bivariant theory in [26l §2.2]. 

Much of the theory of M.lb)14.7l can now be extended to M-bihomology. We 
outline a few important points, li g : Y Z is a submersion and 17 C E is 
open with inclusion i ■. U ^ Y then we have pushforwards 

A : MC'^iglu :U^Z;R)^ MC'^{g :Y ^Z; R). 

Using these, as in Theorem 14.71 we can define a flabby cosheaf of i?-modules 
M.C ^{q :Y Z\R) on Y with 

MC'^la : Y Z-R){U) = MC’^{g\u '.U ^ Z-R) for U CY open. 

We have :Y^*]R)^ MC-k{Y;R) and MC’^iidy :Y ^Y-R) ^ 

MCtiY-.R). The morphisms d : MC'^{g\u :U^Z;R)^ MC'^+^{g\u : U 
Z]R) induce cosheaf morphisms d : M.C ^(a : Y Z\R) ^ : Y —>■ 

Z] R) with d o d = 0. 

If dimU = I, dimZ = m then we have MC^{g : Y —^ Z-,R) = 0 and 
MC ^{q : Y —^ Z; i?) = 0 for A: < m — Z as in Lemmas 14.51 and 14.241 Write 
{^MC^{g : Y —^ Z;i?),d) for the complex of soft sheaves on i?-modules on Y 
corresponding to : Y —>• Z;i?),d) under Theorem 12.,141 Then as in 

Theorems 14.311 and 14.471 we have an exact sequence of sheaves on Y : 

Q^OY®Rg*{OzY-^MC'''-\g:Y^Z-R)-^MC"'-^+^[g:Y^Z-R)^ .... 
Thus by )12.5l we may identify M-bihomology with a sheaf cohomology group 
MH'^ig -.Y^Z-R)^ Oy (8 >r g*{Oz)), 
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as in (12.851) . So M-bihomology is canonically isomorphic to the bivariant theory 
of Example 12.601 

We can extend rational M-(co)homology in (15.11 de Rham M-(co)homology 
in il5.2l and M-(co)homology of effective orbifolds in (15.31 to bivariant theories 
in a similar way. 


6 Proofs of results in §2] 

6.1 Proof of Theorems 12.31 and 12.81 

For (co)homology theories defined on topological spaces rather than on mani¬ 
folds, Eilenberg and Steenrod m Th. 10.1] proved the analogue of Theorems 
12.31 and 12.81 for ‘triangulable’ topological spaces (or up to homotopy, finite CW- 
complexes), which include all compact smooth manifolds, without assuming 
Axioms 12.11' vil and l2.7f vil. 

By including (vi), Milnor | 66 j extended the uniqueness theorems to the cat¬ 
egory of pairs (E, Z) where Y, Z are topological spaces with the homotopy type 
of (possibly infinite) CW complexes, which include all smooth manifolds. 

Kreck and Singhof [521 Prop. 10] prove analogues of Theorems 12.31 and 12.81 
giving axiomatic characterizations of (co)homology of manifolds, but with two 
differences: firstly, they use different sets of axioms involving only absolute 
rather than relative (co)homology, and secondly, because of their applications 
they consider (co)homology of smooth manifolds E, but pushforwards and pull¬ 
backs by continuous maps / : Ei —E 2 . Their method is to show that a 
(co)homology theory defined on smooth manifolds with continuous maps ex¬ 
tends uniquely to a homology theory on topological spaces which are countable 
CW complexes of finite dimension, and then use the arguments of mm- 

We will prove Theorems 12.31 and 12.81 using the method of [S2] . We start by 
adapting material about triples (E; Zi,Z 2 ) in [SU §3] to pairs (E, Z) by taking 
Zi = Y, Z 2 = Z. Consider pairs (E, Z) of a topological space E and a subset 
Z C Y. A morphism of pairs f : (Ei,Ei) —>■ (Y 2 ,Z 2 ) is a continuous map 
/ : El — >■ E 2 with /(El) C E 2 . We call / a pseudo-equivalence if / : El —>• E 2 
and /Jzi : El —>• E 2 are both homotopies of topological spaces. We call / a 
homotopy equivalence of pairs if there exists a morphism g : (E 2 , E 2 ) —>■ (Ei, Ei) 
such that 5 : E 2 —L- El is a homotopy inverse of / : Ei —>• E 2 , and g\z 2 : E 2 —(• Ei 
is a homotopy inverse of f\zi : Ei —>• E 2 . 

We will consider two special kinds of pairs: (a) pairs (E, E) with E a manifold 
(considered as a topological space), and E C E open, and (b) pairs (E, E) with 
E a countable CW complex of finite dimension and E C E a CW subcomplex. 
We call type (a) manifold pairs, and type (b) CW pairs. 

We call a manifold pair (E, E) good if E \ E is a manifold with boundary 
embedded as a submanifold of E with dim(E \ Z) = Y. Good manifold pairs 
can also be given the structure of CW pairs. 

The next two lemmas follow from Kreck and Singhof [5U Prop.s 5 & 6 ]. 
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Lemma 6.1. Suppose {Y, Z) is a CW pair. Then there exists a good manifold 
pair (Y',Z') and a homotopy equivalence of pairs h : (Y,Z) (Y',Z'). 

Lemma 6.2. Suppose {Y, Z) is a manifold pair. Then there exist a good man¬ 
ifold pair {Y\Z'), a CW pair IY",Z"), a pseudo-equivalence p : {Y',Z') 

(Y, Z) with p : Y' ^ Y smooth, and a homotopy equivalence of pairs h' : 
{y',Z') (Y",Z"). 

Kreck and Singhof do not use good manifold pairs, although (Y',Z') good 
in Lemmas 16.1H6.2] follow easily from their construction. Since we want to work 
with smooth morphisms / : {Yi,Zi) —>■ (12,-^ 2 ) of manifold pairs (Kreck and 
Singhof use continuous morphisms), we need a result on replacing continuous 
morphisms by homotopic smooth morphisms, as in the next easy lemma, which 
is false if we do not assume {Yi,Zi), (F 2 , ^ 2 ) are good. 

Lemma 6.3. (a) Suppose {Yi, Zi), (Y 2 , Z 2 ) are good manifold pairs, and f : 
{Yi,Zi) —>■ ( 12 ,^ 2 ) is a continuous morphism of pairs. Then we can find a 
smooth morphism of pairs f : {Yi,Zi) —>• ( 12 ,^ 2 ) close to f in C^, and a 
continuous homotopy g : (Yi x [0,1], Z\ x [0,1]) —>• (Y 2 , Z 2 ) from f to f. 

(b) Suppose (Yi, Zi), {Y 2 , Z 2 ) are good manifold pairs, f',f" : {Yi,Zi) 

IY 2 , Z 2 ) are smooth morphisms of pairs, and g : (Yi x [0,1], Yi x [0,1]) —>■ (Y 2 , Z 2 ) 
is a continuous homotopy from f to f". Then we can find a smooth homotopy 
g' : (Yi X [0,1], Zi x [0,1]) —>■ (Y 2 , Z 2 ) from f to /", close to g in (7°. 

Broadly following [511 §4], we prove: 

Proposition 6.4. Suppose is a homology theory on manifold pairs 

(Y, Z) and smooth maps f : (Yi, Zi) (Y 2 , Z 2 ) satisfying Axiom I^TTl Then we 
can construct a homology theory H^,{—]R) on CW pairs {Y,Z) and continuous 
maps f : (Yi,Zi) —>■ (Y 2 ,Y 2 ), uniquely up to canonical isomorphism, satis¬ 
fying the analogue of Axiom 12.11 with functorial isomorphisms H^,{Y,Z;R) = 
H^,{Y, Z] R) for all manifold pairs (Y, Z) which are also CW pairs. 

Conversely, the CW homology theory i7*(—;i?) determines the manifold ho¬ 
mology theory H„{—-,R) uniquely up to canonical isomorphism. 

The analogue of all the above holds for cohomology theories, using Axiom \77il 

Proof. Let i7*(—;i?) be as in the proposition. To define the CW homology 
theory il*(—;i?), using the Axiom of Choice, for each CW pair (Y, Z) choose a 
good manifold pair (Y', Z') and a homotopy equivalence of pairs h : (Y, Z) —>• 
(Y', Z') as in Lemma 16.11 and choose a homotopy inverse i : (Y', Z') —>• (Y, Z) 
for h. Define H*{Y, Z) = H*{Y', Z'). 

Suppose / : (Yi, Yi) —> (Y 2 , Z 2 ) is a morphism of CW pairs, and let (Y/, Z[), 
hi,ii, (Yf, Z 2 ), ^ 2 , ^2 be the data chosen for (Yi, Yi), (Y 2 , Z 2 ). Then ^2 o / oii : 
{Y(,Z[) —>■ {Y 2 ,Z' 2 ) is a continuous morphism of good manifold pairs. So 
Lemma lOT al gives smooth /' : (Y/, Z[) {Yf, Z 2 ) continuously homotopic to 
h 2 ofot,. Define /* : iJ*(Yi, Zi; i?) ^ (Y 2 , Y 2 ; i?) to be /( : if*(Y/, ; i?) ^ 
H^,{Yf, Z 2 ,R). To see that /* is well-defined, let /" be an alternative choice for 
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/'. Then f, f" are smooth morphisms (F/,Z() —>■ (^ 2 , 22 ) which are continu¬ 
ously homotopic, so they are smoothly homotopic by Lemma r6.3r bl. and thus 
/* = /" by Axiom 0;iv). 

Now let (F, Z) be a CW pair, so that (F, 0) and {Z, 0) are also CW pairs. 
Let {Y', Z'),hi,ii and (F", 0),/ 12,12 and (F", 0),/ 13,13 be the data chosen for 
(F, Z), (F, 0) and (Z, 0). Choose smooth /2 : F" —>• Y' and /s : Z" —>■ Z' which 
are continuously homotopic to hio 12 : Y" —> F' and to o : Z" —>• Z'. 
Define d : Hk{Y, Z; R) Hk-i{Z; R) by the commutative diagram 

- ^Hk(Z-R)^ Hk{Y- R) Hk(Y, Z; R) Hfc_i(Z; R) ^ ■ 

II II II ^ II 

Hk{Z"-R) Hk(Y";R) Hu{Y',Z'-R) Hk-i{Z"-R) 

—1(/3). —1(/2)» II —1(/3). 

-^ Hk{Z'-, R) ^ Hk{Y'-R) ^ iLfc(F', Z'; R) ^ Hk-i{Z'-R) ^ , 

where the top and bottom lines are (12. ip for (F, Z), (F', Z'), and the columns 
are isomorphisms as / 2 , fs are homotopies. This defines all the data in the CW 
homology theory H{—;R). It is easy to deduce Axiom [2Tji)-(vi) for H from 
Axiom [2lIJi)-(vi) for H, as in [52l §5]. The first part of the proposition follows. 

For the second part, to recover H{—; R) from i?(—; R), first note that for good 
manifold pairs (F, Z) the argument above constructing iL(—; R) from H{—; R) is 
reversible, as every good manifold pair (F, Z) is homotopic to a CW pair (F', Z') 
and vice versa. Thus H{—\R) determines H{—;R) uniquely up to canonical 
isomorphism on the full subcategory Cgo of C in Axiom 12.11 with objects good 
manifold pairs (F, Z). 

To determine H{—; R) on non-good manifold pairs (F, Z), note that Lemma 
16.21 gives a good manifold pair (F', Z') and a pseudo-equivalence p : (F', Z') —>• 
(F, Z). Thus we have a commutative diagram with exact rows 

-^ HkiZ'-R) Hk{Y'- R) Hk{Y', Z'-R)^ Lffe-i(Z'; R) ^ ■ 

1* J* U 

= |(plz'). s|(p|z,). ( 6 . 1 ) 

- ^Hk{Z-R)^ Hk{Y- R) ^ Hk{Y, Z; R) Lffe_i(Z; R) ^ . 

As p is a pseudo-equivalence, p : Y' ^ Y and p\z' \ Z' ^ Z are homotopies, 
so the first, second and fourth columns of m are isomorphisms. The five 
lemma now implies that p* : Hk{Y\ Z'; R) —>■ Hk{Y, Z; R) is an isomorphism. 
So H^{Y, Z; R) for the non-good pair (F, Z) is determined up to canonical iso¬ 
morphism by H^{Y', Z'; R) for the good pair (F',Z'). Using this, we see that 
H{—',R) is determined up to canonical isomorphism by iL(—; i?). 

The proof for cohomology is the same, reversing morphisms on H*, H*. □ 

As noted by Kreck and Singhof in [52l Lem. 11], Milnor’s proof [ 66 ] of unique¬ 
ness of (co)homology theories satisfying the analogues of Axioms [ 2.11 and ET71 for 
CW complexes also works for our ‘CW pairs’ of a countable CW complex F of 
finite dimension and a CW subcomplex Z C F. Thus Theorems 12.31 and 12.81 
follow from Proposition 16.41 
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6.2 Proof of Theorem 12.391 

Let Y, R, £ and tt : f —>• f be as in Theorem 12.391 throughout. 


6.2.1 Proof of Theorem I2.39l fa') 

First consider Definition 12 .21 f ivLfvi when I = {1,2}, so that U C Y is open 
and (Fl, V 2 } is an open cover of U. Then by (I2.40|) . as £ is strong the following 
is exact: 

o^£([/) £(unr,). (6,2) 

Then Definition I2.21f ivl is equivalent to (16.21) being exact at the second place, 
and Definition l2.21f vl equivalent to (16.21) being exact at the third place. Hence £ 
being strong is equivalent to Definition 12. 21f ivl.fvl holding for £ when |/| =2. 
This proves the second part of (a), that is, if £' is a presheaf and Definition 
I2.2ir ivl.lvl hold for £' whenever I is finite, then £' is strong. 

We will prove that Definition l2.21f ivL('vl hold for £ whenever I = {1,..., nj. 
When n = 0,1 this is trivial, and when n = 2 it is equivalent to £ strong. 
Suppose by induction on N that for some N = 2, 3,..., Definition 12. 21f ivl.fv') 
hold for £ whenever I = {1 ,... ,n} for all n = 0,1,...,TV. Let U CY he open 
and {Fi,..., Fa^+i} be an open cover of U. 

For (iv), suppose s G £{U) with puvAs) = 0 in £1(1}) fori = 1,..., iV+1. Let 
= Fat U Vn +1 and s' = puvl^{s) G Then PvI^Vn{s') = PuVn{.s) = 0 

and Pv^Vn+A^') = PuVn+A^) = Oj so by the inductive hypothesis (iv) for 
n = 2 we have s' = 0. Now apply the inductive hypothesis (iv) for n = N 
to s on U with open cover {Fi,..., Fat-i, V^}. We have puvA-A = 0 in £1(F) 
for i = 1 ,..., — 1 and puv^{s) = s' = 0 in £{V^), so s = 0, proving (iv) 

when/ = A^ + lj. 

For (v), suppose Si G f(F) for z = 1,...,A^+ 1 with PVi(VinVj)(.Si) = 
PVj(VinVj)Aj) in £(yiC\Vj) forallqj = 1,...,7V + 1. Then the inductive hypoth¬ 
esis (v) forn = 2 applied to the open cover (Fat, Fat+i} of Fat' gives Sfqi G £{Vl^) 
with PvJ^VnA'n) = sjv and PvJ^Vn+As'n) = sn+i- Let i = 1 ,... - 1, and 

consider PVi{Vinv;,){si) and (s)v) in Ll VJ^). We have 

PiVinvl,){VinvN)[PViiVinv}^)isi)] = PViiVinVNiAA = £'VN(Dnyiv)(sAf) = 
PVN{VinVN)°Pvl^VN{AN) = Pv;^{VinVN)AN) = P{Vinv;^){VinVN) [py},(yny},)(sAr)] > 

and P(Vinv^){VinVN+i)[PVi(Vinvl^Asi)\ = P(ynyi})(ynyN+i) [py},(yny^)(s)v)] in 
the same way. Thus applying the inductive hypothesis (iv) for n = 2 to the open 
cover {FinFAr,Fi(nFAr-i-i} of Fi(~lF^ shows that PVi(Vi^\vi^){s^) = /Oy^(yny},)(sAr)- 
Hence applying the inductive hypothesis (v) for n = N to the open cover 
(Fi,..., Ftv-i, F{f} of U and sections si,..., sat-i, s'at gives s G £{U) with 
PuVi (s) = Si for z = 1,..., iV — 1 and Puv^ (s) = s)v Lut then 

PUVmA) = PV^Vn ° PUV;,is) = PV^VnA'n) = SN, 
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and similarly pijvn{^) — sn+i^ proving (v) when I = {1,...,iV + 1}. This 
completes the inductive step. Therefore by induction Definition I2.21f ivl.fv') 
hold when I = {1,..., n} for all n = 0,1,..., so they hold for all finite /. 

6.2.2 Proof of Theorem I2.39l fbl 

Let V C U C Y he open, and consider the morphism (12.411) . First we show 
that if a G ScsiU) with suppa C V then puv{o) G £csiV), that is, puv{oi) 
is compactly-supported. This is not obvious since, although supp[/9j/y (a)] = 
suppa is compact, as in Remark 12.271 this does not imply puv{o-) is compactly- 
supported unless f is a sheaf rather than a presheaf. 

As a is compactly-supported there is compact K CU with Pu{u\K){o-) = 0 
in £{U \ K). Then K\V is compact in U, as it is closed in K, and {K\V) H 
suppa = 0 as suppa C V. Hence by Definition 12.261 for each y £ K\V there 
exists an open neighbourhood Wy of y in U such that puWy{s) = 0 in £{Wy). 
Then {Wy : ?/ G AT \ H} is an open cover of K\V Q U, which is compact, so 
there exists a finite set {yi ,..., y^} ^ K\V with K\V C Wy^ U • • ■ U . 

Set K' = K \ {Wy^ U • • • U Wyff). It is compact, as it is closed in AT, and 
AT' C H as a: \ H C Wyi U • • • U Wy^. Also {Wy ^,..., Wy^,U \ K} is an open 
cover of D \ AT ', and puWy^{ot) = ••• = puWy^lot) = Pu(u\K){oi) = 0. Thus 
Definition 12.21f ivl for £ with / = {1,..., A^ -|- 1} applied to s = Pu(u\K'){ci) in 
£{U \ AT'), which holds by Theorem 12.39f aL gives Pu(u\K'){.oi) = 0- Therefore 

Pv(v\K')[puv{a)] = pu(v\K'){a) = P(u\k')(v\k') ° Pu(u\K'){a) = 0, 

and so puvice) is compactly-supported, as K' CV is compact, and p( 7 y(a) lies 
in fcs(b^)- Thus the morphism (12.411) is well defined. 

Suppose a G £cs{U) with suppa QVCU and puv{oi) = 0. As above there 
exists compact K' CV with Pu{u\K’){ot) = 0. Exactness of (16.21) at the second 
term with Vi = V, V 2 = U \ K' gives a = 0. Hence (12.411) is injective. 

Suppose (3 G fcs(l^)- Then by definition there exists compact K' CV with 
Pv(v\k'){(3) = 0. By exactness of (16.21) at the third term with Vi = V and 
V 2 = U \ AT', since Pv(v\K'){l3) = P(u\K')(v\k'){0) = 0, there exists a G £(U) 
with puv{ci) = j3 and Pu{u\K'){o‘) = 0- Then Pu(u\K'){oi) — 0 implies that 
a G £cs{U) with suppa C K' C V. Therefore (12.411) is surjective, so it is an 
isomorphism. This proves Theorem 12.39f bl. 

6.2.3 Proof of Theorem 12. 39l f cl 

Suppose V C U C Y are open, and the closure V of H in [/ is compact, and 
let s G £{U). We first show that there exists a unique tuv{s) G £{V) satisfying 
the characterizing property in Theorem 12 .39f cl for each y C V. 

By definition of sheafification, for each y C V we can choose a small open 
neighbourhood Uy of j/ in 17 and a section Sy G £(Uy) with Tr(Uy){sy) = puUy (s)- 
As Y is locally compact, we can also choose an open neighbourhood 17' of y in 
Uy such that the closure 17' of 17' in Uy is compact. Then {Uy : y £ V} is a 


171 



























family of open sets in U which cover C [/, so as F is compact there exist 
2 / 1 ,... ,yAr in y with V C U • • • U 

For i,j = 1,... ,N, we have Sy. S £{Uy^) and Sy^ G £{Uy^), but we do not 
know that PUy,iUy,nUy^){svi) = PUy.{Uy,nUy.){syy) in £{Uy^ nUy^). Instead, we 
only know that each y G Uy^CiUy^ has an open neighbourhood Wy of y in Uy^CiUy^ 
with puy. Wy (sy.) = puy. Wy {syy) iu £ {yj ). Now C7'. n C7'. is a subset oiUy.n Uy ., 
and is compact as Uy ., Uy. are and Y is Hausdorff. Then {Wy : y G Uy. n Uy .} 
is a family of open subsets of Uy. fl Uy. which cover Uy. fl Uy ., so we can choose 
yi,...,yfj m.Uy^n Uy^ with U'y^ n C/'. C [/'. n U'y. C iVyi U • • • U Wy^. 

Apply Theorem I2.39l al to the open cover {U'y. fl Uy. fl Wy^^ : /c = 1,..., N] 
of U^^ n and PUy,{u;y.nu;y.)isyi),PUy.{u;y.nui.)isyy) in £([/'. n C/'.). Since 

P{u^.nu!y.)(U!y.nu^.nWy ^) [pUy. (c/'. nu^.){sy .)] = PUy^ (c/'. nu ^.) (sy,) 

= PUyy (U'^ nc/'. nwy^) (sy ,) = P(u^^ nu'.) (c/'^ nc/'. nWy ^) [pUy. (c/'^ nc/'.) (sy,)] 

for fc = 1,... ,7V, we have d( 7 j,,(( 7 '.nc/'p(syJ = dc/„^(G'.nc/i^)(sy,) for all i,j = 
1,..., A^ by Definition I2.211 ivl . 

Now apply Theorem l2.39l al to the open cover {[/'^ r\V,..., Uy^^ n D} of D, 
and the sections PUy^(u^.nv)isyi) G £{Uy. CiV) ioi i = 1,N. Since 

Piu;^.nv)(u;y.nu^.nv)[puy,iu;y.nv)isvi)] = PUy,iu;,.nui.nv){svi) 

= PUyyiu;y.nui^nv)isyy) = P(c/'^.nv)(G'.n(7'^nv) [PG„^-(G'^.ny)(sy,)] 

for all i,j = 1 ,..., A^, this says that that there exists a unique element Tuvis) 
in £{V) with pviu^.nv) o ruvis) = PUy,(U'y.nv){syi) for alH = 1,..., Af. 

We have not yet shown that Tjjvis) is independent of the choices of N,yi, 
Uyi, Sy^,Uy. made above, so we do not yet know that tjjv{s) depends only on 
s, but we take tijv[s) and these choices to be fixed for the next part of the 
argument. Suppose now that as in Theorem I2.39l cl that y € V, and Uy is 
an open neighbourhood of y in D, and Sy G £{Uy) with Tr(Uy){sy) = puUyis). 
Choose any open neighbourhood Uy of y in Uy such that the closure Uy of Uy 
in Uy is compact. 

We can now apply the argument in which we constructed Tuvis) above 
replacing the data N,Uy^,... ,Uy^, Sy^,..., Sy^ ,Uy^,... ,Uy^ by A^ + l,Uy^, 
■ ■ ■ t Uyiy , Uy , Syi, . . . , Syjy , Sy, This gives Tuvis)' in £iV) with 

Pv(u^.nv) ° Tuvis)' = PUy^{U'y.nv)isyi) for z = 1,..., A^ and PUy(U'ynv)isy) = 
PviU'yUV) ° Tuvis)'- But uniqueness of Tuvis) above implies that Tuvis)' = 
Tuvis)- Hence we have /0c/„((7'nv)(sy) = Pv(u^nv) o^uvis) for all such y, Uy, Sy, 
U'y, so Tuvis) above satisfies the characterizing property in Theorem 12. 39l cl. 

Next we show that Tuvis) is independent of the choices of N, yi, Uy^,Sy.,Uy. 
in its construction. Suppose fuvis) is an alternative outcome, using different 
choices. Then as fuvis) satisfies the characterizing property we have Pv{U'y nv)® 
Tuvis) = PUy.(U'y nv)isyi) for alH = 1,..., A^. But Tuvis) was unique with this 
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property, so fijv{s) = Wvis), and tuv{s) is independent of choices. Therefore 
Tjjv '■ £(U) —?> £{V) mapping s —)• tuv{s) is well defined, and is uniquely 
characterized by the property in Theorem I2.39f cl , as required. It remains to 
show that Tuv is an i?-module morphism, and that (I2.42l) - (l2.43p commute. 

To see that tjjv is an i?-module morphism, let a,b € R and s,t G £(U). 
Then in the construction of tuv{s) above, for each y G V we can choose y G 
Uy Q U and Sy,ty G £{Uy) such that T^{Uy){sy) = puUy{s) and T^(Uy)(ty) = 
PuUyit). Following the argument through for tuv (s) , tuv (t) and Tijv(as + bt) 
simultaneously, uniqueness of tijv(,s) implies that Tuvins + bt) = aTjjvis) + 
bruvit), so Tjjv is i?-linear. 

Suppose V ^ tjt. li s G £{U) with 7r(17)(s) = s G £{U) then in the construc¬ 
tion of Tjjv{s) we can take iV = 1, any yi G V Q V, Uy^ = U, = s and 
U'vi = and then Pv(u^^nv) ° rj/vis) = PUy^(ui^nv)(syJ becomes 

Tuv o T^{U)is) = Tuv{s) = pvviruvis)) = Puv{s), 

so the top left triangle of (12.421) commutes. If 14 = 0 it commutes trivially. 

If s G £{U) then from above there is an open cover {U'y^ n F,..., t/'^ D 14} 
of 14 such that for z = I,..., iV we have 

h{u'^.nv)[^{y) ° Tuv{s)\ = TT{Uy. n °tuv{s) 

= '’^{U'y. n 14) o PUy^{U'y.uv){syi) = PUy^(U'y.nv) ° 7r(C4yJ(syJ 
= PUy^iU’y.nv) ° PuUy^ (s) = Pu(U'^.nv){s) = Pviu^.nv) [puv{s )], 

using py(c//_nv)OT(7y(s) = PUy.{ui.nv)isyi) from above, and nu^isy,) = puUi{s) 
by choice of Sy ^, and tt : f f a presheaf morphism. The sheaf property of £ 
now implies that Tr{V)oTuv{s) = Puv{s), so the bottom right triangle of (I2.42|) 
commutes, and (12.421) commutes. 

To see that equation (I2.43|) commutes, compare the characterizing properties 
of Tuv{s) and tuw{s) at each y G W, and apply pvw to tuv{s). 

6.2.4 Proof of Theorem 12. 39l fdl 

Let 17 C y be open, and suppose 14 C 17 is open and the closure 14 of 14 in [/ 
is compact. Consider the diagram 

^£cs{v) 

■ I (6-3) 

-£os{V). 

This is a subdiagram of (12.421) and so commutes by Theorem 12.391' cl. the top 
line is an isomorphism by Theorem 12.39l bl. the bottom line is an isomorphism 
as f is a sheaf, and the diagonal morphism does map to £^cs(P) C £{V) as l|2.42p 


{a G £csiU) : suppa QV CU] - 

j^(G)|- ---- 

{a G £cs{U) ■ suppd C 14 C t/} - 
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commutes. Hence the columns 7r(17)|...,7r(H)|... in (16.31) are also isomorphisms, 
with inverses puv\~} ° tuv I■ ■ ■ and tjjv I■ ■ ■ o Puv \■ 

As Y is locally compact, for every compact subset K C U we can find 
an open neighbourhood V ot K m U with the closure V oi V \n U compact. 
Applying this with K = suppa for a S EcsiU) or K = suppd for d € £cs(U), 
we see that all a € £csiU) or d S £csiU) he in the domain or target of the left 
hand morphism 7r(17)|... in (16.3|) for some such V. Thus, 7r(C7)|... an isomorphism 
for all such V implies that tt{U) : £cs{U) —^ £cs{U) is an isomorphism. 


6.2.5 Proof of Theorem 12.39l f el 

Let t7 C y be open. Consider the diagram: 



Here the inverse limits are over open V Q U for which the closure V oi V 
in U is compact, defined using the morphisms pviV 2 ■ ^(^i) £{y 2 ) and 

pv,V 2 ■ £{Vi) £{V 2 ) for V 2 QV 1 QU. 

The morphisms T and R are induced by the morphisms tjjv '■ £{U) — 5 > £(V) 
from Theorem l2.39f cl and puv ■ £{U) £iV) from the (pre)sheaf £, using the 
universal properties of inverse limits, and are well defined as PV 1 V 2 °tuVi = ^'c/vb 
by (j2.43|) and PV 1 V 2 ° PuVi = PUV 2 - Since f is a sheaf and Y is locally compact, 
so that U is the union of all open V QU with V compact, we can show that R 
is an isomorphism. 

The morphism H in (16.41) is induced by tt{V) : £{y) — >■ £{y) for H C H with 
V compact, using the universal properties of inverse limits, and is well defined 
as PVt_V 2 ° ’’'(^ 1 ) = '^(Vz) o PV 1 V 2 since tt : f —>■ f is a presheaf morphism. As 
7r(H) o Tuv = Puv by (I2.42|) . where '!t{V),tuv , Puv are used to define n,T, R, 
we have H o T = R in (j6.4l) . 

To define S, note that for any V C U with V compact, as Y is locally 
compact we can choose an open neighbourhood V of R in 17 whose closure V' 
in JJ is compact. Consider the following diagram: 


Hm , , £{y') 

\ - V : V Q U open, V is compact 

£{V)_ 


y 

^m 


V : V Q U open, V is compact 


-£{¥') 

TV'V 


(6.5) 


Here tw is from Theorem l2.39r cL and Try,fry/ are the projections from the 
inverse limits. Thus, for each V Q U with V compact we get a morphism 
Ty/y o fry/ : ^im^^f(R') —>• £{V). We can show using (I2.42l) - (l2.43p that this 
is independent of the choice of V' and compatible with the morphisms pvxV 2 • 
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S{Vi) £{¥ 2 ), so by properties of the inverse limit £{V) there is a unique 
morphism S such that (16.51) commutes for all such V, V. 

From (I2.42|) with V' in place of U we have Tyv ° '^(^0 = PWt where 
ry/v,7r(y') are used to define S,n in (16.41) . and pv'v is used to define the 
inverse limit ^im £{V). Hence we see that S o H = id. Similarly, from (I2.42p 
we have 7r(y) o Tyv = Pvv-, which implies that H o S = id, so S, H are inverse. 
Therefore T in (16.41) is an isomorphism. This is the isomorphism (12.441) induced 
by the tuv ■ £{U) ^(y); as we have to prove. 

6.2.6 Proof of Theorem 12. SgH fl 

The definition of £ c-soft in Definition I2.30f ci may be expressed like this: £ 
is c-soft if whenever K Q Y \s compact, V is an open neighbourhood of K 
in Y, and s G f(y), then there exists an open neighbourhood W oi K \x\ V 
and s' G £(¥) with pvwis) = pyw{s'). This definition only needs f to be a 
presheaf, not a sheaf, and so makes sense for both £ and £. 

Suppose £ is c-soft. We will prove that £ is c-soft. Let K CY he compact, 
U be an open neighbourhood of K in F, and s G £{U). Choose an open 
neighbourhood V oi K in U such that the closure y of y in U is compact, 
which is possible as K is compact and Y is locally compact. Set s = tijv{s) G 
£{V), for T(jv as in Theorem I2.39r c'). so that 7r(y)(s) = puv[s). Since £ is 
c-soft, there exists an open neighbourhood W of K in V and s' G £iY) with 
pvw{s) = pYw{s'). Write s' = 7r(y)(s'). Then 

hw{s) = pvw o puv{s) = pvw o 7r(y)(s) = 7r(iy) o pvw{s) 

= 7r(iy) o pYw{s') = pyw o 7^(y)(s') = pyw{s'), 

using 7r(y)(s) = puv{s), s' = Tr(Y){s') and tt a presheaf morphism. 

Thus, whenever K CY is compact, U is an open neighbourhood of K in F, 
and s G £{U), there exists an open neighbourhood W of K in V and s' G f (F) 
with Pvwis) = pYwis'), so £ is c-soft, as we have to prove. 

The last part of (f) follows from Theorems 12.341 and 12.39f bi. I'd!. Since £ is 
a c-soft sheaf, as in Theorem 12.341 we may reconstruct £ from a flabby cosheaf 
£ defined by £{11) = £csiU) for open U C Y, and avu ■ SiV) —t tiU) for 
V C U C Y open is the inverse of the isomorphism 

puvV-- : {d G £csiU) : suppd QV CU} ^£cs{V). (6.6) 

But Theorem I2.39f dl implies that £csiU) — £^g{U), and equation (12.4111 in 
Theorem 12. 39f bi is lift of (16.61) from £^^{11) to £csiU) under the isomorphisms 
£^^{U) = £^^{U). Therefore we may define a flabby cosheaf £ defined hy £{U) = 
£cs{U) and ayu ■ £iV) —t £iU) for F C t/ C F open is the inverse of the 
isomorphism (I2.41L and we have an isomorphism f f, so f is the c-soft sheaf 
associated to £ in Theorem 12. 34r bL This completes the proof of Theorem l2.391 
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6.3 Proof of Theorem 12.501 

Let X be an effective orbifold of dimension m. Then X has a natural locally 
closed stratification 


^ = TT ^r, 

^“isomorphism classes of finite groups T 

where Xp = {a: € X : G^X = T} is the orbifold stratum of X with group T. 
Then X{i} is open and dense in X and a manifold, and each Xp for T {1} 
is a disjoint union Xp = Xp of manifolds Xp of dimension k < m, such 

that X is locally modelled near each point of Xp on x (K^^^/T) for some 
effective representation of T on The closure Xp of Xp in X satisfies 


XpC]J 


isomorphism classes of finite groups A: 
r is isomorphic to a subgroup of A 


Xa. 


Let X ^ 0 (actually N ^ 2m + 1 is sufficient), and let / : X —)> be 

a generic smooth map. Then following well known arguments of Whitney on 
embeddings of manifolds in R^, we can show that: 

(i) / is injective, and a homeomorphism with its image /(X) C R'^. 

(ii) flx^ ■ Xp R^ is an embedding of manifolds for all T,k. 

(iii) / is nicely behaved in the normal directions to Xp in X for all T, fc. 
That is, near each point of Xp, X looks like R^ x (R^^^/T), and up to 
local diffeomorphisms of R^, / looks like id^ib x C : R^ x (R™“^/r) —>■ 
R^ X R^“^ for some quasi-homogeneous embedding C : R'^^^/T ^ R'^”^ 
of R'^^^/r, roughly as a cone in 

(iv) /(X) is a Euclidean Neighbourhood Retract (ENR), that is, there exists 
an open neighbourhood Y of /(X) in R^ which retracts topologically 
onto X. Roughly speaking, X is a ‘tubular neighbourhood’ of /(X) in 
R^, except that the retraction X —X is not a disc fibration over the 
orbifold strata Xp, but has more complicated contractible fibres. 

Starting with the effective orbifold X, we have constructed a manifold X and 
a smooth map / : X —>■ X such that / : X ^ /(X) is a homeomorphism and X 
retracts onto X. Hence / is a topological homotopy, so there exist a continuous 
homotopy inverse g Y X, and continuous maps F : [0,1] x X —>■ X and 
G : [0,1] X X ^ X with E(0, x) = g o /(x), F(l, a;) = x, G(0, y) = f o g{y) and 
G(l, y) = y for all a; G X and y €Y. 

The key point is to show that we can choose these g, F, G to be smooth, so 
that X and X are homotopic in Orbeff, rather than just in topological spaces 
Top. When X is a manifold this is well known, and follows from the construction 
of tubular neighbourhoods of embedded submanifolds. 

To make the homotopy inverse g smooth, we choose g near /(Xp) in X for 
all r by induction on increasing k = 0, 1 ,..., m, that is, we choose g on the 
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orbifold strata of highest codimension first, with the property that g : Y ^ X 
maps a small open neighbourhood of f{X!f) in Y to in X for all F, k. 

That is, near points x in X^ and f{x) in Y, we know that X is locally 
modelled on x (]R™“^/r), and Y locally modelled on x and / on 

idjjfc X C : X (]R™“^/r) ^ x for a quasi-homogeneous embedding 

C : —>• If X is not too close to a deeper orbifold stratum 

X’^ for I < k, we can suppose Y is locally modelled on x U, for U an 
open neighbourhood of (7(R™“^/r) in R'^”^ which retracts onto C'(R'"“^/r). 
Then we want g ■ Y —^ X to be locally modelled on id^fc x D : R^ x {7 —>■ 
R^ X (R^^^/r), where D : U ^ R^^^/F is a smooth homotopy inverse for 
C : R^^^/F U C R^“^. We want in particular that D should map an open 
neighbourhood of 0 = (^(O/F) inU C R^”'= to 0/F in R'^'Vr. 

It is not difficult to see that, by mapping open neighbourhoods in U of images 
under C of orbifold strata in R'^^^/F back to the same orbifold strata (or their 
closures), such smooth homotopy inverses D : U ^ R™“^/F exist. Then by an 
inductive process of choosing g near orbifold strata of increasing dimension, and 
making Y smaller if necessary, we find we can choose the homotopy inverse g 
to be smooth, that is, a morphism g '.Y X in Orbgff. 

Having chosen Y, / and g, then f o g :Y Y and idv : Y ^ Y are smooth 
maps of manifolds which are continuously homotopic, that is, there exists a 
continuous map G : [0,1] x Y —^ Y with G{0,y) = f o g[y) and G{l,y) = y 
for all y GY. As smooth maps are dense in continuous maps, we can choose a 
small smooth perturbation G : [0,1] x Y —>■ Y of G with G(0, y) = f o g{y) and 
G(l, y) = y for all y GY. 

Similarly, there exists a continuous map F : [0,1] x AT —>■ AT with F{0,x) = 
g o f{x) and F(l,a;) = x for all x G X. For our definition of Orbeff, by 
considering equivariant continuous and smooth maps we see that it is still true 
that smooth maps are dense in continuous maps. So again we can choose a 
small smooth perturbation F : [0,1] x Y —>• AT of Y with F{Q,x) = g o f{x) and 
F(l,a;) = X for all x G X. This completes the proof of Theorem 12.501 

Note that for the above proof to work, it is essential that morphisms in 
Orbgff from 112.9.11 are continuous maps, rather than continuous maps plus 
extra data, as in the (2-)categories of orbifolds discussed in Remark r2.45l c'). 

6.4 Proof of Theorem 12.531 

For part (a), let i7*(—; i?), ; i?) be homology theories of effective orbifolds 

over i?, in the sense of Definition 12.521 Restricting these to Man C Orbgff 
gives homology theories of manifolds over R. Thus Theorem l2. 31 gives canonical 
isomorphisms Iy,z '■ Htt{Y, Z\ R) iF,(Y, Z;i?) for all manifolds Y and open 
Z CY commuting with the given morphisms f*,d for manifolds and the given 
isomorphisms F{o{*; R) = R = Ho{*;R), and any other such morphisms Jy,z ■ 
H.,{Y, Z;R) —!> H.f{Y,Z\ R) for manifolds Y have Jy,z = Iy,z- 

Let Y be an effective orbifold. Theorem 12.501 shows that we can construct a 
manifold Y' and smooth maps f :Y Y', g : Y' ^ Y, F : [0,1] x Y —> Y and 
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G : [0,1] xY' ^Y' with F{0,y) = gof{y), F{l,y) = y, G{0,y') = fog{y') and 
(7(1, y') = y' for all y G 1" and y' G Y'. Thus for each A: G Z we have a diagram 


Hu{Y- R) < ^ Hk{Y'-R) 

^ 'fv'.ajs (6-7) 

HkiY-R) < ^ HkiY’-,R). 

Since g o f : Y —>■ F and idv : F —>■ F are homotopic by F, Axiom lOT il . livl 
imply that g* o = [g o f)^ = (idv)* = id on both F[k{Y;R) and Hk{Y-,R). 
Similarly, using G we have f*og^, = id on both F[k{Y'; R) and Hk{Y'', R)- So in 
the rows of (16.71) . the morphisms f^,,g^: are inverse, and both are isomorphisms. 

Therefore there exists a unique isomorphism Jyj : Hk{Y-R) ^ i7fc(F;i?) 
making ()6.7p commute. If F', /, g, F, G are alternative choices for F', /, g, F, G, 
then by considering the diagram 


Hk{Y;R) 

G,(i 

Hk{Y;R) 



Hk{Y'-R) 

,lll 

Hk{Y'-,R), 


( 6 . 8 ) 


we see that /y g is independent of the choices of F', /, g, F, G. 

Next let F C F be an open suborbifold. From the proof of Theorem 12.501 
in il6.31 we see that / : F ^ F' is a topological embedding, and we can choose 
an open submanifold Z' C F' such that /|z : F —>• F' is a homotopy, with 
smooth homotopy inverse g : Z' ^ Z and smooth maps F : [0,1] x Z —Z and 
G : [0,1] X Z' —)• Z' with F(O, 0 ) = go f{z), F{l,z) = z, G{0,z') = f o g{z') and 
(5(1, z') = z' for all z G Z and z' G Z'. 

Note that we do not claim that we can choose g = g\z', F = Fljoqjxz and 
G = G'|[o,i]xZ'i that is, we are not constructing a homotopy of pairs / : (F, Z) —>■ 
(F',Z'). This is possible if (F, Z) is a good orbifold pair in the sense of )16.1l 
but may not be possible for general (F, Z). Instead, / : (F, Z) —>• (F', Z') is a 
pseudo-equivalence, in the sense of gsn 

Now consider the commutative diagram with exact rows 

- ^ Hk{Z-R) ^ Hk{Y-,R) ^ Hu{Y,Z-R) ^ Hk-i{Z-R) ^ ■ 

I* J* O 

= \{f\z), a|/. |/. =\{f\z), 

■ • • ^ HkiZ'; R) X Hk{Y'; R) ^ Hk(Y', Z'; R) ^ Hk-i{Z'-R) ^ . 


The first, second and fourth columns are isomorphisms by the argument above, 
since f : Y —>■ F' and f\z : Z ^ Z' are homotopies in Orbeff. The five 
lemma now implies that /* : Hk{Y, Z; R) —>■ FlkiY',Z'\R) is an isomorphism. 
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and similarly /* : Hk(Y, Z] R) Hk{Y', Z'-, R) is an isomorphism. Define an 
isomorphism Iy,z ■ Hk{Y, Z\R) ^ Hk{Y, Z\R) by the commutative diagram 


Hk{Y, Z- R) -1-^ Hk{Y', Z'- R) 

Hk{Y, Z-R) -J-- HkiY', Z'-R). 

An argument similar to (16. Sp shows that Iy,z is independent of choices. 

By passing through the corresponding statements for manifolds using ho- 
motopies as above, we can show that these isomorphisms Iy,z for all effec¬ 
tive orbifolds Y and open Z C Y commute with the given morphisms /*, d 
in H^{—;R),H^,{—;R) and the isomorphisms Ho{*;R) = R ^ Ho{*-,R), and 
any other assignment of morphisms Jy,z preserving all the structure satisfy 
Jy,z = Iy,z- This proves Theorem I2.53f al. The proof of (b) is as for (a), 
except that we reverse directions of most of the morphisms /*, ^*,9,... in the 
proof, to get /*, 5 *,d,.... 

7 Proofs of results in §[4] 

7.1 Proof of Proposition 14.31 

Let y be a manifold. To show that d : MCk{Y; R) —>■ MCk-i{Y\R) in Def¬ 
inition 14.11 is well defined, we have to prove that it takes relations Definition 
I4.ll il.liil in MCk{Y] R) to relations Definition l4.ll il.liil in MCk-i{Y; R). This 
is obvious for relation (i). 

Suppose ti] = 0 in MCk{Y; R) by relation (ii). Then there 

exists an open neighbourhood A of 0 in R", such that Si : 14 —>■ M” is proper 
over X for all i & I, and condition Definition 14. ll iil 1*1 holds. We will show that 
the conditions of Definition 0;ii) hold for Xie/ ai [914, n, o iy ., o iy^ in 
MCk-i{Y ; R) with the same open neighbourhood X, so that Xie/ 
iy^,ti o iy.\ = 0 by Definition I4.11 iil. This will prove that 9 takes relation (ii) 
to relation (ii), and so is well defined. 

The first part of (ii), that Si o iy^ : 914 —t R" is proper over X for all i G I, 
holds as ivi ■ 914 —t 14 is proper and Si : 14 ^ R" is proper over X. Suppose for 
a contradiction that condition (*) does not hold for Xie/ [dyi,n, s^oiy^^tioiy^] 
in MCk-i{Y] R) with the given X C R". Then there exists {x,y) G X xY, 
such that for alH G / and v' G 914 with (si o iy^,ti o ivi)W) = we have 

that v' G (914)° and 

T,{s,oiy,Uoiy):T,{dy)° ^T,X®TyY (7.1) 

is injective, but there exists an oriented (n -|- fc — l)-plane P C TxX © TyY such 
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(7.2) 


that g2I) does not hold, that is, 

iGl, v" G{dVi)° :{siOiY. ,tiQiY^ ){v')={x,y), T^r (s^ozy^ ,tiOiY^ )['^v' 
T!y/(si oiY^,ti o zy^) : T.j^/(OVi)° P is orientation-preserving 



iGl., v' ^{dVi)° -.{siOiYj^ ,tiOiYj^){v^) — {x,y), T^/ (sjozy^ ,fiOzy^ (5Vi)°]—P 

T^f{si o zy. , tj o zy.) : T.y/(OVi)° P is orientation-reversing 

As in Definition Id.ir iil , there are only finitely many points v' in dVi for any 
i G / with {si o o ivi)W) = v)- Write these points as v[,... ,v'j^ with 

v'j G dVi^ for ii,... ,iN G /, where v[, ..., v'j^ are distinct but ii,..., need not 
be distinct. Then u' G (dVi,)° and (17.111 is injective for u', so (si, oiy , ti oiy ) : 
[dVi^Y —)• K" X F is an embedding of manifolds near u' in dVj. Suppose that 
{x,y) G X X Y is chosen such that N is minimal, such that (17.21) holds. 

We may choose a small open neighbourhood W of (x, y) in A" x F C M" x Y 
and open neighbourhoods 17i,..., Ujy of uj,..., u(y in {dViY°, ■ • ■, (5V)jv)°, such 
that Ui,...,Un are disjoint, and (s^^. oiy._,ti^ °iVi.)\uj : —>■ K" x F is an 
embedding of manifolds, and if i G / and v' G dVi then (s^. o zy. , tj o iy )(v') 

3 >-j 3 

lies in IF if and only if z = ij and v' G Uj for some unique j = 1,..., N. 

Write Uj = {si- oiy.^Uij °'tVi.)[Uj] C W. Then Ui,...,Un are oriented 
embedded submanifolds of IF of dimension n + k — 1, which are closed in IF 
as (si- o iy ti oiy ) is proper over IF C A1 x F, and (x,y) G Ui for all j. 

3 3 

Equation dUl) may be rewritten 

j = 1, . . . , N: T^x.y) Uj = P and j = 1, . . . , W: T^x,y) Uj = P and 

'^{x,y)Uj, P have the same orientation T^^^y-^Uj, P have the opposite orientation 

If the submanifolds Ui,... ,Un do not all coincide near (x, y) in IF, then we 
can find a point (x', y') near (x, y) in IF (which can be taken to be a generic point 
of Uj for some j) and an oriented (n + /c — l)-plane P' C Tx'X(BTyiY (which can 
be taken to be T(^x',y')Uj) such that the analogue of (17.3|) for (x',y'),P' holds, 
but (x', y') does not lie in all of C/i,..., Un. But then replacing (x, y) by (x', y') 
we can reduce N, contradicting the minimality of N. 

Hence Ui,... ,Un all coincide near (x, y), and making IF, Uj, Uj smaller we 
can suppose that Ui = ■ ■ ■ = Un with P — T(^x,y)Uj, and also that the Uj are 
connected. Let the orientation of Uj be tj times the orientation of Ui, where 
ei,..., Cat G {±1} with ei = 1. Then (17.31) is equivalent to 

N 

^ tjQj 7 ^ 0 in i?. (7.4) 

i=i 

Making IF smaller if necessary, choose global coordinates (zci,... ,Wk+n-i, 
zi,..., zi) on IF, where I — dimF — fc + 1, such that (x, y) = (0, 0,..., 0), and 

Ui = ■■■ = ■■■ = Un = {(wi,...,'u;fe+„_i,0,...,0) G IF}, 
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that is, Uj is the submanifold zi = • • • = 0 / = 0 in W, and suppose dwi A • • • A 
dwfe+„_i is a positive form on the oriented manifold Ui, so that ej dwi A • • • A 
dri;fe+„_i is positive on Uj for j = 1,..., N. 

For each i € I, define Vi C Vi to be the open submanifold (si, ti)~^{W) C Vi, 
as an object of Man*^. Consider the morphisms in Man'^: 

fi := {wi,.. .,Wk+n-i) o {si,U)\y. : Vi —)• (7.5) 

:= {wi,...,Wk+n-i,zf-\ - zf) o {si,U)\y, : V —(7.6) 

Since dim V) = n + k, Assumption 13 .1 Sf bl implies that there exists S C 
with (5”) = 0 such that (17.51) is a submersion on an open neighbourhood 

in Vi of the preimage of any (w'^,..., \ S for all i £ I, and 

S C with — 0 with (17.61) a submersion on an open neighbourhood 

in Vi of the preimage of any {w [,..., d) £ R"^^ \ S for all i £ I. 

ThenS'xRcR”+''with7^"+'=(S'xR) = 0, so H”+''((S'xR) x 5) =0. Thus 
we may choose {w'l, ■ ■ ■, _j, (5) £ R"'*'^ such that w [,. , (5 are very 

small, and d > 0, and (wj,..., ^ S, and {w[,..., w'^yi,_.^,6) ^ S. As 

w'l,..., w'^yi^_i,6 are small we may assume that (w'l,..., w'^yf._i, zi,..., zi) lies 
in W for all (zi,... ,zi) £ R* with zf + ■ ■ ■ + zf ^ 6. 

Define h : (—oo,0] R"’*"^ by 

h{x) = {w'i,...,w'„yi,_i,x + 6). 

Then /i is a morphism in Man'^ by Assumption ^. Idl' d. We claim that gi '.Vi ^ 
Rw+fc (17.61) and h : (—oo,0] —>• R"^* are transverse as morphisms in Man"^. 

To prove this, suppose v £ Vi and x £ (—oo,0] with gi{v) = h(x). If 
a: = 0 then gi is a submersion in an open neighbourhood of v as gi{v) = 
{w'l,... ,w'^yf._i,6) in R"'“''^ \ S, which implies that gi,h are transverse on 
open neighbourhoods of v £ Vi and x £ (—oo,0] by Assumption l3.16T d. 
If X ^ 0, we split R"“^ = x R and write gi,h as direct products 

9i = {fiyg'i) and h = (/ii, / 12 ), where fi'.Vi^ is a submersion near v as 

fi{v) = {w'l,... ,w'„^yf._i) in \S', and : (- 00 ,0] -)• R, h 2 {x) = x + 5 is 

a submersion on (— 00 ,0) 9 x by Assumption ld.lST al. Hence gi, h are transverse 
on open neighbourhoods of v £ Vi and x £ {— 00 , 0] by Assumption l3.16r fl. This 
holds for all v £ Vi and x £ (—oo,0] with gi{v) = h{x), so gi, h are transverse 
by Assumption 13.161' e'). 

Therefore by Assumption 13.Ibi d , the transverse fibre product 

Ti := Vi (—00,0] (7.7) 

exists in Man'^, with dimT^ = 1. Consider the diagram of topological spaces 
Tx -——-^ {{v,x) £ViX (- 00 , 0 ] : gi{v) = h{x)} 

{si,ti)oTry_ I 

{{w'i,...,w'„y^,_i,Zi,...,zi) : Zj £R, zl-\ - \-zf £,S} C W. 
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The top map is a homeomorphism by (13.81) in Assumption I3.16f ci . The right 
hand map is proper as {si,ti) is proper over W Q X xY. The bottom space is 
a compact Z-ball in W. Hence Ti is compact. 

Combining the given orientation on C with the standard orientations 
on (—00,0] from Assumption I3.17r kb by Assumption I3.17f li we have an 

orientation on Ti in (1771) . By Assumptions l3.17T cb I3.17f lbfmi and equations 
(lO) and (I3J]) . since 9(—oo,0] = {0} in oriented objects in Man*^ we have 


dTi — {dVi (—00,0]) n {Vi Xg. Rn+fc {0})- (7-8) 


The hrst term on the r.h.s. of (17.81) is empty if i ^ ij for some j = 1,..., iV, 
and if j = ij it is the transverse intersection of the hyperplane {(wi,..., Wn+k-i^ 
0) : Wj S M} in oriented so that Cj dici A • • • A dwk+n-i is a positive 

form, and the ray {(raj,..., 2 ) : z < 5} in R""*"^, oriented so that 

dz is a positive form. Thus, if i = ij then the first term is a single point 
(raj,...,rajj^f._ 2 ,0), oriented with sign Cj. 

The second term on the r.h.s. of (17.81) is the finite set of all points a in with 
9 iiv) = (raj,..., rajj^^_]^, (5), which is the same as the set of all points v GVi with 
(si,ti)(a) = (raj,... ,ra(^+^,_j,zi,... ,Zi) e W CXxF for some (zi,...,Zi) e R' 
with zf + ■ ■ ■ + zf = 6. All such v lie in V°, with dgi\v : TyV° —>• R"^* an 
isomorphism. Now Assumption 13.ITl nl says that the number of points in (1771) . 
counted with signs, is zero. Hence for each i G I we have 


E E ■ 

(zi,...,2i)GRb '“G‘ir°:(si,ti)(ti) = 
zJH- 



dgi\v : T.utA°—orientation-reversing 
dgi\v : T.utA°—orientation-preserving 


C: * = i = 1,- ■ 
0, i ^ {ri,. ■. ,*jv}. 


(7.9) 


Multiply (17.91) \yy ai G R and sum over all i G I. The r.h.s. of the re¬ 
sulting equation is nonzero by (1771) . But the l.h.s. is the sum over all points 
{x,y) = (raj,...,rajj_^^_i,zi,...,Zi) S H" C A x F for (zi,...,Zi) S R' with 
zf + ■ ■ ■ + zf = S, and over all (n -I- A:)-planes P C T^X © TyY such that 
d(rai,..., rcfc+n-i, -^1 + • • • + zf )\(x,y) ■ TxX © TyY —)• is an isomorphism, 

with P oriented so that d(rai,..., rafe+„_i, z^ + ••• + zf)\(^x,y) is orientation- 
reversing, of equation (14.21) for [14,n,Si,ti] at {x,y),P. Hence the l.h.s. 

of the resulting equation is zero, a contradiction. 

Therefore Dehnition l4.H iil('*l holds for [dVi,n,Si o ivi,ti o zyj in 

MCk-i{Y ; R), so n, Si o o iy.] = 0 by Definition l4.H iil. and 

d : MCk(Y; R) —^ MCk-i{Y] R) in Definition 14.11 is well defined. This proves 
Proposition 14.31 


7.2 Proof of Theorem 14.71 

We begin with some new notation. 
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Definition 7 . 1 . Let y be a manifold and T,U C F be open, and write i : T ^ 
T LiU, j : U ^ T UU ioT the inclusions. Suppose / : T U 17 —)• R is smooth, 
with {y G T UU : f(y) ^ 0} C T and {y G T U 17 : /(y) < 0} C 17. Such 
a function / always exists; for instance, if (ry, 1 — 77) is a partition of unity on 
T UU subordinate to the open cover (T, 17), so that rj : T UU R is smooth 
with 77 = 0 on 17 \ r and 77 = 1 on T \ 17, then f = rj — ^ will do. 

Define i?-linear morphisms for each fc G Z by 

: MCk{T U 17; i?) ^ MCkiT- R), 

■ [V,n,{si,...,Sn),t] I—)• [t"^(r) X (-oo,0],7r +1, 

(si o TTi-iy-rp . . . , O TTi-iyT^), / O + 7r(_oo,0])j 1 ° '^t-^(T)] ) 

n^’J+ : MCfc(T U 1/; i?) ^ MCfc(17; R), 

^Tuu ■ [V,n,{si,... ,s„),t] I—s- [t~^iU) X [0, oo),7r + l, 

(si o 7rt-i([/),. . . ,s„o 7rt-i(u),f O TTf-i^u) + 7’'io,oo)),t ° 7rt-i(;7)], 

for each generator [t7, tt, (si,..., s„), t] in MC'fc(T U 17; i?). 

Proposition 7 . 2 . (i) /tt 1/ie above, and are well defined. 

(ii) ILe /lare u o + y* o = id : MCk iTUU;R)^ MCk (T U17; i?). 

(iii) If [y,7i, s,t] is a generator of MCkiT; R) with f o tiv) > 0 for all v in 

s“^(0) C V then o 1* ([F, n, s, t]) = [V, n, s, t\. 

Similarly, if \V, n, s, t] G MCk{U; R) with fot{v) < 0 for all v in s“^(0) C V 
then H^uu ° 

Proof. For (i), observe that the conditions {y G T UU :/(y)^0} CT and 
{y G T U 17 : /(y) < 0} C 17 imply that we may define generators 

[T X (-oo,0],l,/o7rT + 7r( 

— CX3,0] 5 ttt] , [17 X [0 ,oo),l,/o7r[/ + 7r[o 

,oo); TTC/] 

in VMC°{T UU;R), and then we can compare in (|7.10l) with 

-n [Tx (-00,0], l,/o7rT+^(_oo.0 ],ttt] : MCkiTUU;R)^MCkiTUU;R), 
-n [17 X [0,oo),l,/o7rc/ + 7r[o_oo),7rc/] : MCkiTUU;R)^MCk[TUU;R), 

where the cap product 

n : MCkiT UU;R) x VMC°iTUU;R) —^ MCkiT UU;R) 

is defined as in il4.6l except that we have reversed the order oi MCkiT UU; R), 
VMC^iTUU ; R). Then are identical to these cap products, except 

that the targets are MCkiT; R), MCkiU; R) rather than MCkiTUU; R). Hence 
the proof in H4.6I and H7.9I that fl is well defined also shows that 
are well defined. 


183 




For (ii), if [V, n,{si,..., s„), t] is a generator in MCk{T Li U-,R) then 
(** ® ^TuU j* ° ^Tuu ) ([^’ ■ ■ ■ > ®")’ ) 

= X (-oo,0],n + l,(siO7rt-i(-r),...,s„o7ri-i(T), 

/ O 7rj-l(y) + 7r(_oo,0]); ^ O '^i-l(T)] 

+ [t“^(C/) X [0,oo),n + 1, (si 0 7r(-i ([/),..., Sn o 
f O + 7r[0_oo))ii O 7rt-l([/)] 

= [y X (-00, 0], n + 1, (si O Try,..., s„ O Try, / o Try + 7r(_oo,o]), t o t^v] 

+ [V X [0, oo), n + 1, (si o Try,..., s„ o Try, / o Try + ttjo^oo)), t ° Try] 

= [V X K, n + 1, (si o Try,..., s„ o Try, / o Try + 7rR),t o Try] 

= [V X R,n + 1, (si o Try,..., s„ o Try,TrR),t o Try] 

= [V,n,{si,...,Sn),t]. (7.11) 

Here in the first step we use equations glD and (17.101) . In the second we may 
enlarge t“^(r) x (—oo, 0] to H x (—oo, 0] because the zeroes of (si oTry,..., o 
’’■yj/oTTy +7r[Qoo)) are contained in t~^{T) x (—oo,0] CV x (—oo,0] as [y S 
TUU : f{y) ^ O} C T, and similarly for t~^{U) x [0, oo) and V x [0,oo). In the 
third we combine V x (—oo, 0] and V x [0, oo) into H xR using relation Definition 
Id.ll iib In the fourth we conjugate by the diffeomorphism H x R —>■ H x R 
mapping (v, x) (v,x — /(u)), and in the fifth we use relation Definition 14.If il. 
As (17.111) holds for all generators of MCk{T LiU]R), part (ii) follows. 

For (iii), suppose [H, n, s,t] e MCk{T; R) with f o t{v) > 0 for all v in 
s“^(0) C V, and write s = (si,..., s„). Then as for (17.111) we have 

Htuu oi*{[V,n,s,t]) 

= [H X (-00, 0], n + 1, (si o Try,..., s„ o Try, / o Try + 7r(_oo,o]), t ° 

= [V X R, n + 1, (si O Try, . . . , S„ O Try, / o Try + TTr), t o Try] 

= [V X R, n + 1, (si o Try, . . . , S„ o Try, TTr), t O TTy] 

= [H,n, (si,...,s„),t]. (7.12) 

Here in the first step we use (|4.7I) and (17.101) . noting that t ^{T) = V as t maps 

V T CTLIU. In the second we use relation Definition OKii) in MCkiT-R), 
as the second and third lines of (|7.12l) coincide in a neighbourhood of s“^(0) in 

V X (—oo, 0] or H X R, since f ot(v) > 0 for all v in s“^(0) C V. In the third we 

conjugate by the diffeomorphism H x R—>• H x R mapping {v,x) !->■ {v,x — f{v)), 
and in the fourth we use relation Definition HUi). The second part of (iii) is 
proved in the same way. This completes the proposition. □ 

To prove Theorem l4.7f ab suppose T C U C Y are open, and write i : T ^ U 
for the inclusion. Suppose a G MCk{T; R) with J*(a) = 0 in M(7fe(f7; i?). Write 
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for A a finite indexing set, aa € R and [K, ria, Sa, to] a generator of MCk{T; R). 
Then {JaGA^c^iSa^ (0)) is a compact subset of T, so it is closed in U, and hence 
(T,17\U6zia(s.-i(0))) is an open cover of U. Therefore as in Definition 17.11 
we may choose smooth / : 17 —>■ R with {y £ U : f{y) ^ O} C T and 

{y&U: f{y) ^ 0} c [/ \ UaeA ta{Sa\0))- (7.14) 

So Definition 17.11 gives : MCk{U; R) -A MCk{T\R), and Proposition 

I7.2f iii') implies that for each a S A we have 

O ([Va, — [Pa; ; la]; (7-15) 

since (17.141) implies that / o ta{v) < 0 for all v in s7^(0) C I 4 . Hence 

a = [Va^Tla, SaAa] = Y.aGA^o-A^'^ ~ O ** ([K , , Sa, la]) 

= nT7- o i^i^a) = 0, 

using (17.131) . (17.151) and l*(a) = 0. Thus i* : MCk(T; R) -A MCk{U; R) is 
injective, proving Theorem 14.7f a'). 

For (b), suppose T,U CY are open, and write i :TnU ^ T, i' : TnU ^ U, 
j : T ^ TL) U, j' : U ^ TU17 for the inclusions. Choose / as in Definition 17.11 
so that we have operators . Applying Definition 17.11 with T = T, 

U = Tnt7, / = /|Tm place of T, 17, / gives operators 

hT^I^- : MCkiT;R) MCk{T;R), 

^thujItA ,MCk{T;R) MCkiT n U-R), 

and applying Proposition I7.2f iil for these gives 

H^TIt- q ^ . MCk{T; R) MCk{T] R). (7.16) 

Similarly we have operators 

jlTnujlu- . MCk{U- R) MCk{T n 17; R), 

YiUJ\uA . MCk{U] R) MCk{U] R), with 
o nUJluA ^ . MCk{U- R) MCk{U- R). (7.17) 

Comparing the actions of the two sides of each equation on generators 
[V,n,s,t] using (14.71) and (17.101) . we see that 

nT7l^- = nT/- o J, : MCk{T-R) MCk{T-R), (7.18) 

n^’7lT+ = n^’7+ O j: : MCkiU-R) MCk{U-R), (7.19) 

O = nT7- . MCkiU-R) MCkiT-R), (7.20) 

< on^'^^’7lT+ ^ n^./+ o j, : MCk{T-R) MCk{U;R). (7.21) 
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As in (li^ . we have to prove the following sequence is exact: 


0 


MCk{Tm-R) 


MCkiT;R) 
'(BMCkiU;R) ' 


MCkiTUU;R) 


0. (7.22) 


Theorem 14.7f al implies that (17.221) is exact at the second term, since are 
injective. Proposition [7^ ii) implies that (a)) +j:(n^(i+(a)) = a for 

any a G MCk{T Li U] R), so (17.2211 is exact at the fourth term. 

To show (17.2211 is exact at the third term, let £MCk(T-, R), j£MCk{U-, R) 
with j*(/3) + j(( 7 ) = 0. Set a = {'y). Then 


i^,{a) = i* o n 

= o n 
= u o n 
= z* o n 


Tnu,f\T+ 

T 

Tnu,f\T+ 

T 

Tr\U,f\T+ 

T 

Tnu,f\T+ 

T 


(/3)-z.on™^-(7) 

(/3) oj(( 7 ) 

(/3) + o j,(/3) 

(/3) + n?’/i"-(/3) = ^, 


using the definition of a in the first step, (j7.20l) in the second, j*(/3) + j(( 7 ) = 0 
in the third, (17.181) in the fourth, and (17.161) in the fifth. A similar proof using 
(|7.2ip . (|7.19l) and (|7.17l) yields = — 7 . Hence (17.221) is exact, proving 

Theorem I4.7f bl . 

For part (c), suppose Ui C U 2 Q ■ ■ ■ QY are open with U = U^i ^a- Write 
ia ■ Ua ^ U and ia,b ■ Ua ^ Ub, a ^ 6 for the inclusions. Then ib o ia^b = ia, so 


(lb)* o = (i,), : MCk{Ua-,R) MCk{U;R). 


Thus the universal property of direct limits gives a unique morphism 


^ : li^“ 1 MCkiUa, R) MCk{U- R), (7.23) 

where the direct limit is over {ia.b)* ■ MCk{Ua', R) MCk{Ub] R), such that 

{la). = ^ o n„ : MCk{Ua] R) MCk{U- R) (7.24) 

for all a = 1, 2 ..., where Hq : MCk{Ua', R) lh^)(^i MCk{Uai R) is the natural 
morphism. We must show that tt in (17.231) is an isomorphism. 

Suppose a G lin^()T^ MCk{Ua] R) with 7r(Q;) = 0. Then a = na(Q;a) for some 
g ^ 1 and Ua G MCk{Ua; R). But then {ia)*{aa) = tt o na(aQ) = 7r(Q:) = 0 by 
(|7.24|) . so Oq = 0 as {ia)* ■ MCk{Ua', R) — t MCk{U; R) is injective by Theorem 
I4.7f al. and thus a = na(aQ) = 0. Hence tt in (17.231) is injective. 

Suppose a G MCk{U; R), and write 

a — Sc, tc] (^■^^) 

for C a finite indexing set, Uc € R and [14, ric Sc, 4] a generator of MCk{U\R). 
Then UcgC ^c(®<r^(0)) is a compact subset of U, and {Ui,U 2 , ■ ■ ■} is an open 
cover of U, so by taking a finite subcover Hqj, ..., Ua„ for UceC ^c(s4^(0)) and 
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(7.26) 


setting a — max(ai,..., oat) we see that there exists a = 1,2,... such that 
^c(sj^(0)) QUa^U for all c G C. Then we have 

ric. Sc, tc] = [^c Sclj-l , tc| j-1 

= (*a)*([ic (^“)i Sc|f-l(-y-^^, tc|f-l([/_^)] ) , 

since s“^(0) C t~^{Ua) C V),. So from (17.241) -- (17.261) we see that 

a = TT Yhc^C ( \pc ^iUa),'nc, {u^)T'^c\t~^ {Ua)\ ) 

Thus TT in (17.231) is surjective, and so is an isomorphism. This proves Theorem 
I4.7r cl. The last two paragraphs of Theorem 14.71 are immediate. 


7.3 Proof of Proposition 14.91 

Suppose Yi,Y 2 are manifolds, Zi QYi, Z 2 Q Y 2 are open, and 5 : Id x [0,1] —> Y 2 
is a smooth map of manifolds with g{Zi x [0,1]) C Z 2 . Define /, /' : Yi —>• Y 2 
by f{y) = 9{y,^) and f'{y) = g{y,l) for y G Fi. For all fc G Z, define G : 
MCkiYi, Zi'R) MCk+i{Y 2 , Z 2 ; R) to be the unique i?-linear map acting on 
generators by 

G : [V,n,sG] '—t x [ 0 , 1 ], n, s o Try, g o {t x idfopj)], (7.27) 

where V x [0,1] has the product orientation of the given orientation on V and 
the standard orientation on [0,1]. To show that G is well-defined, extend g to a 
smooth map g : Yi ^ Y 2 for Yi an open neighbourhood of Yi x [ 0 , 1 ] in Yi xR, and 
let Z\ be an open neighbourhood of Z\ x [0,1] in Y\ xR with g(Z\) C Z2. Then G 
is the composition of a morphism x [0,1] : MCkiYi, Zi, R) MGk+iiYi, Zi] R) 
mapping [V, n, s,t] >->• (—1)‘^™^[F x [0,1], n -I- 1, s o Try, t x id[op]], which is 
easy to see is well-defined, with the pushforward g* : MGk+i{Yi, Zi] R) 
MCk+i(Y 2 , Z 2 ]R), which is well-defined as in Definitions 14.61 and 14.81 We have 

d o G[V, n, s, t] 

= (-l)‘^™^[a(F X [ 0 ,l]),n,soTry oiyx[oi], 5 o (t x idfopj) o fy^jg 
= (-l)‘^™'^[aF X [0,l],n,soiy oTray,go ((t ofy) X id[o,i])] 

+ [F X (a[0,1]) ,n, s o TTv, g o (t X f[o,i])] 

= —G[dV, n,s o iy, toiy] — [V, n,s, f ot] + [V, n, s, f o i\ 

= {-God- + fi)[V,n,s,t], 

using (14.31) and (I7.27P in the first step. Assumptions Id.ldl dl and I3.17l h') and 
(I4.5I) - (I4.6I) in the second, 9[0,1] = —{0} 11 {!}, (I4.5I) - (I4.6I) and the definitions 
of /, /', G in the third, and (14.3p and (itTl) in the fourth. As this holds for all 
generators [V,n,s,t], we have 

doG + God = f:-U: MCkiYy Z^-R) MGk{Y2, Z 2 ; R). 

So G is a chain homotopy from /* to /( on M-chains, and thus /* = /( on 
M-homology. This proves Proposition 14.91 
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7.4 Proof of Theorem 14.121 


Theorem l4.12l savs that i?) = 0 for k ^ 0 and R) = R. Lemma 

1 4.5 1 implies that i?) = 0 for fc > 0. After introducing some notation and 

proving some auxiliary results in il7.4.11 we will show that R) = 0 for 

fc < 0 in il7.4.21 and that MHo{*] R) = R in il7.4.3l 

7.4.1 Some auxiliary results 

We begin by introducing srane notation. Definition 17..31 and Propositions 17.41 
and 17.51 actually work for MCk{Y-, R) for any manifold Y, assuming fc ^ 0 in 
Proposition 17.51 but for simplicity we give them only for P = *, the point, as 
this is all we need. 

Definition 7.3. Let =i= be the point, and R a commutative ring. As in il4.1l 
MCk{*] R) is the i?-module spanned by generators [V, n, s, t] with dim V = n + k 
subject to relations Definition ii). Any morphism t : V ^ * is the 

projection tt : P —5> = 1 =, so the t in [V, n, s, t] = [V, n, s, tt] can basically be ignored. 

Write MCk{*',R) for the i?-module spanned by generators [P, n, s,7r] with 
dim V = n + k subject to relation Definition I4.1f iil only. Then there is a 
surjective i?-linear map 

n : MCk{*;R) —)• MCk{*;R), If : [P,n, s,7r] i—)• [P,n, s,7r] 

with kernel spanned by equation (14.11) from Definition 14 .1 l il . 

Since the relation Definition I4.11 iil in MCk{*; R) involves only [Vi,n, Si,7r] 
with n fixed, we may write 

^k{*; R) = ©“ 0 RT 

where MCk{*', R)'^ is spanned by generators [P, u, s,7r] with n fixed, modulo 
relation Definition I4.11 iil with n fixed. 

We may define d : MCk{*\R) —>■ MCk-i{*\R) as in M.ll and then n o 9 = 
9on, and dod = 0, as the proof of this in Definition 14 .1 1 used only relation (ii). 
Also d maps MCk{*\R)'^ MCk-i{*] R)'^- 

For the next two propositions we will consider the following situation. Let R 
be a commutative ring, k G Z, and a G MCk{*', R) with 9a = 0 in MCk-i{*] R)- 
Choose a lift d of a to MCki*', R)^ so that n(d) = a, and write 

N 

« = (7-28) 

n=0 

where N G N, ..., are finite indexing sets, af G R and [Pj", n, s”, tt] 

is a generator of MCk{*; R) for all i,n, as in Definition 14.11 Then If o da = 
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d o n(a) = da = Q, so da lies in the subspace of MCk-i{*; R) spanned by 
relations iH) from Definition I4.ir ii . Hence by (|4.3p , we may write 


N 




(7.29) 


n—0 

N-1 


n—0 0 

I 1 /‘Ti.l •n,l >nA •nA\ l\ 

n + 1, , Sj i , TT]^, • ■ • , J 


in MCk-i{*] R)- Here we increase > 0 in (17.281) if necessary, setting /" = 0 
for any additional n, so that we can take the largest n on the r.h.s. of (17.291) to 
be iV — 1. Also J”’* are finite indexing sets for 0 ^ 1 ^ n < A^, and G R 
and [VP’\n,{s^’l,... are generators of MC'fc_i(=i=; i?) for all n,l,j. The 

r.h.s. of (I7.29P is applications of relation Definition Id.lf il. with I in place of i. 
As a shorthand we write 


• n,Z / • n,Z • n,Z \ j 

s,- = and s- 


,Z / •n.l 

= (a,,) 


■' 


°3,l ’ ' 


• n,l ‘^jZn 


(7.30) 


Taking components of (17.291) in MCk-i{*] A)" for n = 0,..., A^ shows that 


XI a” o fyn, tt] = X X ^ 7 ^ [X’*> a?*’ 4 

Z^O 

n—1 

-XX (-i)”-^-'&r^’4H/”^’' 

7=0 jgjn-l.i 


(7.31) 


XM,n, s^- 'Gtti 


setting = 0 for / = 0,..., A^. 

We first show we can make the boundaries of the [vp'\n, s"’\ tt] cancel. 

Proposition 7.4. In the situation above, for all fc G Z, taking a, a, N and the 
representation (I7.28|) for a to be fixed, we may make alternative choices for the 
data J"’*, n, s"’\ tt] on the r.h.s. of (j7.29|) - (17.311) to ensure that for 

all n = 0,... , N — 1 and I = 0, ... ,n we have 


E [b”i 


• n.l 1 

n, s^ , ttJ 


= 0 


^n MCk-2i*;Ry 


(7.32) 


Proof. The proof is by a double induction, the outer induction being on decreas¬ 
ing n' = N — 1,N — 2, ... ,0, and the inner induction being on 1' = 0,..., n' -|- 1. 
The inductive hypothesis is: 

(t)ra',i' We can make alternative choices for the J"’*, n, tt] such that 

(17.321) holds for all n = rr' -I- 1,..., Af — 1 and all I = 0,..., n, and also 
(|7.32[) holds for n = n' and all Z = 0,..., 1' — 1. 
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The first case (t)Ar-i,o is vacuous, so the first step of the induction is trivial. 
Note that and are equivalent, as both say that (17.321) holds 

for all n > n' and alH = 0,... ,n. The final case (t)o,i says that (17.321) holds 
for all n, I, and so will prove the proposition. 

In the inductive step, we suppose that {])n',v holds for some n = 0,..., — 1 

and V = 0,... ,n'. We will show we can modify the b^’\ n, tt] to 
make (|7.32|) hold for n = n',l = whilst preserving the cases of (17.321) in {\)n’,i’ ■ 
This proves Hence by induction (t)n',i'+i, (t)n'.n'+i hold, 

completing the inner induction. But (t)n',n'+i = (t)n'-i,o if n' > 0, so 
holds, the inductive step in the outer induction. Continuing the induction we 
see that (t)n'-i,i, (t)n'-i, 2 , ■ ■ ■, (t)n'-i,n' hold, and so (t)n'- 2 .o holds if n' > 1. 
Eventually we show (t)o,i holds, and finish. 

So suppose holds for somen = 0,..., 1 and V = Q,... ,n'. Observe 

that (|7.31|) and (|7.32l) are equations in i?)” which hold by an application 

of relation Dehnition H.ll ii'). Hence for each of these equations there exists 
an open neighbourhood AT of 0 in K” such that for every generator [V, n, s, tt] 
occurring in the equation, s : H —>■ K" is proper over X, and condition Definition 
l4.H iiV*l holds with this X. 

Choose small e > 0 such that (—e, e)" Q X Q M" for an allowed choice 
of open neighbourhood X of 0 in R" for equation (17.311) with n = n' + 1, and 
(—e, e)" C AT C R” if n' < N—1 for an allowed choice of 0 S AT C R" for 
equation (j7.32p with n = n' +1 and all / = 0,..., n' + l, and (—e, e)" C A1 C R" 
for an allowed choice of 0 e X C R" for equation (I7.32p with n = n' and all 
I — 0,... ,1' — where {\)n',i' guarantees (I7.32p holds in these cases. 

Suppose [H, n' + 1, (si,..., tt] is one of the generators occurring in 

(I7.3ip for n = n' + 1, so that \V,n' + 1, (si,..., tt] is + 


+i,7r] or [l/" s" or [f/” X R, n'+ 1, s'" tt] . Then 


v" 


1 o i 

sj'+i '. V —> R is a morphism in Man^^. If dimH = fc + n' + l ^ 1 then 
Assumption LS.lSf bl implies that there exists 5" C R with %^{S) = 0 such that 
if M G R \ S' then sz'+i : V —>■ R is a submersion in an open neighbourhood of 
S;7 ^i(m). If dimC < 1 then H is a 0-manifold or H = 0 by Assumption 13 .1 SP el . 
so S = sr+i(V) has 'H^(S) = 0, and if m S R \ S then = 0, so trivially 

Si'+i : H —>• R is a submersion in an open neighbourhood of S;7^]^(rt). 

The complement of finitely many subsets S C R with 77^ (S) = 0 is dense in 
R. Thus we may choose u £ (—e, e) such that sp+i : V —5> R is a submersion in 
an open neighbourhood of S;7^]^(u) for all generators [V, n' -I-1, (si,..., tt] 

occurring in (17.311) for n = n' -|- 1 (this implies the same thing holds for (I7.32p 
for n = n' -I- 1 and all / = 0,..., n' -f 1 with Si'+i : H —>■ R, and for (17.321) for 
n = n' and all / = 0,— 1 for s;/ : V —>■ R), and also that : 17" —> R 

is a submersion in an open neighbourhood of for all f € I" 

For each generator [17, n' -|- 1, (si,..., s„'+i), tt] occurring in (I7.3ip for n = 
n' + 1, and also for [H, n' -I- 1, (si,..., s„/+i), tt] = [HA -|- 1, s" for 

i £ /" consider the morphisms sj'+i : 17 —>• R and u : * ^ M., u : * u. 


190 




































Since s/'+i is a submersion near in V, Assumption 13.Ibr ei implies that 

Si'+i,u are transverse, so a fibre product V * exists in Man*^ by 

Assumption l3.16l' cl. and combining the given orientation on V with the standard 
orientations on R, Assumption 13.171 11 gives an orientation on V *. 

Thus as oriented objects of Man'^, we may define 


it; 


e 

II 

x . 

S 


II 

■+i,i ^ 


II 

'’'x.„, 

S . . 

3,‘ 

1 >k 

.R.« ’ 

II 

'’'x.„. 

S . . 
3,‘ 



+; 

l = 0,...,n' + l, je 
i = o,...,i'-1, jG j"'; 

1 = r + jG r'-K 


(7.33) 


Here the point of the final two lines of (17.331) is that starting with the generator 
[vf' X R, n' + 1, s" tt] in (17.311) for n = n' + 1, we have 


X R) X 






I'X 


1 = 0,...,I' -I, 

I = v, 

(V,"'’'x.„,, xR = W7'’'xR, l = V+ \,...,n', 

J > ^+1 ’ ’ 


using (17.301) and properties of (oriented) fibre products, including Assumption 
I3.17f ml and (I3.3I) - (I3.5I) . which imply that {V^ x R) Xr * = (!/" Xr *) x R 
holds in oriented objects in Man*^ without additional signs. 

Now define morphisms in Man*^: 


g; + l . ^n' + l 




-n',l . ^n',l 
3 3 




by 


;ra' + l 
'i 

— ('s”'+^ 

n' + l n' + l 
' • ’ *i,Z' ’ *2,Z'+2’ ■ • 


’+1, 

/ + !,/ 



.n' + l,i \ ^ 



■— I 


J • ■ • ! ^j,n> + l) ° ^ 

yn' + l,l , 

J 

-^n'l 

:= (s,-1 ,... 

• n',l •n',l 

) Sj-./' + l) • ■ 

• n' ,l \ 

■ 5 ° 5 

1 < v, 

-^n'l 

/ •n^.Z 

:= (s^. ^ ,... 

• n',l 

• n'l \ 

1 > v. 


Here the IT” VT” are made by a fibre product over R of one of the 

coordinates in R” ~'"^,R” from the morphisms s" : Tj" R” , s" : 

IG" R" , and the morphisms s" ,s^ use the remaining coordi- 


191 
















nates in K" . We may now form generators 


n' + l 


[wf+\n’,sf+\TT] €MCk{*;Rr', i e I 

[wf+^’\n',sf+^-\TT]€MCk-i{*-,Rr', l = 0,...,n' + l, 

[wf’\n'-l,sf’\7r]eMCk-i{*-,Rr'-\ 1 = 0,. 


To see that these satisfy the properness conditions near 0 in R" ,IR." “ in 
Definition 14.11 note that by choice of e, the Dj" in the fi¬ 

bre products (I7.33P are proper over (—e, e)" C R" or (—e, e)" C R" , 
so as M G (—e, e), the corresponding ,W'^ ,W ^are proper over 

(-e,e)"' CR”' or (-e,e)"'-i C R” 

We now claim that (I7.31|) for n = n' -I- 1 implies that 






n' + l 

n H 

+14 

n'-\-lA ! -n' + l,Z 1 

1 ,n ,Sj ’ ,ttJ 

/ —0 j^jn' + 1,1 



- E E 

(-1)"' 

'—llTl'l [TTT-n'l ,, TTty / /^Tl'l ^u'l 

[W^ ’ X R,n ,{sj{ 




l^V 


j 

- Y. 


rjT-n'j' / 'Ti'A' 1 

\Vj ) ^ ^ 


(7.34) 


jgjn'.i' 


in MC'/c_i(*; i?)" . To see this, note that (17.341) is essentially the result of 
restricting (|7.3ip for n = n' + l, thought of as living over R"^^, to the 
hyperplane xi'+i = rt in R"'“''^, writing {xi,..., Xn'+i) for the coordinates 
in R" Equation (j7.31l) is an application of relation Definition I4.ir iil in 
MC'fe_i(*; i?)" where the condition Definition l4.ir iiV*'l holds over X x * 
with X = (—C R" by choice of e. From this we can deduce using 
Assumptions 13.iffl 13.171 that condition Definition 14.If ijl 1*1 holds for (I7.34p over 
X X * with X = (—e, e)” C R" , so (17.3411 holds. 

Similarly, from (17.321) for n = n' -I- 1 and I = 0,..., n' -b 1, and (17.321) for 
n = n' and I = 0,... ,1' — 1, which hold by {])n',i', we may deduce that 


E in' -j-l.Z / ^Tl -j-l,/ 1 

j^jn* + l,l 

d\ Y. bf[wf’\n'-l,sf\7T] 


= 0 , 
= 0 , 


I = 0,... ,n' + 1, 

l = 0,...,l'-1. 


(7.35) 

(7.36) 


We will now define alternative choices J"’*, 6"’\ n, tt] for the data 
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n, s"’\ tt] in (I7.29l) - (l7.3ip . For n' ^ n and all l,j we take 


jn,l _ 

= J”’', 

II 

[v;^\ 

n,s]’\TT] = [ 

'r'rn.l -n.l 1 

Vj ,ri,sy ,Tr\, 

(7.37) 

that is, we 

make no change. When n = 

- n' and 1 ^ 1' 

' we set 


jn’,l 

= J"’* 

n j"'4 = 

' n J 2 ”' 

Z — 0 

, L U, . . . , 

n', l^l', 

(7.38) 

• • f 1 

in ,l 

in' ,l 

rVVn^Z / -n' 

Ft ’^’^3 

’',7r] = 

rTVn' Z / •n 

-- [V^ ,n,s^ 

’',7r], all 1, j & 

•3 

• • f 1 

in ,l 

^3 

= (-i) 

I'-l+lin' ,l 
°3 ’ 


1 / “n',l 1 

, u , Sj ’ , ttJ = 

= [wf’‘xR,n\ 


/ ^n' ,l 

^n' 

■. ■ , s■^ 

,Z -n^,Z 

■^n' ,l 
■ ’ ^3,n' 

)o7r^„,,,,7r], 

3 

all 1, 



where we distinguish the two copies of J" in J" by writing them J" 
and when n' = n and I — I' we set 


J" 

_ jn' + l 



'in' .1' 

K 

= (-ir 


M 

> 

'e 


[awy”' 


,'+i, 7 r], z e/"'+\ 

ln', 1 ' 

3 

= (-ir 


in ,1' / “n ,1' 1 

T ’"F, ,7rJ = 


1^3 > ^ Fj , ttJ , 

j G 1 = 0, 


We now claim that replacing J"’*, n, tt] by the alternative 

choices [V"’\ n, s^’\ tt] , the analogue of (17.291) holds in MCk-i{*]R)- 

To see this, multiply (17.341) by (—1)" , and use it to substitute for the 

first term [^ 7 ” i’’"j in the case n = n', I = V in the 

sum on the r.h.s. of (17.291) . Also, modify (17.341) by replacing each generator 
[F,n', (si,... ,s„/),7r] in (17.341) by [V x R, ri'+ 1, (si o Try,..., s;/ o Try, ttr, sz^+i o 
Try,..., s„/ oTTy), tt] , and use this new equation to substitute for the second term 


,1' 


4,1 




• n'l'\ 1 • 

in 


E, xR,n' + l,(s 

the case n = n', I = I' in the sum on the r.h.s. of (17.291) . 

In this way we get a modified version of (17.291) , in which the terms involving 
[VP’ ,n,s"' , 7 r] for {n,l) ^ {n',1') remain unchanged, but the terms involving 

[V^ ,n', s" , tt] have been deleted, and replaced by the other terms in (|7.34l) . 

By (I7.37I) " (I7.39L this modified version is exactly the analogue of (17.291) with the 
n, s"’\ tt] replaced by the n, s”’\ tt] . 

To see this, note that the terms a” [dW^ o T^„/+i,7r] and 


+14 |-^n , s'^ ,tt] in (I7.34P are transferred into terms of the form 

iij [^" I ■^] by (E 3 H 1 ), with signs to compensate for the —(— 1 )"'“*' in 

the last line of (17.341) . The terms coming from (—1)" [VF" ’’’ xR,n',..., tt] 

in (17.341) for I ^ V are a little more subtle. When we replace [F, n',s, 7 r] in 
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by [y X R,n' + 1,... ,7r] these terms yield [wf’^ xRx 

R,n' + 1,... ,7r], where the two K factors in bb" x R x R. are inserted in 
positions I and V in R"'“''^. So we could regard these terms as contributing 
to either J" . or to J" , b^ ,■■■, and as in (17.381) we include them 

in ’',6" 

We also claim that our alternative choices satisfy 

To see this, observe that (I7.32p for J"’*,... for n = n' + 1,..., iV — 1 
and I = 0,..., n follows from (17.321) for J"’*,... for n = n' + 1,..., iV — 1 
and 1 = 0,..., n by (17.371) (which holds by for ...). Also (17.321) for 

j"’*,... forn = n' and I = 0,1,... ,1' — 1 follows from (I7.38L and from (17.321) for 
J"’*,... for n = n' and I = 0,1 ,..., /'—I (which holds by (t)ra'.i' for ■ ■ •)> 
from (17.361) for 1 = 0,1,..., Z' — 1. And (17.321) for J”’*,... for n = n' and I = I' 
follows from (I7.39p . the fact that ^^,n', s” , tt] = 0 so that the 

terms from /"■'+! C in (I7.39P contribute zero to (17.321) . and equation (I7.35P 
for Z = 0 ,..., n' + 1, which implies that the terms from 0 ]Aq ^ J" C J" 
in (I7.39P contribute zero to (I7.32p . 

This proves (f)„/^;/+i, and completes the inductive step. So by induction, 
{])n',i' holds for all n' = iV—1, iV —2,..., 0 and V = 0,..., n' + l, so in particular 
(t)o,i holds. This completes the proof of Proposition 17.41 □ 

Proposition 7.5. In the situation above, by keeping a G MCk{*', R) with da = 
0 fixed but changing the lift d of a to MCk{*',R) with 11 ( 0 :) = a, we may 
suppose that dd = 0 in MCk-i{*', R). 

Proof. If fc > 0 the proposition is trivial since MCk{*',R) = MCk{*',R) = 0 as 
injjemma 14.51 so suppose fc ^ 0. We first choose an arbitrary lift d of o to 
MCk{*',R) of the form ()7.28p . Then Proposition 17.41 shows that we may write 
dd as in (17.291) in terms of data J"’*, n, tt] satisfying (17.321) for 

all n = 0,..., N — 1 and I — 0,... ,n. Since each such [Vj^’ , n, s"’ , tt] is a 
generator of MCk-i{*; R) we have diml^"’^ = n + fc— 1 < n, as fc < 0. Consider 
the subset sj’*(ld"’*) in R". By differential geometry s"’^[(I^"’^)°] has Hausdorff 
dimension ^n + fc — l<n, and \ (1^"’*)°)] = 0 by Assumption 

I3.18r al as dim 14"’* ^ n. Hence 77"[s”’*(t4”’*)] = 0. 

For each n = 0,1,..., — 1, choose an open neighbourhood A" of 0 in R" 

such that s”’* : 14"’* —)• R" is proper over A" for all Z = 0,..., n and j G J"’*. 
This is possible by definition of generators in Definition 14.11 Also, equation 
(|7.32|) holds as an application of relation Definition I4.1f iii in MCk- 2 i*', R)^, 
which involves a condition (*) upon points {x,y) G X x* for A an open neigh¬ 
bourhood of 0 in R". Making A" smaller if necessary, we suppose that Definition 
l4.H ii')('*') holds for (17.321) with A = A". 

Next, choose x" G A" such that 

(a) {Ax" : A G [0,1]} C A", and 


194 














































(b) cc" ^ s^'\vp’^) for alH = 0,..., n and j G J”’^ 

Here (a) holds provided a:" is small enough in R", and (b) holds for generic a:" 
as = 0, so both are possible. Choose small d" > 0 such that 

(c) Bsn{Xx'^) C X" for all A € [0,1], with the open ball of radius 5^ 

about X in K"; and 

(d) Bs«{x^) n s^’\vp’’‘) = 0 for alH = 0,..., n and j G J^’K 

Here (c),(d) are both possible if 5" is small enough, by (a),(b), since is open 
in R", and fl is closed in X" as s"’* is proper over X". 

For each Z = 0,..., n and j G define s"’* : [0,1) x TA"’* -G R" by 

s"’* : (A, v) I—)• s"’*(z;) - Ax”. 

We claim that [[0,1) x n, s"’\ tt] is a generator of MCk{*; R), where we 
give [0,1) X Id”’* the product orientation of the standard orientation on [0,1) 
and the given orientation on Vj^’\ as in Assumption Id.lTT fl.fk'). 

The issue is to show that : [0,1) x Id"’* —> R” is proper over an open 
neighbourhood of 0 in R", noting that [0,1) is noncompact. In fact (c),(d) above 
imply that is proper over Bsn{0) in M", since part (c), s”’* proper over X”, 
and [0,1] compact, imply that the obvious extension of to a map [0,1] x 
I/”’* —>• R” is proper over Bsn{0), and then part (d) implies that restricting to 
s"’* : [0,1) X VP’’’ -G R" is still proper over Bsn{0), since {1} x VP’^ does not 
map to i?5n(0). Hence [[0,1) x n, s"’\ tt] G MCk{*]R)- 

Using equation (14.31) . Assumptions 13.idl' d! and l3.17r h'). and 9[0,1) = —{0} 
in oriented manifolds, we see that in MCk-i{*; R) or MCk-i{*; R) we have 


a[[0,1) X VP’\n, sp\ tt] = - [VP’^n, sp\ tt] - [[0,1) x dVP’\n, sp\ tt] , (7.40) 


where sp : [0,1) x dVP’ —>• R” maps Sp : (A, v') i->- sp o iy„,i (x') — Ax”. 
We may also define a generator [[0,1) x I/"’* x R, n + 1, tt] , where 


'■n.l / ^n.l _ c-n.l 

-n.Z '^n.l \ 

^3,l+i ° ’’’[O.lixW''’ ■ • ■ ’ ° ^[0.1)xV'”''^ 


and then as for (17.401) we see that 


a[[0,1) X I/”’* xR,n + l,s”’\7r] = - [U/’* x R, n + 1, s"’', tt] 


— [[0,1) X dVP’’’ X R, n + 1, sp^ o i 


[0,l)xy"’'xR’ ' 


(7.41) 
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Define a modification d of a in R) by 


N N-1 n 

a = [V^,n,s^,T:] + X! XI XI [t^a) x C/’', n, s"’', tt] 

n—OzC/”' n—0 /^O jC 

A^ —1 n 

- X X X (-1)"”'^”’' [[0,1) X C/’' X R, n + 1, s"’\ tt] . (7.42) 

n=0 1=0 jeJ^-O 

Then a differs from d by finitely many applications of relation Definition |4Tji) 
in MCk{*', R), so a is an alternative lift of a to MCk{*', R), with n(d) = a. 
Applying d to (17.421) and using equations (17.291) . (17.401) and (I7.41|) yields 


N — 1 n N — 1 n 

^« = -XX X b]’^[[0,l)xdV-’\n,s]’\n] + Y,Y.i-^r~'- (7-43) 

n—0 l—O n—0 l—O 


in MCk-i{*;R). 

Now for all n = 0,..., A^ — 1 and I = 0,... ,n, equation (17.321) holds. For each 
fixed n,l, the two sums ^?’*[''' ] ™ (17.431) are each the result of applying 

an operation to the l.h.s. of (I7.32L where we replace each generator [dV, n, s, tt] 
in (17.321) by [[0,1) x dV, n, s, tt] or by [[0,1) x dV x R, n + 1, s, tt] . Hence (17.321) 
implies that these two sums &"’*[• ■ •] in (17.431) are zero for all n,l, so 

cld = 0 in MCk-i{*', R)- Replacing d by d, Proposition 17.51 follows. □ 


7.4.2 Proof that MHk{*\R) = 0 for k <0 

We can now prove the first part of Theorem l4.12l We use the notation of (17.4.11 
Let i? be a commutative ring, k < 0, and a € MCk(*; R) with da = 0 in 
MCk-i{*; R)- Then Proposition 17.51 savs that we may choose a lift d of a to 
MCk{*\R) with 9d = 0 in MCk-i{*\R)- Write d as in (17.28|) . Then for each 
n = 0,..., N we have 

y; a” [aF”,n,s”oiv;",7r] =0 in MC'fe_i(*; A)”. (7.44) 

We follow the method of the proof of Proposition 17.51 but applied to the 
[V)", n, s", tt] for i G J” rather than to the [VP’\n, ,tt] for j G J^’K For 
each n = 0,1,..., A^, we choose an open neighbourhood X" of 0 in R" such 
that s" : VP —J- R" is proper over X" for all i G Equation (17.441) holds as an 
application of relation Definition H.ll iil in MCk-i{*',R)^- Making X" smaller 
if necessary, we suppose that Definition l4.1f iilf*l holds for (17.441) with X = X". 

As in the proof of Proposition [7^ we choose x" G X" and 5" > 0 satisfying 

(a) {Ax’" : A G [0,1]} C X""; 
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(b) x" i s”(T^”) for all i € 

(c) Bsr<-{Xx^) C X" for all A € [0,1]; and 

(d) Esr^ix^) n s”(fo”) = 0 for all i € I”. 

Here (b) is possible as dimfo^ = n + k < n since fc < 0, so = 0. For 

each i G define s” : [0,1) x H” ^ K” by s” : (A,r;) s”(w) - Ax". Then 
[[0,1) X V^”, n, s", tt] is a generator of MCk+i{*; R), and as in (I7.40p 

9[[0,l)xC,n,sr,^] = -[Vr,n,s:,7r] - [[0,1) X dVr.n,s^,7r], (7.45) 

where sf : [0,1) x dV,^ R” is given by s” : (A, v') s" o iv--{v') - Ax". 

Now define /3 G MCk+i{*; R) by 

N 

/3 = - E E < [[O’ 1) ^ ■ (7-46) 

n=0 i6/" 

Then combining equations (I7.28F (17.451) and (17.461) gives 

N 

5/3 = d + E E < [[O’ 1) X ^ • (7-47) 

n=0 i^I'' 

As for equations (17.321) and (I7.43|) in the proof of ProDOsition l7.51 from (17.441) we 
see that for each n = 0,... ,N the sum ®r['' ’ ] (17.471) is zero, so 5/3 = d 

in MCk{*',R)- Setting 5 = n(/3) in MCk+i{*',R), we have dp = a. Thus, for 
all a G MCki*', R) with da = 0 for /c < 0, we can find P G MCk+ii*',R) with 
55 = a. Hence MHk{*; R) = 0 loi k < 0, as we have to prove. 

7.4.3 Proof that R) = R 

Since MCi{* \ R) = 0 by Lemma H751 we have 

MHoi*-,R) = Ker(5 : MCo{*;R) —^ MC-i{*;R)). (7.48) 

As * has the standard orientation. Definition 14.11 defines the fundamental cycle 
[*] = [*, 0,0, id*] G MC'o(*;i?), with 5[=i=] = 0. Define an i?-linear map 

l:R —^ Ker(5 : MCo(*;i?) —> R)), t : a <—^ 0 )*]. (7.49) 

We will show that l is both surjective and injective, so that MHo{*; R) = R, by 
an isomorphism identifying [[= 1 =]] G MHq{*; R) with 1 G i?, as in Theorem 14.121 
Suppose a G MCo{*;R) with 5a = 0 in R). Using the nota¬ 

tion MCki*',R),MCk{*;R)'^ of 47.4.11 Proposition 17.51 gives a lift d of a to 
MCo{*;R) with n(d) = a and 5d = 0 in R). As in (I7.28L write 

N 

« = EE< K,n,s2,7T]. 

n=0 i^I”- 
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Then taking the component of da = 0 in MC-i{*; i?)” for n = 0,..., N yields 

o” [dV^, n, s2 o iyn , tt] =0. (7.50) 

By dehnition of generators [V(”, n, s”, tt] G MCo{*-,R) in tl4.1l for each 
n = 0,..., N we may choose an open neighbourhood X" of 0 in R" such that 
s" : 14" —>■ M" is proper over X" for all i G Equation (17.501) holds as 
an application of relation Definition |4Tjii) in MC-i{*\ R). Thus, making X" 
smaller we can suppose that Definition 14.ll iilf*! holds for (17.501) with X = X”. 
Making X" still smaller, we can suppose it is a convex subset of M". 

For each n = 0,..., X, define a subset S'" C X" C R" by 


S" = X" n 


Uig/n s"({z; G Dj" : either v ^ (V)")°, or w G (V)")® and 
TyS^ : Ty{V^)° T^n(„)R" is not an isomorphism}) . 


(7.51) 


As the subsets of Id" in (17.511) are closed, and s" is proper over X”, we see that 
S" is closed in X". Using Sard’s Theorem and Assumption 13.ISf al we can show 
that 77" (S") = 0, which implies that X" \ S" 0. 

Define a function : X" \ S" —?> i? by 


$"(a;) = 


(7.52) 


E E 


(v)=x 


1, Tys'^ : T^(Uj")° —>-Ta;R" is orientation-preserving, 
— 1, Tys'^ : T^(Uj")° —>-Ta;R" is orientation-reversing. 


This is well-defined as s" is a diffeomorphism near each v in (I7.52L so (s")“^(a;) 
has the discrete topology, and also (s")“^(a:) is compact as s" is proper over 
X" X, so (s")“^(a;) is finite. 

The proof of the next lemma is related to that of Proposition 14.31 in )17.1I 

Lemma 7.6. The function $" : X" \ ^ R is constant for n = 0,..., X. 

Proof. Since s"|(y")o : (1^")° —t R” is proper and etale over X" \ S'", we see 
that $" is locally constant on X" \ S", and thus constant on each connected 
component of X" \ S". Let Xq ^ xi € X" \ S". We will show that $"(a:o) = 
$"(a;i). Choose a linear isomorphism A : R" —> R"“^ x R with A(xo) = (y, zq) 
and A(a;i) = (y, zi) for y G R"“^ and zq ^ zi € R. Then TTjjn-i o A o s" : U-" —>• 
R"~^ is a morphism in Man'’ for i G /", where dim 14" = n. 

Assumption 13.ISf bl says that there is a subset S C R"“^ with 77"“^ (S) = 0 
such that TTgn-i o A o s" : V)" is a submersion near (Tr^n-i oAos^) 
for all y' G R"“^ \ S and i G 7". As R"“^ \ S is dense in R"“^, this holds for y' 
arbitrarily close to y. Thus we can find Xq, close to xq, xi in X" \ 5'" and in 
the same connected components of X" \ S'" as xq, xi, so that $"(xg) = $"(xo), 
^^{x'l) — $"(xi) as $" is locally constant, with A(xq) = (?/^^o) ^-nd A(x}) = 
(y', z[) for some y' G R"“^ \ S close to y and z'^^ z[ & R. 
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Now define h : [0,1] —R” by h{\) = (1 — A)xq + \x'i, so that h(0) = Xq 
and h{l) = x'l- Then h maps [0,1] —>■ X" as X'^ is convex in R". We claim 
that s" : —>■ R" and h : [0,1] —>• R" are transverse morphisms in Man*^. To 
prove this, suppose v and A G [0,1] with s"(n) = h{X). If A = 0 or 1 then 
h{X) = x'q or x'l, so h{X) € and s" : Id” —>■ R" is a submersion near v in 

V/' by (I7.5ip . which implies that s2,h are transverse on open neighbourhoods 
oi V gV^ and A € [0,1] by Assumption I3.16l ci. 

If A e (0,1) we identify R” ^ R”"^ x R using A, and write sf : R”"^ x 

R and h : [0,1] —5> R"“^ x R as direct products (s"i,s" 2 ) and (hi,/i 2 ), where 
s”i = Trjjn-i o Aos" : R"“^ is a submersion near v G (TTRn-i oAos”)“^( 2 /') 

as y' G \ S, and /12 : [0,1] —>■ R, h 2 {X) = (1 — X)zq + Az] is a submersion 
near A G (0,1) as Zq = z'^. Hence s", h are transverse on open neighbourhoods 
of u € I^" and A G [0,1] by Assumption Id-Ibl fi. This holds for all v gV^ and 
A G [0,1] with s"(z;) = h(A), so s", h are transverse by Assumption 13.Ibl ei. 

Therefore by Assumption I3.16f cl , the transverse fibre product 



(7.53) 


exists in Man'^, with dimT" = I. Consider the diagram of topological spaces 



The top left map is a homeomorphism by (13.81) in Assumption Id.IbT ci. The 
bottom map is proper as s" is proper over X". Thus the top right morphism is 
proper, as the square is Cartesian. Hence as [0,1] is compact, T” is compact. 

Combining the given orientation on I^" with the standard orientations on 
R", [0,1] from Assumption 13.17l ki. by Assumption 13.171 1') we have an orienta¬ 
tion on T” in (17.531) . By Assumptions 13.171 01. 13.171 11. ('mi and equations (|3.2I) 
and (|3.9p . since i9[0,1] = — {0}H{1} in oriented objects in Man'^ and h(0) = x'q, 
/i(l) = x'l, in oriented 0-manifolds we have 



Now Assumption I3.17l n') says that the number of points in (I7.54p , counted 
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with signs, is zero. Hence we have 



S^oivT^ (h^) = /}-(A) 


Tyr{s^oiYri)[Tyi{dV^^)°] intersects x'i—x'q positively in R" 
T„/(s”oi^n)[Ti,,(9ht”)°] intersects x'i—x'q negatively in R" 


- E 


1, is orientation-preserving 

— 1, T.us" : T„(l^”)° —is orientation-reversing 



1, Tys'^ : Ty{V^)° is orientation-preserving 

— 1, Tys'l : T„(l^")° —>'T 2 ,/^R" is orientation-reversing. 


(7.55) 


Here the transverse fibre products in (I7.54|) are of dimension 0, so they are 
equal to their interiors by Assumption 13.1 Sl el . which are the fibre products of 
the interiors by Assumption Id.lbf dl. so we may restrict to v' € {dV^)° and 
A G (0,1) in the first sum in (17.551) . and to u G (17")° in the second and third. 
Multiply (17.551) by a" and sum over all i G Using (17.521) . this yields 




(7.56) 



s^oivp- {v')—h{X) 


T„/(s"oiyn)[Tj,/(917")°] intersects x[—Xq positively in R" 
T„/(s"oiyn)[Tj,/(917")°] intersects x'^—Xq negatively in R". 


As above, condition Definition ld.lf iiH*! holds for (17.501) with X = A". Now the 
r.h.s. of (17.561) is the sum over all A G fO. 11 and all in — ll-planes P in 7 )*(a)R” 
transverse to x'l — ccg and oriented so that P intersects x\ — Xq positively, of 
equation (14.21) in Definition 14.H iilf*! for (17.501) at the point h{X) G A" and the 
oriented (n — l)-plane P. Therefore the r.h.s. of (|7.56p is zero, and ^"(xq) = 
$"(x'i). Since = $”(xo), $"(a;i) = $"(xi), this gives $"(a;o) = $"(xi). 

Hence $" : A" \ 5'" —>• i? is constant, proving the lemma. □ 

Lemma [7.61 implies that there exist a°, a^,..., G R with $"(a;) = a" for 
all n = 0, ..., A and x G A" \ S'". We now claim that for n = 0, ..., A we have 

^ [U",n,sr,7r] =a"[R",n,idR.,7r] in MC'o(*; i?)". (7.57) 


To see this, apply Definition l4.11 iil to (17.571) with A = A" C R". The conditions 
on (a;, y) = (a;, *) G A X y = A x * at the beginning of Definition 14.If iilf*l are 
equivalent to x G A" \ S", and then equation (14.21) at x and P = T( 2 ,_*)(R" x *) 
is equivalent to <i>"(x) = a", since $"(x) in (17.521) is the contributions to (14.2|) 
at (x, *), P from af [U," , n, s", tt] , and —a" [R", n, idRn, tt] contributes an 
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additional —a” to (14.21) at {x, *), P. Hence (14.21) holds for all such {x, *), P, and 
Definition |4Hjii) gives (17.571) . 

Applying H to project (17.571) to MCo{*;R) gives 


N N N 

a = ^ a" [K", n, idr, tt] = ^ o'* [*] 

n—0i£l^ n=0 n=0 

= (.(a° + + • • • + a^) in MC'o(*;i?), 

using (17.491) and that by Definition I4.1f il in MCq{*\R) we have 

[*] = [K°,0,idRO,7r] = [R, l,idR,7r] = [R^, 2, idR2, tt] =••• . 

This proves that i in (I7.49P is surjective. 

To show that l is injective, suppose r G R with i(r) = 0. We will prove r = 0. 
Regarding r[*] as an element of MCo{*] R) from il7.4.1l since n(r[=i=]) = 6(r) = 0 
in MCo{*; R), r[=i=] lies in the kernel of H : MCoi*', R) MCoi*'-,R), which is 
spanned by equation (ED from relation Definition ICT il in MCo{*;R). Thus 
as in (I7.29L in MCq{*\R) we may write 


N n 


1*]=EE E af[[V:\n,sf,n]-{-ir-‘[V-’^x 


n—0 l—O 


I -I / n,l nA n,l n,l\ i \ 

I ■ • ■ I I '^Ri ■ • ■ ’ ’’’J J ■ 

Taking components of (I7.58|) in MC'o(*; i?)" for n = 0,..., A^ + 1 gives 


(7.58) 


r[*] = a-’°[l4°’°,0,7rRO,7r], 


jg/0,0 

n 

» = E E 

1^0 

n—1 


n,l 1 

n,5^’ ,7rJ 


(7.59) 


(7.60) 


-EE 

X 

7 

R,n, (s”i 

l.Z n—1,/ 

' ’ ■ • ■ ’ ^i,l ’ 

1=0 n-l,l 

^R’ ^i,l+l ’ ■ ■ • ■ 

n—l,l\ 1 

' ’’’J ’ 

n= 1,.., 

.,N, 

N 




o = -E E 

xR,N+l,{s^/. 

^ —1 

1=0 

TTR, 

N,l 

NA\ 1 


By Proposition 17.41 we may choose the representation (I7.58P such that for all 
n = 0,..., N and I = 0,... ,n we have 

a^’’'[dV^’\n, o iyn,i,Tr] = 0 in MC'_i(*; i?)”. (7.62) 


The next part of the proof is very similar to the passage between equations 
(I7.50|) and (j7.57ll above. For each n = 0,..., A^ and / = 0,..., n, choose an open 
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neighbourhood X”’* of 0 in K” such that s"’* : R" is proper over X”’* for 

all i € 1”’^ Equation (17.621) holds as an application of relation Definition 14.If iil 
in MC -i{*\ R). Thus, making X"’* smaller we can suppose that Definition 
[4lli;ii)(*) holds for (17:621) with X = X”’'. Making X"’* still smaller, we can 
suppose it is a convex subset of R". 

As in (ITTKTI) . define a subset 5'"’' C C R” by 


gn,l ^ ^n,l p 


Uz6/n,i s"’'({u e E”’' : either v i or u e (E”’*)" 


and TyS^'^ : Ty{V^'^)° —>■ T is not an isomorphism}) . (7.63) 


As the subsets of V^’’' in (j7.63l) are closed, and s"’* is proper over X”’*, we see 
that 5'"’* is closed in X"’^ Using Sard’s Theorem and Assumption I3.18f al we 
can show that = 0, which implies that X"’* \ S'"’* ^ 0. 

As in (I7.52L define a function : X"’* \ S"’* —?> i? by 


E E 

s'^’^ [v)—x 


(7.64) 

1, TyS^’’’ : T„(14"’*)° —>.Ta;R"’* is orientation-preserving, 

— 1, TyS^’^ : Tj,(t4"’*)° —j-U^R" is orientation-reversing. 


The proof of Lemma [TjH but using (17.621) in place of (|7.50p . shows that $"’* 
is constant. Hence there exist unique a"’* G R with $"’*(x) = a"’* for all 
n = 0,..., X, I = 0,... ,n and x G X"’* \ S"’*. 

For each u = 1,..., X, pick (xi,..., x„) G R" satisfying the conditions: 

(a) {xi,... ,Xn) & X"’* \ S"’* for alH = 0,..., n. 

(b) (xi,.. .,xi,xi+ 2 , .■.,Xn)& X"“i’* \ S"“^’* for alU = 0,... ,n - 1. 

(c) Equation (I7.60p is an application of Definition |4Tjii) in MCo{*; R), which 
involves 0 G X C R" such that Definition I4.1f iilf*l holds for all suitable 
{x, y) = (x,*) in X X Y = X X *. Then (xi,..., Xn) G X. 

All these hold provided (cci ,... ,Xn) G R*^ is generic and small enough. Then 
(a)-(c) and (17.631) imply that ((xi,... ,x„),=i=) satisfies the conditions on {x,y) 
in Definition l4.1f iil('*l for (17.601) . so equation (14.21) holds for (I7.60p with (x, j/) = 
((xi,... ,Xn),*) and P = T^jR”. 

By (17.641) . the contributions to (14.21) from the terms a^’'' • • •] 

in (I7.60p are $”’*((xi,... ,x„)) = a"’*, which is defined by (a). Similarly, the 
contributions to (14.21) from the terms ... j 

in (17.601) are <i>"“^’*((xi,..., xj, x;+ 2 ,..., x„)) = which is defined by (b). 

Hence (14.21) implies that 

0 = Er=o - E?=o n = 1,..., X. (7.65) 
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(7.66) 

(7.67) 


In the same way, equations (17.591) and (17.611) imply that 


r = a°’°, 




Taking the sum of equations (17.651) for n = l,...,iV and (I7.66I) - (I7.67|) . the 
right hand sides cancel, yielding r = 0. Therefore l is injective. We have now 
shown that l in (17.491) is surjective and injective, and thus an isomorphism, so by 
(|7.48p - (l7.49|) we have R) = R, completing the proof of Theorem 14.121 


7.5 Proof of Proposition 14.201 

We work in the situation of Definitions 14.181 and I4.19| Let [D', n, s', t'] be as in 
(14.211) . Then we have a commutative diagram of topological spaces 



(7.68) 


Here the bottom square is Cartesian, and the bottom morphism {s,t) is proper 
over an open neighbourhood X of {0} x Y 2 in K." x F 2 , so the middle morphism 
s X id is proper over X' := (idR~ x f)~^{X) in R" x Yi. Also the top left 
morphism {ttvjTTYi) is a homeomorphism by (13.81) in Assumption IS.lbT cb So 
from the top triangle in (I7.68P we see that (s', t') : H —>■ K" x Yi is proper over 
A', which is an open neighbourhood of {0} x Yi in R." x Yi. Thus \V', n, s', t'] 
in (I4.2ip is a well-defined generator in VMC'^(Yi;R). 

To see that /* is well-defined, we have to show that it maps relations Def¬ 
inition |4T8Ki),(ii) in VMC^iY 2 ',R) to relations (i),(ii) in 'PMC^{Yi-,R). For 
(i) this is obvious, since {V x R) XtoTi-^.D./ ^ 1 ) ^ For (ii), 

suppose [Vi,n,Si,ti] = 0 in VMC^{Y 2 ;R) by relation (ii), using open 

{0} X Y 2 C A 2 C R" X Y 2 . Define Ai = (idr x f)-\X 2 ) C R" x Yi. Then Ai 
is an open neighbourhood of {0} x Yi in R" x Yi. 

Set [Y/, n, s', t'] = f*[Vi, n, Si,ti] as in (14.211) for i € I. Then by Assumption 
I3.16f cl.fdl we have 

vr = v: Yi = {{v,yi) e v° X Yi : tiv) = f{y,)}. (7.69) 

Suppose {x, yi) € Xi such that for alH € / and v' G V- with (s', t'^){v') = {x, yi) 
in Xi, we have v' G V-° and 

r„,(s', i') : T,,V'° T,R" © Ty,Yi (7.70) 

is injective. Set 2/2 = fivi)- For v' as above, from (17.691) we have v' = {v,yi) 
for V G V° with ti{v) = /(yi) = 2/2 and Si(v) = s'(v') = x, so that (si,ti){v) = 
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(x, 2 / 2 )- Since (17.691) is a transverse fibre product of manifolds, 


Ty,Y, ■ 


T^nrVi 

TyJ 


T.V° 

T.U\ 

Ty,Y^ 


(7.71) 


is Cartesian in VectR, and Assumption [071(1) shows that the coorientations on 
Tyti and from Cti,Ct'. are related as usual in (17.7111 . 

As (17.71(1 is Cartesian, we see that (|7.70l) is injective if and only if 

r„(s„ U):TyV^ —^ © Ty^Y2 

is injective. From all this we see that if P' C © Ty^Yi is an (mi + n — k)- 
plane with T^Xy-^^Yi '■ P' YyiYi cooriented, then either P' lies in a Cartesian 
diagram 


P' — 

c 

-^r,R”©T^,ri 


1 


id X / 1 

(7.72) 

p — 


-^r,R”©T^,r2 



in VectR for some (m2+n —fc)-plane P C (BTy^Y 2 with T^Ty^Y^ ■ P Ty 2 Y 2 

cooriented, in which case (14.171) for X)ie 7 ^i] (x, yi),P' follows from 

(14.171) for '^j_^iai\Vi,n,Si,ti] at {x,y 2 ),P, or else P' lies in no such Cartesian 
diagram (I7.72L in which case (|4.17|1 for X)ie 7 ^i] at {x,yi),P' is 

trivial as there are no v' € VI satisfying the conditions on either side. 

This gives Definition |4.18f ii)f*) for I]ie 7 ©IK) t']. Hence Y.i^iO^AVl, 
n, s',t'] = 0 in PMC'^{Yi; R), and f* maps relation (ii) to relation (ii), so that 
f* is well-defined. This proves Proposition 14.201 


7.6 Proof of Proposition 14.211 

Here is the analogue for M-precochains of in Definition 1 7. II in 117.21 

Note that they map the opposite way: in 117.2l we have : MCkiTUU; R) — 

MCk(T; R), but here we have : VMC'^iT] R) -Y VMC^{T U C/; A). 

Definition 7.7. Let V be a manifold and T,U C V be open, and write i : T ^ 
T UU, j : U ^ T DU ior the inclusions. Suppose / : T U 17 —>■ M is smooth, 
with {y G T UU : f{y) > 0} C T and {y S T U C/ : /(y) < O} C [7. As in 
Definition 1 7. 11 such a function always exists. 

Define i?-linear morphisms for each fc S Z by 

:PMC’^{T]R) — >VMC'^{TUU-R), 

Vt'jL ■■ [V,n, (si,... ,s„),t] I—^ [V X (- 00 , 0],n+ 1, 

(si O TTy, . . . , S„ O TTy, / O TTy + 7r(_oo_o]) , t O TTy] , 

: VMC^{U] R) VMC’^iT U D; A), 

: [V,n,{si,...,s„),t] 1 —)• [V x [O,oo),n + 1, 

(si O TTy, . . . , Sn ^ '^V y f ^ '^V T ^[0,oo) ) ? 1 O ] y 
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for each generator [fo, n, (si,..., s„), t] mVMC^(T;R) and VMC’^{U; R). 

Here is the analogue of Proposition 17.21 with a very similar proof which we 
leave as an exercise. For (i), to show that [V x (— 00 , 0], n + 1, (si o Try,..., o 
TTy, f oTTv + 7r(_oo,o]); ^ ° ’’’v] in (17.73|) is a generator of VMC^{T U U;R), note 
that ((si,..., Sn),t) : V —>• R." x T proper near {0} x T in R" x T implies that 

((si o Try,..., s„ o TTy, / o 7ry+7r(_oo,0]), t o Try) : V x (- 00 , 0] —5-R”+^ x (T U C/) 

is proper near {0} x (TUU) in x (T UU). 

Proposition 7.8. (i) In the above, and are well defined. 

(ii) IFe haveU^^/^_oi*+Uj}Jloj* = id : rMC^{TUU;R) VMC'^{TUU; R). 

(iii) If [V,n,s,t] is a generator of 'PMC^{T-,R) with f ot{v) > 0 for all v in 
s“^(0) C V then i* o H^))^ ([V, n, s, t]) = [V, n, s, t]. 

Similarly, if W, n,s,t\ gVMC^CU ; R) with fotiv) < 0 for all v in s“^(0) C V 
then j* o ([H, n, s,t]) = [V, n, s, t]. 

To prove Proposition I4.21f al. suppose T,U C Y are open, and write i : 
r n [/ ^ r, z' : r n H ^ {7, j : r ^ T U H, / : {7 ^ T U {7 for the inclusions. 
Choose / as in Definition l7.71 so that we have operators H^'j^, . Applying 

Definition 17.71 with T = T, U = TCiU, f = /|t in place of T, U, f gives operators 

■ VMC^{T- R) —^ VMC^{T- R), 

^Tnuj\^+ ■■ VMC\T nU;R)^ VMC\T; R), 

and applying Proposition I7.8f iil for these gives 

+ Il^nu.f\T+ ° ** = id : VMC^T; R) VMC\T- R). (7.74) 

Similarly we have operators 

^Tnuj\v- ■ 'PMC'^iT nU-R)^ VMC’^{U- R), 

^uj\u+ ■ VMC’^iU] R) VMC’^iU- R), with 

n^nir,/|„- o + ^uj\u+ = id : VMC\U- R) VMC\U- R). (7.75) 

As in (I7.18I) - (I7.21[) . comparing the actions of the two sides of each equation 
on generators [P, n, s, t] using (14.211) and (I7.73L we see that 

= j* o : VMC’^iT-, R) VMC’^iT- R), (7.76) 

ng,/|,+ =r on^’J+ :PMC'=(C/;i?) ^PMC'=(t7;i?), (7.77) 

n^nirji^- o** =/* : VMC'^{U; R) VMC’^{T; R), (7.78) 

n?ntT,/|,+ o = f o nj;% : VMC\T- R) VMC'^{U- R). (7.79) 


205 














As in (I4.22L we have to prove the following sequence is exact: 


0^VMC'^{TUU;R) 


re/* VMC'^{T-R) **e-*'; 
®rMC'^{U]R) 


VMC’^{TnU;R). (7.80) 


For any a G MC^{T UU]R), Proposition I7.8r iil implies that 

nl\'}^_of{a) + nJj%or{a)=a, 


so j*{a) = 0 implies that 0 = 0, and (17.801) is exact at the second term. 


To show (17.801) is exact at the third term, suppose j5 € VMC^{T] R) and 7 S 
VMC^{U-R) with r(/3) = /*( 7 ) in VMC'‘{T nU] R). Define a = + 

^uj+h) in VMC^{T UU;R). Then 



using the definition of a in the first step, (I7.76|) and (17.791) in the second, 
i*(/3) = *'*( 7 ) in the third, and (17.741) in the fourth. A similar proof using 
(|7.77l) . (17.781) and (17.751) shows that j'*{a) = 7 . Hence (17.801) is exact, proving 
Proposition I4.21f al. 

For part (b), suppose K CY is closed, and U is an open neighbourhood of 
K in Y. Apply Definition 17.71 with T = Y \ K, so that T U U = Y, and we 
choose smooth / : T — >■ K with K C /“^((— oo,0)) and /“^((— oo,0]) C U. 
Define U' = f-^{{ — 00 , 0)), so that U' is an open neighbourhood of K in U and 
/ > 0 on [/'. Write i : U' ^ U and j : U' ^ Y for the inclusions. 

Then Definition O gives : VMC^{U\R) -G VMC^{Y-R). Also 

Definition 17.71 with T = U = U' and f = f\u' in place of T, U, / gives 

: VMC’^iU'; R) VMC^{U'] R). 

Comparing the actions of both sides on generators [V,n,s,t] in 'PMC'^{U; R) 
using (14.211) and (I7.73L we see that 



But as / < 0 on U' , Proposition l7.8f iiii implies that H^, = idy/ 

maps \V, n, s, t] 1 —>■ [D, n, s, t], so that 



= id : VMC’^iU'] R) VMC’^{U'-R). (7.82) 


Now let a e VMC^{U\ R), and set /3 = n^_^_^(a) G VMC'^{Y; R). Then 



using (17.821) in the first step, (17.811) in the second, and the definition of /3 in the 
third. This proves Proposition 14. 2ir b'). 
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7.7 Proof of Proposition 14.261 

First suppose that Yi,F 2 are manifolds and 5 : Yi x [0,1] ^ 1^2 is smooth. For 
all fc G Z, define Gyi,Yq. '■ VMC^{Y 2 ',R) —>■ VMC^~^{Yi-,R) to be the unique 
i?-linear map acting on generators by 

GyuY 2 ■■ \y,n,sR] I—^ := 

(-l)dim^[y (Id X [0, l]),n,S0 7rv,7ry, OTTYixfO.l]], 

where ttyi o 7r y^x[o,i ] has the coorientation c^y-^oTry^x[o,i] = ° c^yix[o,i] as 

in Assumption I3.17r dl. with the coorientation on ttyj : Fi x [0,1] —>■ Yi 
induced by the standard orientation on [0,1] as in Assumption 13.ITi fblkl. and 
CTVY-^yfo 11 ^he coorientation on : F' —>■ F x [0,1] induced from the 

given coorientation ct on t :V ^¥2 hy Assumption I3.17f ll . 

As (s, t) : V ^ M" X F 2 is proper over an open neighbourhood X of {0} x F 2 
in R." X y 2 , and fibre products in Man'^ map to fibre products in Top, so 
(s',TTy^xfoq]) : F' —)• R" X Fi X [0,1] is proper over (idgn x g)~^{X), an open 
neighbourhood of {0} x Yi x [0,1] in R" x Fi x [0,1]. By compactness of [0,1] 
there exists an open neighbourhood X' of {0} x Fi in R" x Fi with X' x [0,1] C 
(idR~ X(/)“^(X), and then (s', t') : V —>■ R"xFi is proper over A', so [F', n, s', t'] 
is a generator of VMG^~^iYi]R). 

To show that Gyi.yj is well-defined, we must show that it maps relations 
Definition OST ib fhi in VMC^{Y 2 \R) to relations (i),(ii) in VMC^-^(Yi; R). 
This can be done by a proof similar to those for /* on M-chains in Definition 
14.61 and /* on M-precochains in Proposition 14.201 In VMG^{Yi \ R) we have 

d o Gyyy 2 [F, n, s,t] = (-l)'^'™'^[9F',n, s' o iy,R' o iy] 

= (-l)d‘m^[5F Xtoiy,Y 2 ,g (Yl X [0, l]),n,S 0 7 ray, 7 rYi OTTy^yfo i]] 

+ [F 

Xt,V 2 ,soiyj^x[ 0 ,l] (5(Fi X [0,l])),n,so7ry,7rYi oi^ixio,!] o 7’‘a(Vix[o.i])] 
= -GYi,Y2[dV,ri, s o iv ,t O iv] - [V Fi, n, s o Try, ttyJ 

+ [V Xtx2j' Yi,n,s oTrv,TTYi] 

= (-Gyi.Yj od-/* + /')[F,n,s,t], 

using (14.201) and (I7.83|) in the first step. Assumptions I3.16l cl and I3.17l ml and 
(|4.18l) -- (l4.19p in the second, 9(Fi x [0,1]) = — (Fi x {0}) 11 (Fl x {1}) where the 
signs compare the natural coorientations for tty^ o tyix[o,i] ^ ^(Fi x [0,1]) —)• Fl 
and for the obvious etale map (Fi x {0}) 11 (Fi x {1}) —>• Fi, equations (|4.18|) - 
(|4.19p . and the definitions of /, /', Gyi.Ys in the third, and (14.201) -- (14.211) in the 
fourth. As this holds for all generators [F, n, s, t], we have 

d o Gy,.Y 2 + Gy,.Y 2 o d = r - /F iPMG'= (F 2 ; R) VMC\YyR). 

To promote Gyi,Y 2 from spaces 'PMG^{Yi, R) to spaces MG^iYi, R), suppose 
Ui C Yi is open with Ui compact. Then Ui x [0,1] is compact in Fi x [0,1], so 
g(Ui X [0,1]) is compact in F 2 , and we can choose an open neighbourhood U 2 
of g{Ui X [0,1]) in F 2 with U 2 compact. Then g|f 7 yx[o.i] maps Ui x [0,1] —)> U 2 , 


207 


































and is a homotopy between f\u^ : Ui U2 and f'\ui ■ Ui — 5 > C/2- Hence 
the definition above with 5|{7ix[o,i]; f\u^J'\u^ in place of g,f,f' yields Gu^,U 2 ■ 
VMC'^{U2]R) VMC^-^{Ui]R) with 

AoGu„u,+Gu„u,od = f\}j^-.VMC\U2-,R) ^VMC\Ui-R). (7.84) 

Comparing (I4.2ip and (17.831) . we see that such Gyi,Y 2 t^Ui,U 2 nre compatible 
with restrictions to open sets Ui C Yi, U 2 Q Y 2 . Thus as in the definition of 
/* in Definition 14.221 using the characterization (14.231) of R) as an 

inverse limit, we deduce that there is a unique morphism Gyi,Y 2 ■ MC^(Y 2 ', R) —>■ 
MC^~^{Yi\R) such that the following commutes for all such C/i, C/ 2 : 

MGHy 2 \ R) - > VMGHU2; R) 

MG'^-\YyR) -^^^^iPMC'=-i(C/i;i?). 

Here ty^Uu i® ns in Theorem 12.dfif cl for the strong presheaf VMC*{Ya', R) with 
sheafification MC*{Ya\R), which as in Theorem 12.dfif el is the projection from 
the inverse limit (14.231) for MG* {Ya \ R). 

Now noGy,,v 2 = oH : VMG'^{Y 2 ]R) MG'=-i(Fi;iC), so Gy,,y, on 

generators \V,n,s,t\ in MG^{Y 2 ]R) is given by (17.831) . Equation (17.841) gives 

d O Gy„y, + Gy„y, o d = f* - f* : MG\Y 2 -, R) MG^Y^R). (7.85) 

So Gyj_y 2 is a cochain homotopy from /* to /'* on M-cochains, and thus f* = 
f* : MH^{Y 2 -,R) MH^{Yi-R) on M-cohomology. 

To extend this to relative M-cohomology, suppose as in the proposition that 
■^1 C Yi, Z2 C Y2 are open with g{Zi x [0,1]) C Z2, so that gjzixfo.i] maps 
Z\ X [0,1] —)> Z 2 . Applying the above argument to g\zix[o,i] gives maps Gzi,Z 2 ■ 
MG'=(Z 2 ;iC) ^ MG'=-i(Zi;i?) with 

d o Gz„z 2 + o d = f\'l - f\*z^ : MG'=(Z 2 ; R) MG'^{Zy,R). (7.86) 

Compatibility with pullbacks implies that 


i\oGY,y2= Gz,,Z2 0i*2- MG\Y2-,R) ^ MG^-\ZyR), (7.87) 

writing ia : Za ^ Ya for the inclusion for a = 1, 2. Define G : MG^{Y 2 , Z 2 ] R) —>■ 
MG'=-i(ri,Zi;i?) by G : (a, p) ^ (Gy,,y 2 (a), Gz,,z2(/3)) ■ Then (Il85])-(lLlZl) 

imply that 

do G-b God = /'*-/* MC’^{Y 2 ,Z 2 -,R) ^ MG^{Yi,Zi-R). 

So G is a cochain homotopy from /* to f* on relative M-cochains, and thus 
f* = /'* : MH^{Y 2 , Z 2 \R) —>• MH^(Yi, Zi] R) on relative M-cohomology. This 
proves Proposition 14.261 
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7.8 Proof of Proposition 14.351 

Let y be a manifold and k € Z. Then N4. 2 1 defines the i?-modules VMC^{Y ; R) 
and R) and the projection If : VMC^{Y;R) MC'^(Y; R), and >14.31 

defines the i?-submodules TMC^Y-R) C VMy{Y;R) and MC^Y-R) C 
MC^{Y\R) of compactly-supported sections, where as in (14.411) the restriction 

^\vmcuy-,R) ■■ 'PMC^Y; R) MCiiY- R) (7.88) 

is an isomorphism. Note that as in Definition l2.261 as VMC^{Y ; i?) is a presheaf, 
for a £ VMC^{Y; R) to be compactly-supported means that there exist com¬ 
pact K QY with i*{a) = 0 in 'PMC^{Y\K]R) for i : Y\K ^ Y the inclusion. 
This implies that suppa is compact, but may not be equivalent to it. 

Let MC^Y ; R) be the i?-module spanned by compact generators [V, n, s, t] 
in the sense of Definition l4.341 subject to relations Definition l4.18l il.liil applied 
to compact generators. Then we have a natural i?-hnear projection 

n : MCiiY; R) TMC^Y; R) (7.89) 

mapping 11 : [V, n, s, t] i—> [V, n, s, t] on (compact) generators, since every (com¬ 
pact) generator in My^{Y]R) is also a generator in VMC^{Y]R) which is 
compactly-supported and so lies in TMC^Y; R) C 'PMC^{Y-,R), and every 
relation in MC^Y ; R) is also a relation in VMC^{Y ; R). 

We will show (17.891) is an isomorphism. As (17.881) is also an isomorphism, this 
will imply that MC^Y ; R) = MC^Y ; i?), proving Proposition 14.351 Suppose 
a € VMCyY; R). Then there exists compact K C Y with i*{a) — 0 for 
i : T ^ Y the inclusion, where T = Y \ K. Choose an open neighbourhood U 

of AT in y with compact closure U in Y, and write j : U ^ Y for the inclusion. 

Then Y = T U D, so as in Definition 17.71 we can choose smooth / : y —>• K. with 
K C /“^((—oo,0)) and /“^((—oo,0]) C U, and define i?-hnear maps 

n^j_ : VMy{T-R) VMy{Y-R), 

: VMy{U] R) VM^iY-R), 

which by Proposition 17.81 iil satisfy 

oi*+ o f = id : VMy{Y- R) VM^iY-, R). 

As i*{a) = 0, applying this to a gives a = ° j*(a)- 

Suppose [V, n, s, t] is a generator of 'PMC'^{U-, R), so that by (17.731) we have 

n^j+([y,n,s,t]) = [y,n-f l,s,t] = [y X [0,oo),n-f 1, 

(si o TTV, . . . , S„ o TTV, f OTTV + 'n'[0,oo)),t O TTy] ■ 

Then (s,t) : V x y is proper over an open neighbourhood of {0} x Y 

in X y, as [V,n + l,s,t] is a generator of VMC^{Y]R). But i{V) C 
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U C U C Y, where U is compact, so projecting x y —>■ shows that 

s : y ^ is proper near 0 in R"^^, so \V, n + 1 , s, i] is a compact generator 

of VMC^{Y] R), as in Definition 14.341 and lies in the image of If in (j7.89l) . 
Hence H^ in (17.901) maps into the image of (17.891) . Since a = H^ o j*{a), 
it lies in the image of (I7.89p . and thus H in (17.891) is surjective. 

Next suppose d G MC^^iY ; R) with n(d) = 0 in VMC^^i ^; R). Write 

d — ^^ae.4 ^a\i 

where H is a finite indexing set, aa € R and [14, ria, Sa, io] is a compact gen¬ 
erator. Set K = UagA ^(0)) C 1^; which is compact as each 4(^0 ^(0)) 
is compact. As above choose an open neighbourhood U of AT in H with com¬ 
pact closure U in Y, and write T = Y \ K and i : T ^ Y, j : U ^ Y 
for the inclusions. Choose smooth / : F —>■ R with K C oo, 0)) and 

/“^((—oo, 0]) C [7, so that Definition 17.71 defines f-^^u f+ (17.901) . 

For functoriality under inclusions of open sets j : U ^ Y, the spaces 
MC^^{Y]R) behave like M-chains MCk{Y; R) in )14.1l or compactly-supported 
M-cochains MC^^iY ; R) in (14.31 rather than like M-(pre)cochains VMC^{Y ; R), 
MC^{Y\ R) in (14.21 So as in (14.21 and (14.31 we may define the pushforward 

j. : MCi{U;R) MCiiY;R), 
j* : [y,n,s,t] I —)> [l/,n,s,t], 

and as in Definition O for MCk{—; R) we may define 

n^’^+ : MCiiY; R) MCHU; R), 

■■ [I4,n, (si,...,s„),t] I—)■ [t~^iU) X [0,oo),n-|-1, 

(si o 7rt-l((7), . . . , S„ o TTt-l(U),f ° + ’’■[O.oo)), t o TTt-^(U)\■ 

Then comparing the actions on compact generators [F, n, s,t] in MC^^{Y\R), 
we see that the following rectangle commutes: 

MCi,(Y-R) fl) —-► MCUX) R) 

[n [..,,..5."j. "i (7-92) 

VMC^{Y- R) '■ -^ VMC’^iU- R) - VMC^{Y- R). 

In fact we can say more. As in the previous part, the operator H^ o j* 
maps generators [V, n, s, t] in VMC^iY ; R) to compact generators [H, n-|-1, s, t] 
in VMC^{Y; R), which thus lift to MC^^{Y]R). The proofs in Propositions 
14.201 and l7.81 that j*, are well defined show that they map relations (i),(ii) 

to relations (i),(ii), and checking the details we find that ° j* maps rela¬ 

tions (i),(ii) in possibly noncompact generators to relations (i),(ii) in compact 
generators, which lift to relations in MC^^{Y-,R). Therefore f+ ° j* factors 
as n o S for S : VMC^iY ; R) —>• MC’l^iY ; R) making (j7.921) commute. 


210 





























Since / > 0 on ta{s~^{0j) C y by choice of K,f, the analogue of Propo¬ 
sition [Tjlljiii) for shows that j, o ([T4 , tIq, Sq, ta]) = 

[14, na,Sa, ta] for a G A, and so j* o ny’^“''(Q!) = d by (j7.91|) . so (17.921) yields 

a = jt o fly ^“''(q!) = S o n(d) = 0. 

Hence H in (I7.89|) is injective, and an isomorphism. This completes the proof 
of Proposition 14.351 

7.9 Proof of Proposition 14.501 

We work in the situation of Definition 14.491 and write dimH = m. First we 
show that the r.h.s. of (14.611) is a well defined generator of VMC^'^^iY ; R). Here 
V = V Xt,Y,t' y is the fibre product in Man*^, which exists by Assumption 
IS.lGf cl as t, t' are submersions and H is a manifold, with 

dim V = dim V -l-dim —dimH = (m+n — k) + {m+n'—l) — m = m + fi—{k+l). 

The projections Try : V ^ V, Try : V ^ V' are submersions by Assumption 
I3.16r cl as t',t are, so t = t o Try = t' o ttv' ■ V ^ H is a submersion by 
Assumption 13. IBl al. By Assumption 13. 17H h the coorientation cy on t' induces 
a coorientation Cjrv on Try : H ^ H. We then give i = t o ny ■ V -G Y the 
product coorientation cj = ct o Ct^v , as in Assumption I3.17r dl . 

Since (s, t) : H —>■ M" x H and (s', f') : H' —>■ R" xY are proper over open 
neighbourhoods X, X' of {0} x H in R" x H, R” x Y, we see that (s, i) : V ^ 
R" X y is proper over the open neighbourhood 

X Xy X' = {((xi,.. .,Xn,x[,.. .,Xy),y) S R" X y : 

{{xi,...,Xn),y) e {{x[,...,x'^,),y) G X'} 

of {0} X y in R" X y. This proves that [y,n, s, t] in (|4.61l) is a genera¬ 
tor of 'PMC^'^^(Y',R) in the sense of Definition 14.181 To show that U in 
(|4.60|) is well defined, we must show it takes relations Definition I4.18f ij.liil 
in VMC^{Y-R),VMC\Y-R) to relations (i),(ii) in VMC'^+\Y-R). 

The sign (—1)^" in (14.611) is chosen to ensure that U takes relation (i) in 
VMC'^{Y-R),VMC\Y-R) to relation (i) in VMC'^+\Y-R). To see this, note 
that applying — U [V, n', s', t'] to (14.161) for [V, n, s, t] in VMC’^{Y ; R) for some 
i = 0,... ,n gives 

(-lf"[yxyy.yy',n + n',s,t] = 

(_l)/(„+i) . ^ Xto.v.yt' v',n+l + n',s,t\, 

where s has the projection to R inserted in position i. Applying (j4.16p for 
[V, h, s, i] in VMC'^~^\Y ; R) for the same i gives 

[Vxt,Y,t' V',n + n', s, t\ = (-1)"+"'-* [(H Xyyy V') X R, n + n' +1, s, t]. (7.94) 
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Our orientation conventions imply that in cooriented manifolds over Y we have 


So comparing signs shows that (I7.93P and (I7.94p are equivalent, and U maps 
relation (i) in VMC^{Y\R) to relation (i) in T’MC^~^’‘{Y; R). 

Similarly, applying [V,n,s,t] U — to (14.161) for [V',n', s',t'] in VMC^Y; R) 
for some i' = 0,... ,n' gives 

i-iy-[VxyV',n + n'rs.t\ = 

(-1)'” • (-1)”'-*' [F (y' X M), n + n' + 1, s, t ], 

where s has the projection to K inserted in position n + i'. Applying (14.161) for 
[y, fi, s, t\ in VMC^^^iX;R) ioi i = n + i' gives 

[y X V y', n+n', s, ^ Xy y') X R, n + n' +1, s, i] . (7.96) 

Our orientation conventions imply that in cooriented manifolds over Y we have 
y Xy (y' X R) = (y Xy V') X R. So (|7.95l) and (17.961) are equivalent, and U 
maps relation (i) in VMC^{Y-,R) to relation (i) in VMC^''^^{Y',R)- 

To show that U maps relation (ii) in VMC^{Y ; R) to (ii) in VMC^^^iY ; i?), 
suppose y^i^n.SiRi] satisfies Definition Id.lSl iiy*! in VMC^iY-.R) for 

some open neighbourhood X of {0} x y in R" x T, so = 0 

in VXIC'^iY-R). Apply - U [V, n', s', t'] for some [V, n', s', t'\ G VMC\Y- R). 
We will show that 

in VMC’^+yY-,R), 

where [Vi,n, Si, U] U \y', n', s', t'] = (—iy"'[Vi,n, Si,ti] as in (14.611) . By Assump¬ 
tion [XTnKc),(d) and (14.611) we have 

v'° - {(n,y) G y,“ X y'“ : u{v) = t'{v') in Y}. (7.97) 

Since [y', n', s', t'] is a generator of TMC^Y', R), {s',t') : y' —R" xY 
is a morphism in Man'^ proper over an open neighbourhood X' of {0} x T in 
R" X Y, with t' : V' ^ Y a submersion, and dimy' = m + n' — 1. Dehne 

X = {{{x, x'),y) : a; G R", a:' G R” , y &Y, {x, y) G A, (a;', y) G A'}. 

Then A is an open neighbourhood of {0} x A in R”"*"" x Y, as A, A' are open 
neighbourhoods of {0} x A in R" x A and R” x A. 

Suppose {{x,x'),y) G A such that v &V° and 

Ts(s„ U) : nV° T,R” © T^.R"' © TyY (7.98) 

is injective for alH G / and v G Y with {si,ii){v) = {{x,x'),y) in A. By (17.971) 
we write v = (v,v') for v gV° with Si(v) = x and ti(v) = y and v' G V'° with 
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s'{v') = x' and t'{v') = y. As (17.971) is a transverse fibre product of manifolds, 


(7.99) 

' T f- ' 

-- TyY 

is Cartesian in VectR, and Assumption 13.17f 11 shows that the coorientations on 
TytijTyirv' from ct^ and on Tyd',TyTrVi from ct> are related as usual in (17.991) . 
Using (17.991) Cartesian, we see that (17.981) is injective if and only if 

r„(s„ u) : TyV° © TyY, (7.100) 

Ty,{s\t') : Ty,V'° ® TyY, (7.101) 

are injective. Therefore {{x,x'),y) € X satisfies the conditions in Definition 
I4.18f iilf*') for VMC^^^iY ; R) if and only if both 

(A) {x,y) G X satisfies the conditions in Definition 14.18l iiV*l for 
n,Si,ti] in TMC^lY; R), and 

(B) v' € V'° with (17.1011) injective for all v' G V with s'(v') = x' , t'{v') = y. 

Suppose P C Tj-R" © T^iRT © TyY is an (m + n — fc — Z)-plane with irTyV '■ 
P — )• TyY cooriented. Then either (i) P lies in a Cartesian diagram 

P -^ P' 

\ \ (7.102) 

P - ^TyY 

which is a subdiagram of (17.1011) . with P an (m + n — /c)-plane in P^R" © TyY 
with T^TyY '■ P -d TyY cooriented, and P' an {m + n' — Z)-plane in ra,/R" ©TyU 
with 7rTj,F : P' -d TyY cooriented; or (ii) P lies in no such diagram (17.1021) . 

In case (i), (14.171) for Xie/11) Si, U] at {{x,x'),y), P follows by mul¬ 
tiplying ( |4.17p for Xi6/ ai[Vi,n, Si,ti] at (x,y),P by the number of v' satis¬ 
fying (B) above with Tyi{s',t')\TyiV'°\ = P' , counted with signs according to 
how Tyi{s',t') : TyiV'° P' acts on coorientations over TyY. In case (ii), 
(|4.17P for Xie/ Oi [Vi,n, Si, ii] at ((x, x'), y),P is trivial as there are no v' G V'° 
satisfying the conditions on either side. This gives (*) in Definition I4.18l iil 
foi' [Vi,n,Si,ii]. 

Hence Xie/ H) Si, U] = 0 in PMC’^^^iY ; R), so — U \V', n', s', t'] maps 
relation (ii) in VMC^{Y; R) to relation (ii) in 'PMC^''^^{Y-,R). Similarly, [V,n, 
s,t] U — maps relation (ii) in VMC^{Y-,R) to relation (ii) in VM{Y■, R). 
Therefore U in (|4.60p ~ (l4.61l) is well defined. This completes the proof. 
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8 Proofs of results in §[5] 

8.1 Proof of Theorem 15.141 


We will follow the proof of Theorem 14.121 in 117.41 closely. We must show that 
R) = 0 for fc ^ 0 and M = M. Lemma [5.121 implies that 
= 0 for fc > 0. After introducing some notation and proving some 
auxiliary results in 118.1.11 we will show that R.) = 0 for fc < 0 in 

118.1.21 and that = R in 118.1.31 

8.1.1 Some auxiliary results 

Following Definition 17.31 we define: 

Definition 8.1. Let * be the point. As in 115.21 MC'^^(=i=;R) is the R-vector 
space spanned by generators [V,n, s,t,uj] with dimF = deg a; + n + k subject 
to relations Definition l5.9l il-liiiL Any morphism t : F —>■ * is the projection 
TT : F —>■ *, so the t in [F, n, s, t, w] = [F, n, s, tt, w] can basically be ignored. 

Write R) for the R-vector space spanned by generators [F, n, s, tt, w] 

with dimF = degw -I- n -I- fc subject to relation Definition I5.9f iil only. Then 
there is a surjective R-linear map 

n : MCfc^(*;R) —> MC^^(*;R), 11 : [V,n, s,tt,uj] i—>■ [F, n, s, tt, w] 

with kernel spanned by applications of Definition 15. Ql iLfiiij. 

As the relation Definition l5.9l ii') in R) involves only [F, n, Si, tt, uji] 

with n fixed, we may write 

R) = 0^0 MC® (*; R)" 

where R)" is spanned by generators [F, n, s, tt, uj] with n fixed, modulo 

relation Definition m ii) with n fixed. 

We may define d : M(7^^(*;R) —>■ R) as in 115.21 and then IIocl = 

5 o n, and d o d =J^ as the proof o^his in Definition 15.111 used only relation 
(ii). Also d maps MC^^(*;R)" ^ R)". 

For the next two propositions we will consider the following situation. Let 
fc G Z, and a G R) with da = 0 in R). Choose a lift d of a 

to MC'^^(*;R), SO that n(a) = a, and write 

N 

( 8 . 1 ) 

n=0 iel" 

where N G N, 1°, are finite indexing sets, [V^,n, s”, tt, w"] is a gen¬ 

erator of MC')?^(*;R) for all f,n, as in Definition 15.91 and a" G R. Then 
no9d = 9on(d) = 9a = 0, so dd lies in the subspace of MC'^)(-^(*;R) spanned 
by relations Definition 15. 9r iL('iiiL 
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As in the definition of l : MC'^(*;R) —>■ MCk{*',^) in Definition 15.21 by 
replacing each [V^”, n, s”, tt, wf] in (18.11) by 


A ■ ['^*"’^’(<^( 1 ) 

<TGS„ 


®z.cr(2)> ■ • 


^ , ,n1 

^i,rT(n))’ \> 


which changes the choice of dj3ut does not change a, we may assume that the 
components of a and da in K.)" are invariant under the action of S'„ 

on R", and therefore that dd lies in the subspace of M) spanned by 

relation Definition I5.9f il only. Hence as for (17.291) . by (15.131) we may write 


N 


E E < (° <] + (-1)”^" 

[yr,n-,sf,Tr,du3f]) 

n—O 


N—1 n 


\ \ '' \ '' in,l ( r-i7-n,l / •n,l •n,l\ 

= ^ ’ • ■ • ’ ^3,n)^ 


n—0 l—O 


I -1 / -nJ -n,l •n,l 

7Z + 1, , ■ • ■ ; , • ■ - ■ 

• n.l \ * / • n,/\l \ 


in R). Define s”’* and s"’* as in (17.301) . Taking components of (18.2p 

in R)" for n = 0,..., N and setting = 0 for Z = 0,..., A^ gives 


^ +(-ir+'=[y",n,sr,^,d<]) 




E \ '' i_nA r-r'rn.l >n.l 


n,Zi 


1^0 
n — 1 

E \ ^ / 1 \7T,_i_^7 n —1,/ rTzn — l.l ,, -m) 'Ti — l.l / • n —l.Kl 

2^ (-1) bj [Vj xR,n,Sj ’ ,7r,7r^„_i,,(a;^. ’ )J. 

i =0 ^ 


(8.3) 


Here is the analogue of Proposition 17.41 It has essentially the same proof, 
including forms throughout in a straightforward way. 

Proposition 8.2. In the situation above, for all fc G Z, taking a,d,N and the 
representation (EB for d to be fixed, we may make alternative choices for the 
data [Vj^’\n, s^’\Tr,ujJ’’'] on the r.h.s. of (18.21) - (18.31) to ensure that for 

all n = 0,..., N — 1 and I = 0,... ,n we have 


E 


in,I rr7-n,l 

^3 1^3 ’ 


• n.Z • n./l 

,7r,U3y\ 


= 0 




(8.4) 


Here is the analogue of Proposition [731 This time the proof needs nontrivial 
changes, since in il7.4.1l the key point was that dim 17"’* = n + k — 1 < ms k ^ 0, 
but now dim 17"’* = n + fc — 1 + deguf^’^, so we may not have dim 17"’* < n. 
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Proposition 8.3. In the situation above, by keeping a G with 

da = 0 fixed but changing the lift d of a to MC^^(=i=;]R) with n(a) = a, we 
may suppose that dd = 0 in 

Proof. If fc > 0 the proposition is trivial since MC'^^(=i=; R.) = MC'^^(*;]R) = 0 
ij^n Lemma [5.121 so suppose fc ^ 0. We first choose an arbitrary lift a of a to 
of the form (18.11) . Then Proposition 18.21 shows that we may write 
dd as in (18.21) in terms of data J"’*, bj’\ [Vp\ n, tt, w"’*] satisfying (18.41) for 
all n = 0 ,..., — 1 and I = 0,... ,n. 

For each n = 0,1,..., — 1, choose an open neighbourhood X" of 0 in R" 

such that : suppw"’* —)• R" is proper over X" for all Z = 0,..., n 

J PP J 

and j € J"’^ This is possible by definition of generators in Definition 15.91 
Also, equation (18.41) holds as an application of relation Definition I5.9l iil in 
which involves a condition (*) including an open neighbourhood 
X of 0 in R”. Making X” smaller if necessary, we suppose that Definition 
I5.9f iilf*l holds for (18.4|) with X = X". 

Next, choose x" G X” such that: 

(a) {Ax’" : A G [0,1]} C X"". 

(b) x" ^ for all Z = 0,..., n and j G J"’* with diml^’"’* < n. 

(c) s"’* : —>• R" is a submersion in an open neighbourhood of (s"’^)“^(x") 

in for all Z = 0,..., n and j G J"’* with dim Id"’* ^ n. 

Here (a) holds provided x" is small enough in R". Part (b) holds for generic 
x” as if diml^"’^ < n then 71"[s”’*(V}”’*)] = 0, since has Hausdorff 

dimension < n by differential geometry, and \ (F”’^)°)] = 0 by 

Assumption 13.181 a'). Part (c) holds for generic x" by Assumption 13.181 b'). 
Choose small d" > 0 such that: 

(d) Bsn{Xx") C X" for all A G [0,1], with Bsn(x'^) the open ball of radius <5” 
about X in R". 

(e) (suppw"’*) n (s"’*)“^(H 5 n(x"')) = 0 for all Z = 0,...,n and j G J"’* 
with dim < n. 

(f) s”’* : VP’’’ —>• R" is a submersion near (suppw"’^) D (s"’^)“^(il 5 n(x’")) in 
1/"’* for all Z = 0,..., n and j G J”’* with dim ^ n. 

Here (d)-(f) are all possible if d" is small enough, by (a)-(c), since X" is open 
in R", and : suppw"’* —>• R" is proper over X". 

For each Z = 0,..., n and j G define s"’* : [0,1] x Id"’* R" by 
s"’* : (A,w) I—)• - Ax". 
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Then [[0,1] x l/"’\n, tt, (w"’*)] is a generator of MC^^(*;R), where 

we give [0,1] x 1^"’* the product orientation of the standard orientation on [0,1] 
and the given orientation on VP’\ as in Assumption Id.lTl fhfk'l. 

Using equation (15.131) . Assumptions I3.14l d). I3.17f h'). and cl[0,1] = —{0} 11 
{1} in oriented manifolds, we see that in K.) or K) we have 


afrn il x'rn.l -n,Z stt / • n,Z\l TtV^.Z -n.Z • n.Zl 

d[[0, IJ xVj • , n, Sj , TT, (w^- ' ,n,sy , tt, J 

+ [VP’\n,S'^’\TT,ujj’‘] - [[0,1] X 5t>”’',n,s”’',7r,7r*^„,i o (w”’')] 

+ 1] X l/”’\n,s”’',7r,7rt „^,(dw”’')], (8.5) 


where s"’* : [0,1] x dV^’’’ 


maps s"’* : (A,u') i-)- s"’* oi^„,i[v') — Ax” and 


••n.l ttti.I . . ’i^iZ/ \ T) 

Sj '^j —)■ maps V Sj' {v) — x . 

Consider the term [lA”’*^ n, tt, w”’^] in (18.51) . Divide into two cases (i) 
dimlA”’* < n, and (ii) dimlA"’* ^ n. In case (i), part (e) and the definition of 
sj’‘ imply that suppw"’* D (0)) = 0, so that Definition 15.Ol iil gives 


[lA”’\ n, s"’\ TT, w"’*] = 0 if dim lA”’* < n. (8.6) 

In case (ii), choose an open neighbourhood of (supp w"’*)n(s"’*)“^(il 5 n( 0 )) 
in (s"’*)“^(i? 5 n (0)) on which sj’* is a submersion, which is possible by (f), noting 
that (s”’')“i(B 5 n( 0 )) = (s”’')“i(B 5 n(x")). 

Then : Wj’’’’ Bsn(0) is a submersion, which is proper over 

supp(a;"’*|^n,i), and we give it the coorientation determined by the given orien¬ 
tation on A and the standard orientation on K" D i?5n(0). Thus As¬ 
sumption [31111[f) defines a pushforward form (sj’*|^yn,i)*(a;"’*j^n,,i) on Bsri{0), 
of degree 1 — k. Equation (15.121) . which is proved using only relation Definition 
I5.9l iil and so also holds in implies that if dimlA"’* ^ n then 


[VP’\n, s”’', TT, w”’*] = [Bsr^{0),n, id, tt, . 

Define a (1 — fc)-form /3”’* on Bsn{0) by 

r'‘= E i,"-'(srirt,...).K'Vr-)- 

j^jn,l - dim. 

We now claim that for all n = 0,..., — 1 and / = 0,..., n we have 

= - [r/’\n,s”’',7r,w”’'] -b [B5n(0),n,id,7r,/3"’'] 


(8.7) 


( 8 . 8 ) 


(8.9) 
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in To see this, multiply (18.51) by 5"’* and sum over j G The 

l.h.s. of (18.51) yields the l.h.s. of (18.91) . The r.h.s. of (18.51) yields four sums. The 
first is the first sum on the r.h.s. of (18.91) . The second equals the second term on 
(EH) by ES1)~(EH1)- The sums coming from the third and fourth terms on the 
r.h.s. of (18.51) are the result of applying an operation to the l.h.s. of (18.41) . where 
we replace each generator [V,n, s,tt,uj] in (j8.4p by [[0,1] x 14, n, s, tt, Tr^y (w)]. 
Hence (|8.4I) implies that the third and fourth sums add up to zero, proving (18.91) . 

Applying d to (18.91) and using dod = 0 and equations (I5.13|) and (18.41) gives 

[H 5 n( 0 ),n,id, 7 r,d/ 3 "’'] = 0 in ( 8 . 10 ) 

This holds as an application of relation Definition l5.9f iil. so for some open neigh¬ 
bourhood X of 0 in Bsn (0) C M", Definition l5.9f iilf*l says that for all {n+k—2)- 
forms f] on R" with supp ?7 C X compact we have /b^„(o) Af] = 0. This 
implies that d/3"’ 'U = o. Making <5" > 0 smaller, we can suppose that d/3"’* = 0 
on Bsri{0). Since /3"’* is a (1 — fc)-form for fc ^ 0, and (^Bsn{0);R^ = 0, we 
see that /3"’* = dy"’* for some (—/c)-form 7 "’* on Bsrt{0), so (15.131) gives 

a[B 5 n( 0 ),n,id, 7 r, 7 "’*] = (- 1 )"+*= [B^n ( 0 ), n, id, tt, ^"’*] ( 8 . 11 ) 

in 

Define a modification d of d in R.) by 


N 


N-1 


a = ^ ^(- 1 )"+'= [B^.( 0 ),n,id, 7 ”’'] 

n—0 l—O 

N—1 n 


n=0 l—O 
N—1 n 

+ EE E [[O’l]X 

n —0 0 ^ 

N—1 n 

-EE E [[0,l]xl4”’'xR,n + l,s^"’\^,7r^„,,(^^^^^ 

n=0 1=0 ^ 


( 8 . 12 ) 


where 


/ '^nA 

° ^[0,l]xV"'A ■ 

^n.l 

° ^[ 0 , 1 ]xVj”’' 


^n.l 

^3,1 ° ^[ 0 , l ] x \ 4 ”''’ 

'^n.l \ 

■ ’ ^j,n ° ^[0,l]xV4'0- 


Then a differs from a by finitely many applications of relation Definition l5.9l il 
in MC®(*;R), so a is an alternative lift of a to MC'^^(*;R), with H)/!) = a. 

As in the end of the proof of Proposition 17.51 applying d to (18.121) and 
using equations (18.21) . (18.9L (18.111) and analogues of (|8.9p . (|8.11l) for the terms 
involving [0,1] x 14"’* x R and B 5 n( 0 ) x R, we find that da = 0 in MC')[]^j^(*;R). 
Replacing d by d, Proposition 18.31 follows. □ 
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8.1.2 Proof that = 0 for k <0 


We can now prove the first part of Theorem 15.141 We use the notation of 
ifS.l.ll Let fc < 0 and a S with 9a = 0 in K). Then 

ProDOsition l8.3l savs that we may choose a lift d of a to R) with da = 0 

in R). Write d as in (EtD. Then for each n = 0,..., N we have 


=0 inMC®i(*;R)-. (8.13) 


We follow the method of the proof of Proposition 18.31 but applied to the 
[Pj", n, s", TT, w"] fori G /" rather than to the [14”’*^ n, s"’^, tt, w"’*] for j G J"’^ 
For each n = 0,1,..., iV, we choose an open neighbourhood X" of 0 in R" such 
that s”|supptj^ : suppwf —)• R" is proper over X" for all i G Equation (I8.13P 

holds as an application of relation Definition 15.9l iil in R)". Making 

X” smaller if necessary, we suppose that Definition 15.91 1111*1 holds for (I8.13|) 
with X = X". 

As in the proof of Proposition 18.31 we choose a;” G X" and 5" > 0 satisfying 


(a) {Ax" : A G [0,1]} C X"; 

(b) x" ^ s"(14") for all i G /" with dimP-" < n; 

(c) s" : 1^" R" is a submersion in an open neighbourhood of (s")“^(x") in 
V)" for all * G /" with dim ^ n; 

(d) Bin (Ax") C X" for all A G [0,1]; 

(e) (suppwf) n (s")“^(Bin(x")) = 0 for all i G /" with dimlA" < n; and 

(f) s" : lA" ^ R" is a submersion near (suppw") fl (s")“^(Bin(x")) in lA" 
for all i G /" with dim lA" ^ n. 


For each i G define s" : [0,1] x lA" —>• R" by s" : (A,i;) i-)- s"(x) — Ax". 
Then [[0,1] x TA", n, s", tt, TTyn (w")] is a generator of (*; R), and as in 

(1^ . in or MC'^'^(*;R) we have 


9[[0,1] X lA",u,s(‘,7r,7r0n(a;")] = - [P", n, s", tt, w"] 

+ - [[0,1] x dP", n, s", tt, Trgyn oi;(,„(a;")] 

+ (_l)"+fc+l [[0, 1] X lA", n, S^, IT, TT^n (dO], 


where s" : [0,1] x 91A" —>■ R" maps s" : {X,v') !->■ s" o lyp-iv') — Ax" and 
s" : E" ^ R" maps v ^ s"(u) - x". 

As for (|8.6|1 . using (e) we see that [lA", n, s", tt, w"] = 0 if dimlA" < n. If 
dimlA" ^ n, choose an open neighbourhood VF" of (suppwf) fl (s")~^(-S<5'*(0)) 
in (s")“^(Bin(0)) on which s" is a submersion, which is possible by (f). Then 
s"|w" : MA" —>• Bin(O) is a submersion, which is proper over supp(a;"lw"), and 
we give it the coorientation determined by the given orientation on lA” D VF" 
and the standard orientation on R" D i?5n(0). Thus AssumDtion l3.21f f') defines 
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a pushforward form Iw-") on 5 ^ 71 ( 0 ), of degree —k. As for (18.71) . 

equation (I5.12t) implies that 


[yr‘,n,s2,TT,ujf] = [Bs^{0),n,id,Tr,{s^\wp)*iuJi\w")] if dim F” > n. 
As for (18.8p . define a (—fc)-form /3" on Bsn{0) by 


/3" = ^ <(srky)*«ky). 


:dim 

Then as for (j8.9|) . for all n = 0,..., A^ we find that 
d 


[[0,l]xC,^,5r,^,7r;7„(a;r)] 

= - ^ a” [y”,n,s”,7r,a;”] + (0), n, id, tt, ^"]. 


(8.14) 


zG/" 


As for (I8.10|) . applying d to (j8.14l) and using d o d = 0, (15.131) and (I8.13P gives 
[B5n(0),n,id,7r,d/3"] =0 in R). (8.15) 

As for the proof of (18.111) , making 5" > 0 smaller if necessary we can suppose 
that d/S” = 0 on Bsn{0), so as /S" is a (—fc)-form on Bs7i{0) for fc < 0 we may 
write /S” = dy" for some (—1 — fc)-form y” on Bsn{0), and (15.131) gives 

5[B577(0),n,id,7r,y"] = (-1)”+'=+^ (0), n, id, tt,/3”] (8.16) 

in 

Now define /3 e k 


N 

^ = - E E k [[O’ 1] Vr,n,s^,7r,7T*y.iu;:)] 

n—0 

N 

^E(-l)"+'=+i[i?,„(0),n,id,7r,y-]. 

n—0 

Then combining equations (18.ip . (j8.14p and (j8.16p gives 9/3 = d in MC'^^(*;R). 
Setting /3 = n(k in we have 9/3 = a. Thus, for all a in 

MC')f^(*;M) with 9a = 0 for fc < 0, we can find /3 G MC'^^^(=i=; K) with 9/3 = a. 
Hence R) = 0 for fc < 0, as we have to prove. 


8.1.3 Proof that =R 

Since MC'k(*;R) = 0 by Lemma [5. 121 we have 

= Ker(9 : ^ MC'(!^(*;R)). (8.17) 
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As * has the standard orientation, Definition 15. Ill defines the fundamental cycle 
[*] = [*,0,0, id*, 1,] G MCq^(*;IR), with i9[*] = 0. Define an K.-linear map 

i:IR^Ker(a:MC'[?^(*;R) 6:a^aM. (8.18) 

We will show that l is both surjective and injective, so that MHq^{*;M.) = R, by 
an isomorphism identifying [[*]] G with 1 G M, as in Theorem 15 .141 

Suppose a G M(7o^(*;R) with 9a = 0 in MC'1^(*;R). Using the nota¬ 
tion of il8.1.1l Proposition 18.31 gives a lift d of a to 

MC'd^(*;]R) with n(d) = a and da = 0 in MC'd[d(*;M). Write d as in (ED. 

In 118.1.21 the assumption that fc < 0 is first used between (18.151) and (I8.16|) . 
where /3” is a (—fc)-form on i?5"(0) with d/3" = 0, so as fc < 0 we may write 
9" = dy". Thus, when fc = 0 we may use the argument of 118.1.21 as far as 
(|8.15|) . This gives constants <5" > 0 and functions (0-forms) /3" : ^ R 

for n = 0,..., with d/3" = 0, so that /3" is constant, say /3" = 6" • 1 (qj for 
6" G R. Then in MC'd^(*;R) we have 

N 

«=«+ E E < [[O’ 1] X (^?)] 1 

U=0ie/" j 

= E^" [B5n(0),n,id,7r, 1 b,„(o)] = E [R", n, id, tt, !««]. 

n—0 n—0 

Here in the first step the term {■ • ■} in (18.191) is zero, since MCd^(*;R) = 0. 
In the second step we sum (18.141) from n = 0,..., A^ and use (18.11) and /3" = 
6" • 1 b^„(o)) and in the third step we use Definition 15. 9l iib 

Now project (18.191) to A'/Cd^(*;R) using H. In MC'd^(*;R) we have 

[R",n,id,7r, iRn] = [*, 0, 0, id*, I*] = [*], 

using Definition [mi) and induction on n. Hence H8.19I) implies that a = 
J2n=o^"'l*] ~ ^{J2n=o^"') MCd^(*;R), so i in (18.181) is surjective. 

To show that i is injective, suppose r G R with t(r) = 0. We will prove r = 0. 
Regarding r[*] as an element of A'/Cd^(*;R) from 118.1.11 since n(r[*]) = i(r) = 
0 in r[*] lies in the kernel of H : AfCd’^(*;R) ^ 

which is spanned by relations Definition l5.9l ibfiii') in MCq^{*] R). As in 118.1.11 
by averaging over_the action of the symmetric group S'„ permuting the coor¬ 
dinates of R" in MCd^(*;R)", we can eliminate the applications of Definition 
I5.9l iiil. Thus as in (18.21) . in MCd^(*;R) we may write 


N n 


1*] = EE E 

n—0 l—O 

I 1 / n,l 71,1 71,l\ =jc / n,Z\l \ /o ork^ 

n-f l,(s,_j,...,s^j ,7rR,s^j_^i,...,s,_;),7r,7r^„,,(Wi )J J ■ (8-20) 
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Taking components of (18.201) in MCq^(*; R)" for n = 0,..., iV + 1 gives 

= E ’ (8.21) 

jg/O.O 

n 

0 = E E (8.22) 

1=0 
71 — 1 

E \ ^ / ^\rL — l — l n—l,lrjrn — l,l ,, Tni / n—1,Z ti —1,/ 

E (“1( r* X ’,•■•, Si,i Tttr, 

^=0 71 —1,Z 71—1,Z\ :4t / 71—1,Z\1 -| AT 

Sz.i+i .■•■.Si,„_i),7r,7r^„_i,,(w. )J, n=l,...,N, 

N 


o = -E E (-1) 

1=0 


N-lN,l r^rNJ 


a. 


[FExR,iV + l, (8.23) 

N,l N,ls * / Ar,iNi 

’ Si,i+i) ■ • ■) Si,iv)) 7r, Tr^w,i (Wi )J. 


By Proposition 18.21 we may choose the representation (18.201) such that for all 
n = 0,..., N and I = 0,... ,n we have 




(8.24) 


is/" 


By the argument used to prove (I8.19P , starting with (|8.24l) rather than da = 
0, we can show that there exist € R for n = 0,..., and I = 0,... ,n with 


E 71,Z r-rzn.l 71, Z 71, Zl 771, Z ‘J 1 

L^i T ■«) Sj ’ , TT, w, ’ J = 6 ’ |_R ,n, id, tt, Ij 

ig/n.i 


(8.25) 


in MC'q^(*;R)". Inserting an R in the {I + 1)*** coordinate in R" throughout 
(|8.25L as in Definition 15.9l il. yields 




= 6”’' 


[FExK,n + l,(s”’' 

n + 1, id, TT, Irti+i] . 


n,l 


n,l 


n,l \ 


> Si,i+1) ■ • ■ ; ^i,n/ 


(8.26) 


Rewriting (I8.2ip -- (I8.23I1 using (I8.25l) - (l8.26p now gives 

r[*] = (8.27) 

0= (Er=o^”’'-ErE^””'’')[®”>^Ad,^,lR~], n=l,...,iV, (8.28) 

0 = - Eto A' + 1, id, TT, 1 r«+i] . (8.29) 


Equations (18.27^ - 08.291) hold as applications of relation Definition 15.9l iil in 
MC'q^(*; R)". Thus for (j8.28l) . for example, there exists an open neighbourhood 
X of 0 in R" such that Definition 15.9l iil(*l holds, so that for all n-forms rj on 
R" with supp r] G X compact we have 

(Er=o - Er=o' A r? = 0 . 
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Choosing such rj with 77 7 ^ 0, we see that (I8.27I) - (I8.29I) are equivalent to 



(8.30) 

(8.31) 

(8.32) 


Taking the sum of equations (I8.30l) - (j8.32l) over all n yields r = 0. Therefore i 
is injective. We have now shown that 6 in (18.181) is surjective and injective, and 
thus an isomorphism, so by (I8.17I) - (I8.18I) we have R) = R, completing 

the proof of Theorem 15.141 

8.2 Proof of Proposition 15.171 

Let T be a manifold and k € Z. To show that the maps 
equation (15.201) of Example 15.161 are well defined, note that they clearly take 
relation (i) in MCk{Y;R) to relation (i) in MC'))^(T;R), and relations (i),(iii) 
in MC^iy ; R) to relations (i),(iii) in MC^iY ; R). So we only need to show they 
take relation (ii) in MCfc(y; R), MC'^(T; R) to relation (ii) in MC')?^(y;R). 

Let = 0 in MC'fc(y;R) or MC'®(F;R) by relation (ii), 

so that Definition I4.1l' iilf*l holds for some open 0 G X C R". Suppose for a 
contradiction that Definition 15.9f iil 1*1 with uji = ly. for alH G / does not hold 
for the same X. Then there exists a G (7°° (A"+^T*(R"' x F)) with suppa C 
iL X F for some compact subset K C X and 



(8.33) 


For each {x, y) G supp a, choose an open neighbourhood Ux.y of (x, y) in X x 
Y diffeomorphic to (—1,1)"* for m = n + dimF, with coordinates (zi ,..., Zm)- 
Then {l7x,y ■ (x,y) G suppa} is an open cover of — suppa, so we 

can choose a subordinate locally finite smooth partition of unity : (x, y) G 

suppa}. We have 



where compact support of (si,ti)*(a) and local finiteness of {rjxy imply that 
there are only finitely many nonzero terms in the sum over (x, y). By (18.331) . for 
some {x,y) G suppa this term must be nonzero, so we can replace a by rix,yOi, 
so that {si,ti)(Vi) D suppa C Ux,y C R” x F for all i G I. 

Using the coordinates (zi,..., Zm) on Ux,y, write 




dU'i A • • • A dzj„^^ 
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Splitting (18.331) into a sum over such ji,... ,jn+k, we see that we can choose 
1 ^ ji < ■ • • < jn+k ^ w such that 

'y ' Qi j {si,ti) A • • ■ A 7 ^ 0. (8.34) 

By reordering zi,..., Zm, we suppose for simplicity that ji = i for i = . ,m. 

For each i € I, define V° C V° to be the open subset of points v in 
V° n {si,U)~^{Ua;,y) such that (s*, ti)*(dzi)|„,..., (si, tj)*(dz„+fc)|i; form a ba¬ 
sis of T*V°, and define : V° {1,-1} by ei{v) = 1 if (s*,ti)*(dzi)|i,, 
..., {si,ti)*{dzn+k)\v are an oriented basis, w.r.t. the orientation on 4}, and 
ei{v) = — 1 otherwise. Then we may write 


0 7 I ^ ( di I (s^, ti) {cXi-.-n+k dzi A ■ * ■ A dZji-\-k) 

= V'ai / (sj,ti)*(ai...„+fcdzi A • • • A dz„+fe) 

= V'ai / (sj,ti)*(ai...„+fcdzi A • • • A dz„+fe) 

AA Jv° 

i£l 

= X! Q!i...n+fe(zi, ... ,z,„)dzi A • ■ • A dz„+fe 


(8.35) 


G(-l,l)’’ + '‘ (2n + fc + l,....2m) 
£(- 1 , 1 )™-"-'“ 

'*£/ v^V° :(si,U)(v) = (zx,...,z^) 


= 0 . 


Here the first step of (18.351) is (|8.34l) . and the second is the definition Assumption 
I3.2ir el of /y. ■ • • ■ For the third, if u € V)° \ then either v ^ {si,ti)~^{Ux,y), 
so that (si,ti)*(ai...„+fcdzi A - • ■ Adz„+fc)|„ = 0 as (si, fj)(Vj) Dsupp a C Ux,y, or 
(si, ti)*{dzj)\y for j = 1,..., n -I- fc are linearly dependent, so (si, ti)*(dzi A ■ • • A 
dz„+fe)|„ = 0. Thus in both cases the integrand in (|8.35l) is zero at u S \ V°, 
and omitting such points v does not change the integral. 

Define H^ : V° (-1,1)"+'= by composing (sj,ti)|,y„ : V° Ux,y = 
(—I,!)"* with the projection (— 1 , 1 )"* —>■ (— 1 , 1 )"+'= to the first n + k coor¬ 
dinates, (zi,...,Zm) !-)■ (zi,.. .,z„+fc)- Then H^ : V° (-1,1)"+'= is etale 
by definition of V°, and : V° —>■ (1, —1} is 1 if H^ is orientation-preserving, 
and —1 otherwise. For the fourth step of (j8.35|) . we push forward the inte¬ 
gral Jya ■ ■ ■ along Hi to an integral . Since the integral fyo ■ ■ ■ is 

by Assumption l3.2lT el. the sums in the Hfth step of (18.351) need not have 
only finitely many nonzero terms, but are absolutely convergent for almost all 
(zi,..., Zn+k) G (— 1 , 1 )"+'=, and the limit is an integrable function on (— 1 , 1 )"+'= 
with integral equal to the fourth step of (18.351) . 

For the fifth step of (18.351) . note that the terms [•••] on the last line, for 
hxed (zi,...,Zm) G Ux^y C X x Y C R" x T, may be interpreted as the 
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sum over (n + /c)-planes P in x Y) with isomorphic projection to 

T'(zi,...,z„+fc)(—1) 1)"^*, of equation (14.21) in Definition 14. If ii ')('*') at {zi,... ,Zm), 
P. So the terms [• • •] are zero, proving the fifth step, and completing (|8.35l) . 

Equation (18.351) gives us the contradiction we need. Thus Definition l5.9f ii')f*') 
with uji = Ivi does hold, so ai\yi,n, Si,ti,lvi] = 0 in by 

Definition 15.9f iib Hence the maps (15.201) take relation (ii) in 

MC'fe(y;R),MC'^(y;R) to relation (ii) in R), and are well defined. 

8.3 Proof of Proposition 15.291 

The proof is similar in parts to that of ProDOsition l4.50l in 117.91 We work in the 
situation of Definition 15.281 and write dimT = m. First we show that the r.h.s. 
of (I5.39P is a well defined generator of PMC ^^’’Here V = V Xt,Y,t' V 
is the fibre product in Man^^, which exists by Assumption l3.16T c') as t,t' are 
submersions and y is a manifold, with 

dim V = dim V + dim V' — dim Y = (deg to + m + n — k) 

+ (deg w' + m + n' — 1)—m = degw + m + n— {k + 1). 

The projections Try : H —>■ H, Try/ \ V ^ V are submersions by Assumption 
I3.16f cl as t',t are, so t = t o Try = t' o Try/ : V —>• y is a submersion by 
Assumption 13.iSf al. By Assumption 13.iTF ll. the coorientation cj/ on t' induces 
a coorientation Ctt^ on Try : H ^ H. We then give i = t o ny '■ V ^ Y the 
product coorientation = Ct o , as in Assumption I3.17f dl . 

Since (s,t)|suppc./ : suppw —)• R" x y and (s',t')|suppizi' : suppw' ^ R" x y 
are proper over open neighbourhoods X, X' of {0} x y in R" x Y, R" x Y, we 
see that (s, t)|suppij : suppw ^ R" x y is proper over the open neighbourhood 

X Xy X' = {((xi ,... ,Xn,Xi,.. .,x'„,), 2 /) e R" X y : 

{{xi,.. .,Xn),y) G {{x'y .. .,</), 2 /) G X'] 

of {0} X y in R" X y. This proves that [H, n, s, t, w] in (I5.39P is a generator 
of VMC^^iY^M.) in the sense of Definition 15.181 To show that U in (15.3811 - 
(|5.39l) is well defined, we must show it takes relations Definition 15. 18r i')-liiil in 
PMC^j^{Y-,R),VMC‘^j^{Y;R) to relations (i)-(iii) in PMC^+\Y;R). 

We show that U takes relation (i) in PMC^^{Y]R),PMC^^^{Y]R) to (i) in 
VMC^+^{Y-,R) as for the M-cohomology case in 117.91 It is also easy to see that 
U in (I5.38I1 - (I5.39I) takes relation (iii) in 7^MC^j^(y;R), T’MC'^j^(y;R) to (hi) 
in PMCj(^*(y; R). So we need to prove that U maps relation (ii) to (ii). 

To show that U maps (ii) in VMC\^{Y ; R) to (ii) in 'PMC^j^*(y;R), suppose 
Sie/ satisfies Definition l5.18f iij('*l in VMC^^iY ; R) for some 

open neighbourhood X of {0} x y in R" x y, so that Si,ti,uJi] 

= 0 in rMC^^{Y-R). Apply -U [V,n', s',t',uj'] for some [V,n', s',t',u}'] in 
'PMC'jj^(y; R). We will prove that in VMC^^\Y;M.) we have 

[Vj, h, c5,] = 0, (8.36) 

iGl 
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where [Vi,n, S„ti,UJi] Li [V ,n', s',t',uj'] = (_l)’^'+degc^i(i+n')+dega;,deg<^'[y.^ 
Si,ti, a)j] for z S / is as in equation (15.391) . 

As [V',n',s',t',uj'] is a generator of'PMC'^p,(y;R), (s', t')|suppc^' : suppw' —>■ 
K." X F is proper over an open neighbourhood X' of {0} x F in R” x F, with 
t' : V' ^ Y a submersion, and dimF' = degw' + m + n' — 1. Define 

X = {((a::,a:'),?/) : x € K”, x' € R” , i/ S F, {x,y) € X, {x',y) € X'}. 


Then X is an open neighbourhood of {0} x F in R"’*"”' x F = R" x F, as X, X' 
are open neighbourhoods of {0} x F in R" x F, R" x F. 

We will verify condition Definition l5.18f iiF*') for the expression (18.361) in 
VMC^^’'(Y;]&). Suppose V is an oriented manifold of dimension j, i : V 
is smooth, and y G (7°° (A^+"“^“*T*(R" x F)) with suppzy a compact subset of 
(idRfi X t)-i(l) C R” X F. Then 

'y degcI;i+dega;i(degtI)i-l)/2 j^^n/+degtDi(/+n')+degtDi degu;' ^ j ^ 

iGl 


/ {SiOTTy,,TTy)*{y) ATT*^ {u)i) 

_ ^_j^yj+/+n'+degtD^) degu;i+degtDi(degtDi-l)/2 ^ 

^degCD^+deg tD^(deg uj' — 1) /2+deg tUi deg uj' 


/ ((si o Try., s' o 7ry/),7rp)*(ry) A iny.{u}i) Airy,{to')) 

— ^_2yj+Dn'+dega;') degiJi+degWi(dega;i-l)/2 ^ 

^^ deg cj^+deg w^deg V — 1) /2 


(8.37) 



.y.^y 


(S* OTTy.,TTy,^^y)* [(idfin X (s' 

(V'Xy^Y^tV) 


— ^^^_]^y'degu;i+degtDi(degu;i-l)/2^^ 

iGl 



OTrv>,Try))*{y) ATTy,{uj')] A Try.{uJi) 


{si °'^Vi,'n'v)*{v) A7ry.(wi) = 0. 


Here in the first step we use (15.391) to substitute for Vi,Si,ii,uji. In the 
second we use the natural diffeomorphism (FxvF')xyF = ViXY {V XyV), 
by associativity of fibre products, and we rewrite the forms using properties of 
A, acquiring an extra sign (— 1)'^®®'^ degw, from commuting ■ny,{uj') and (wi). 

Here [(idR" x (s' o iry ,Try))*(y) A 'Ky,{uj')\ is a form on R” x (F' Xt',Y,t ^)- 
In the third step of (18.371) we write F = V Xy y , i = iry '■ F -A Y , 
j = dim F = j + n' — I + deg w', and set 

(_I)ni+jdegF+degF(degF-l)/2(j^^„ X (s' O 7Ty,, TTy))* (y) A 7r*y, (co') 

in C'°°(Aj+’^-'=T*(R” X F)). The fourth follows from Definition OgT hF*! for 
Sie/ [F,n, Si,ti, Wi] in T’MC'lp, (F; R), with V,j,t in place of V,l,t'. 
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Equation (I8.37[) is (I5.22[) with (18.361) in place of 
and X,j,V,i in place of Therefore (18.361) holds in VMC^^^Y-,^), 

so — U [V',n',s',t',oj'] maps relation (ii) in VMC^^{Y;R) to relation (ii) in 
VMC^^''(Y ; R). Similarly, [V, n, s, t,uj]U— maps relation (ii) in VMC^^iY ; R) 
to relation (ii) in VMC^^{Y-,W). Hence U in (I5.38l) - (l5.39p is well defined. This 
completes the proof of Proposition 15.291 
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